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ABSTRACT 

This short paper Dresents a new algorithm 
for minimm information Bayesian Inferencing 
within ExDert Systems. This algorithm is as 
efficient in both time and space as Dreviously 
retorted work [31 but always Drovides a minimm 
information result. In addition to describing the 
new algorithm, we will prove that it does indeed 
satisfy minimum information criteria. Since both 
algorithms are substantially different from the 
"Bayesian" aDDroaches in well known exDert sys- 
tems such as the original Prospector Cl I, AL/X 
181, and MYCIN C91, and from the apDroach of 
Kulikowski 1:51, background is provided to show 
the motivation for using the minimum information 
approach to Bayesian UDdating. 

I. BACKGROUND 

There is a naturally defined Drobability 
space underlying the rule base of any expert sys- 
tem that is generally diagnostic. MYCIN and 
Prosoector are exmples of such systems, whereas 
Rl C7 I, and KNOBS [2l, are Dlanning systems that 
cannot be characterized in this way. Rules in 
expert systems have the general form: 

IF <antecedent> THEN <consequent> 

An example of such a rule in a medical system 
might be 

IF fever and rash THEN measles 

In diagnostic systems inferential weights are 
associated with such rules. For exmDle, if 
fever and rash always imDlied measles, then a 
weight of 1 might be assigned to this rule. If 
it were sometimes possible to have fever and rash 
but not have measles, then a weight less than 1 
would be assigned. 

Both the antecedent and the consequent in 
such rules can be modeled as events defined over 
a Probability space. In such a model, the 
inferential weight might be interpreted as the 
conditional probability that the consequent event 
will occur, given that the antecedent event has 
occurred. If the antecedent event has occurred 
with probability 1 and the conditional probabil- 
ity has been Droperly assessed by the exoert, all 
is well with this interDretation. However, 

difficulties arise in the cases where the 
occurrence of the antecedent event is not certain 
or when more than one rule contains the same con- 
sequent event. 

The difficulties just described reside in 
determining how to combine various amounts of 
uncertain information. SuDDose the rule base 
contains the rules: 

IF a THEN z (w,) 
IF b THEN z (w,) 

where the w. are now to be interpreted as condi- 
tional probsbilities. If events a and b are both 
determined to have occurred with certainty but 
the w; are both less than 1, what can be said of 
the (?posterior) probability of z having also 
occurred? In general the answer to this question 
depends on the correlations among the events a, 
b, and z. For examDle, if a and b always occur 
together (are Derfectly correlated), then the 
second rule contains no fnformation not in the 
first (and a consistent exDert would have Dro- 
vided w = w 
in apDl$ing 

1. 
z 

A related difficulty would occur 
he measles rule if it were almost 

certain that a fever was Dresent but the Dresence 
of the rash could not be reliably determined. 

To deal with the DrOblm of correlations 
among the events defined by the rule base, it is 
convenient to conceive of a joint probability 
distribution defined over all the events occur- 
ring in the rules C31, E63. Then, if this joint 
distribution could be estimated and some subset 
of events defined in this distribution observed 
with certainty, Bayes' Rule could be applied to 
determine the Dosterior probability of the unob- 
served events. Two facts would seem to render 
this conception useless: the difficulty of 
estimating the joint distribution and the diffi- 
culty of observing sufficient interesting events 
with certainty. (This latter DrOblgn would be 
esDecially severe in hierarchical inference sys- 
tems where events which are antecedents in one 
rule are actually inferred as consequents of some 
other rule.) 

Considerable work has been done in develoo- 
ing Dractical techniques for estimating meaning- 
ful portions of the underlying distribution, and 
in develoDi.ng methods for dealing with uncertain 
observations. Konolige C33 and Lemmer E61 have 
both suggested defining subsets of the comD1ete 
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set of events where the subsets are chosen to 
contain on1 y events who se interrelations are 
thought to be important. Lemmer has suggested 
methods for estimating marginal distributions 
over each of the subsets in such a way that all 
the marginals can be considered components of the 
same underlying complete distribution. Both have 
defined DrOCedureS for estimating these com- 
ponents from incomplete and possibly inconsistent 
information. Konolige has suggested a computa- 
tionally expensive approach which results in an 
estimate satisfying a mfnimm information cri- 
terion. Lemmer has suggested a more efficient 
Procedure which only approximates a minfmwn 
information criterion, The rest of this paper 
addresses the DrOblaTl of dealing with uncertain 
observations. 

II. EXTENDED BAYESIAN UPDATING 

The component distributions which can be 
estimated by the tecwiques referenced above are 
the prior probabilities for the occurrence of the 
events defined by the rule base. As data enters 
the expert system, it becomes desirable to update 
this prior information in the light of the newly 
acquired data. In the situation described above, 
Bayeve’ rule will not, in general, be applicable. 
why thrs is so will be suggested by the exzrnple 
to follow. The example will also be used to 
introduce an extended UDdating rule which will 
always be applicable. 

The rule itself will be defined initially in 
terms of the exmple, but will later be general- 
iced. We will then prove that the rule is a 
minimum information rule. (For the significance 
of minima information C31 may be consulted .> We 
will also show that Konolige’s rule is a special 
case of the rule Dresented here. 

An expert system to be used for hierarchical 
inference will normally explicitly define events 
which may be categorized as either hypotheses of 
interest, intermed iate hypotheses, or base 
events. The rule base may also implicitly define 
0 ther events, observations as it were, who se 
occurrence implies the occurrence of some ex~li- 
citly defined event of the system. The diagram 
of Figure 1 defines sets of local event groups 
(LEGS) consisting of sets of events of these 
types whose in terac tion s are thought by the 
expert to be significant to the inferences to be 
performed by the system. This diagram is meant 
to suggest t9at the expert is comfortable decid- 
ing on the truth of the hypotheses, Hl and H2, 
while only considering the truth of the inter- 
mediate hypotheses, 11, 12, and 13. Likewise, he 
considers only observations 01 and 02 to be sig- 
nificant to the occurrence of base events El and 
E2. Using the procedures of Konolige or Lemmer, 
which were mentioned in the previous set tion , 
each of these LEGS would define a set of events 
over which a component marginal distribution 
(CMD) would be estimated. 

SOME EVENTS IN A DIAGNOSTIC SYSTEM 

Flgure 1 

There are a number of reasons why only CMDs 
are estimated rather than the entire underlying 
distribution . The foremost reason is that prac- 
tical systems contain so many events that it 
would be infeasible to estimate or store the 
entire distribution . The second reason is 
inherent in the very concept of an LEG. The con- 
cept implies that the expert is not realistically 
able to aid in the estimation of the interaction 
between variables in different event groups 
because he does not consider their interactions 
important. However, the use of LEGS does rule 
out, in general, the DOSSibility of the direct 
application of Bayes’ rule. 

Bayes’ rule cannot be auplied in general 
because the rule requtres that the conditioning 
event have Drobability 1. That is, before apoly- 
ing 

D’ (a> = D(aib) = D( bl a> D( a) D( b) 

it must be the case that the posterior probabil- 
ity of b, I’, is 1. This criterion will not 
normally be met when the effect of an observation 
is Dropagated through a set of LEGS. Consider the 
ex9nple of Figure 1. If observations 01 and 02 
have been made, these ,events are a posteriori 
certain and the CMD defined over the events El, 
E2, 01, and 02, CMD(CE1, E2, 01, 0211, can be 
directly LIDdated with Bayes’ rule. Logically, it 
should be Dossible to to now update CMD(CI1, 12, 
13, E3, E4, El, E23) using the posterior informa- 
tion concerning El and E2. But, in general, the 
posterior probability of these two events will 
not be equal to 1, so that Bayes’ rule cannot be 
apolied to this second CMD. 
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A rule will now be Dresented which is always 
applicable, which will act exactly like Hayes' 
rule tienever uDdating is done relative to events 
with Dosterior probability equal to 1, and which 
will always satisfy a minimUm information cri- 
ter ion. This rule will sDecify a simDle computa- 
tion to be performed on the prior Drobability 
value associated with each of the 2**n joint 
events normally used to define a binary distribu- 
tion over n events. One of the joint events used 
to define CMD(CI1, 12, 13, E3, E4, El, E2l) is, 
for exaple, 

11 *-I 2*13*-E 3*E 4*E 1 *-E 2 (1 > 

where "*" means "and" and "-'I means "not". Like- 
wise the joint event 

El*-E2 (2 ) 

would provide a part of the specification for the 
posterior distribution, CMD'([El, E23). (Note 
that CMD’ ([E 1, E2]) is readily COmDUtable from 
CMD'(CE1, E2, 01, 021) which in this exmple has 
been assumed to be computable using Hayes' rule. 

Call the event in (1)' x, and the event in 
(21, y. Then the uDdating rule DroDosed here is 

D'(X) = D(X) D'(y) P( y) (3) 

This rule can be applied to each joint event' x, 
used to specify the CMD being updated. The result 
will be a new undated CMD which can then be used 
to Dropagate the effect of the observations to 
other CMDs. Continuing the example, once 
CMD' ([I 1, 12, 13, E3, E4, El, E21) has been com- 
DUted, CMD'(CI1, 12, 131) can be readily computed- 
and used to DrOdUCe the updated CMD, CMD'([Hl, 
H2, 11, 12, 13). 

We will now show that the procedure implied 
by (3) computes a posterior comwnent distribu- 
tion, CMD’ which is as close as possible to the 
prior, CMD, subject to a simple, necessary con- 
straint. The measure of closeness to be used is 
the measure of discriminant information described 
in C41. To define the information measure and 
present the proof we must first introduce some 
precise notation. Let F be a set of binary 
events ov er which a joint distribution is 
defined , and let x be one such event. In the 
example of Figure 1, we could have F=[Il, 12, 13, 
El, E2, E3, E41 and x could be (1). Let CMD (F) 
be a prior Drobability distribution over the 
joint events definable over the binary events in 
F. Thus, we can write 

meaning that CMD (F) is a set containing the pro- 
bability for every DOSSible joint event x. Simi- 
larly, we can have the Dosterior distribution’ 

CMD' (F) = [p'(x) : x definable over Fl. 

With this notation the discriminant information 
between CMD(F) and (ND’(F) is defined as 

D = 2 p' (x1 lr';(',;' 
X 

(4 > 

In order to relate (4) to the rule (3) we 
define G to be any subset of F such that a wste- 
rior distribution is available for G. Let y 
stand for any joint event definable over G. In 
the example we could have G=CEl, E2l and (2) 
would be an exznple of y. Note that with x 
referring to (1) and y referring to (21, event y 
will occur whenever event x has occurred' or, 
XCY. Note also that the choice of an x uniqUely 
defines a y. Thus the algorithm: "for all x 
definable over F compute D' (x) by (3)” comtxtes 
the updated distribution CMD’(F) . 

We now show that the algorithm minimizes D 
as defined by (4 ), subject to the constraint that 
for all y, D' (y) computed from @ID'(F) will equal 
the D' (y) COmDuted from (MD'(G); that is: 

D'(y) = 2 D'(X) : D' o')C!*!~'(ti) 
xix y D' (x)CKD’ (F) (5 > 

This constraint simply means that D' (y) has the 
same value in any LEG. 

The proof is by the method of La Grange mul- 
tipliers. De fine a( x> such that D' (x) = a( x> 
D(X). We will show that choosing 

a( x) D' (v> 
=D(: 

XCY (6 1 

as was done in (3 ), will minimize (4) subject to 
(5). According to the method of La Grange we 
want to choose the a(x) to minimize 

D= Za( x> D( x1 In a(X)D(X) D( X> +5:& (D'(y)- 2 a(X>D(X) ) 
X Y - XCY 

To minimize D we set all the partial derivatives 
equal to 0, yielding 

;jD 
m-5 = D(X) (1 - In a( x> -x,1 = 0 (7 1 

CMD(F) = [P(X) : x definable over Fl, 
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and 

bD 

6x; 
= p’ (34 - I a(x)p(x) = 0 (8) 

XCY 

From (7) we have 

Ina =X,-l, xcY (9 > 

Thus, given any y, for every x y, a(x) will have 
the same value. Call this value a(y). Thus from 
(8) 

p’ (y) = a(y) 2 D(X) = a(y) P(Y) (10) 
xcy 

so that 

a(y) = p' (y) P( Y) 
(11) 

which is exactly the formula (3). 

The rule Droposed by Konolige is a special 
case of (3). To see this, rewrite (3) as 

D'(X) = P( X/J’> D' ( y) 

In our case p' (y) is the probability of some 
joint event taken from (MD'(G). However, Kono- 
lige replaces D'(Y) tith an estimate formed by a 
product of the posterior probabilities of the 
individual events in the joint event y. In terms 
of the exmple, his rule replaces D'(E~*-E2) by 
D'(E1) (l-p’(E2)). Thus his rule is minimm 
information if the events in the updating set' G, 
are independent. Thus his rule for UDdating can- 
not make use of the correlation information in 
the prior distribution. 

c2 1 

c3 1 

c41 

[53 

[6 1 

c7 1 

[83 

c9 1 

III. CONCLUSIONS 

The rule presented here in (3) is equivalent 
to Konoligefs rule in computational complexity, 
but the Konolige rule is a special case (in the 
minimum information sense) of (3). In oarticu- 
lar, (3) makes better use of correlation informa- 
tion. Thus (3) would seem to be superior in all 
cases. 
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