From: AAAI-87 Proceedings. Copyright ©1987, AAAI (www.aaai.org). All rights reserved.

Models of Axioms for Time Intervals

Peter Ladkin
Kestrel Institute
1801 Page Mill Road
Palo Alto, Ca 94304-1216

Abstract

James Allen and Pat Hayes have considered axioms ex-
pressed in first-order logic for relations between time in-
tervals [AllHay85, AllHay87.1, AllHay87.2]. One impor-
tant consequence of the results in this paper is that their
theory is decidable [Lad87.4]. In this paper, we charac-
terise all the models of the theory, and of an important
subtheory. A model is isomorphic to an interval structure
INT(S) over some unbounded linear order $, and con-
versely, INT(S), for an arbitrary unbounded linear order
§,is a model. The models of the subtheory are similar, but
with an arbitrary number of copies of each interval (con-
versely, all structures of this form are models). We also
show that one of the original axioms is redundant, and we
exhibit an additional axiom which makes the Allen-Hayes
theory complete and countably categorical, with all count-
able models isomorphic to INT(@Q), the theory of intervals
with rational endpoints, if this is desired. These results
enable us to directly compare the Allen-Hayes theory with
the theory of Ladkin and Maddux [LadMad87.1], and of
van Benthem [vBen83].

1 Introduction

The Interval Calculus

The representation of time by means of intervals rather
than points has a history in philosophical studies of time
([Ham71, vBen83, Hum78, Dow79, Rop79, New80)).

James Allen defined a calculus of time intervals in [All89],
as a representation of temporal knowledge that could be
used in AI. We call this the Interval Calculus. Allen in-
vestigated constraint satisfaction in the Interval Calculus,
and use of the Calculus for representing time in the con-
text of planning [Al84, AllKau85, PelAll86]. Allen and
Pat Hayes in [AllHay85, AllHay87.1, AllHay87.2] refor-
mulated the calculus as a formal theory in first-order logic.
Our interest in this representation of time stems from our
belief that it is more in keeping with common sense use
of temporal concepts to represent time by means of inter-
vals, than to use the mathematical abstraction of points
from the real number line (op. cit.). The Interval Calcu-
lus is particularly amenable to treatment by the methods
of mathematical logic [LadMad§7.1, Lad87.2, Lad87.4],
since it is complete, countably categorical (i.e. there is a
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unique countable model, up to isomorphism), decidable,
and admits elimination of quantifiers (i.e. every first-
order formula is equivalent to a quantifier-free formula),
although it is NP-hard [VilKau86]. We shall show below
that the Allen-Hayes reformulation is a strictly weaker
theory than the Interval Calculus.

Overview of the Results

Allen and Hayes [AllHay85] introduced their axioms as
a first-order logical formulation of the theory of inter-
vals, guided by [All§3]. We investigate their axioms in
the slightly different form in which they are presented in
[AllHay87.1]. Let Zan be the Allen-Hayes theory, i.e. the
set of formulas that are consequences of the axioms. We
present a complete categorisation of the models of Zsx.
This enables us, via results in [LadMad87.1], to directly
compare the strengths of the various first-order theories of
intervals in fvBen83, AllHay85, LadMad§7.1], and further
to show that Z 44 is decidable [Lad87.4]. In this section,
we survey the technical results described in this paper.
First we show that one axiom (Existential M5) is re-
dundant. We then characterise the models of Z 43, and the
important subtheory Zsyp by considering certain syntac-
tic definitions and their properties. We introduce ‘points’
as a definable equivalence relation on pairs of intervals
(the term ‘intervals’ just refers to objects in the model).
(Rather than develop a theory of pairs within the axioms,
we use a syntactically definable relation with four interval
arguments to define the equivalence relation on pairs of
intervals). We call the equivalence classes poiniclasses.

We show that pointclasses are linearly ordered by a
definable relation (which again has to be a relation on
four intervals rather than on pairs of intervals), as a con-
sequence of the axioms. We associate to each interval two
pointclasses, representing the ‘ends’ of the interval, and
show these pointclasses are unique, for a given interval.
We show that one axiom (M4) guarantees also that there
is a unique interval corresponding to a given pair of point-
classes. Zsyp does not contain M4. In fact, Zgyp with
the addition of M4 gives T (see below).

We can now show that the pairs of (ordered) distinct
elements from an arbitrary unbounded linear order S, a
structure which we call INT(S), forms a model of Z 4, and
conversely that any model of T4 is of the form INT(S),
for some unbounded linear order S.



When the axiom M4 is dropped, there may be an
arbitrary number of intervals with given endpoint-classes,
and we show that the models of Zsyp are characterised by
two parameters:

e the (unbounded) linear ordering of the pointclasses

o for each pair of pointclasses, the number of different
intervals with that pair as the ‘endpoints’.

Finally, we show how to complete the Allen-Hayes ax-
ioms by adding an axiom N1, so that they have INT(Q),
the rational intervals, as the only countable model up to
isomorphism, if this is desired.

The results of this paper are essential for the proof of
decidability of Z4y. However, the result and proof are

beyond the scope of this paper. We refer the reader to
[Lad87.4].

What We Now Know

We indicate briefly here what is known concerning the
various interval theories. We do not have the space to
include a detailed comparison, but the interested reader
may find one in the longer version of this paper, along with
proofs of the results in the technical section [Lad87.5].

Van Benthem considered first-order theories of inter-
vals, first proved the countable categoricity of Th(INT(Q))
(the full first-order theory of rational intervals) fvBen83/
and indicated an axiomatisation in [vBen84/. Ladkin and
Maddux [LadMad87.1] formulated the Interval Calculus
as a relation algebra in the sense of ‘Tarski [JonTar52,
Mad78], and associated with the algebra a first-order the-
ory that they proved countably categorical, complete and
decidable. It is a consequence of results in [LadMad87.1]
on the interdefinability of the primitive relations that the
formulations of van Benthem and Ladkin-Maddux define
the same theory, even though they appear radically dif-
ferent - the theory of intervals over an unbounded, dense,
linear order. Ladkin proved that the theory admits elim-
ination of quantifiers, and exhibited an explicit decision
procedure, making use of the Ladkin-Maddux extension
of Allen’s constraint satisfaction algorithm, and the quan-
tifier elimination procedure, in [Lad87.4/.

We show in this paper that the Allen-Hayes axioms
define precisely the theory of intervals over an unbounded
linear order, not necessarily dense. Hence this theory is
logically weaker than Th(INT(Q)), Since the addition of
N1 to the Allen-Hayes axioms assures density, this gives
yet another axiomatisation of Th{INT(Q)).

Of course, logically weaker entails more models, which
is what Allen and Hayes intended. They wanted the in-
tervals over the integers, INT(Z), as a possible model of
their theory, as well as INT(@Q). The weaker theory is still
decidable, but does not admit elimination of quantifiers
[Lad87.4].

So it all fits together very nicely and everyone should
live happily ever after ..................

Terminology

We assume that the reader has familiarity with the ba-
sic notions of first-order logic and model theory, as in
[ChaKei?8, ManWal85]. We include some reminders here.
The only non-standard concept we use is that of an
atransitive binary relation.

The language of time interval theories, in the Allen-
Hayes version, has a single primitive binary relation sym-
bol || for meets. Since all other relations may be defined
from this in the Interval Calculus [LadMad87.1], it suffices
to use this simple language. All our definitions below will
assume this language.

A theory T is a set of sentences that is closed under
deduction. An eziomatisation of a theory T is a recur-
sive set of sentences § such that T is the set of deductive
consequences of S. T is aziomatisable if it has an axioma-
tisation.

A structure is a set of objects U, along with with a
binary relation |jo. We denote such a structure by (U, |lo)-

A model of a theory T is a structure such that all of
the sentences in T are true in it. The class of all models
of T is denoted Mod(T).

The theory of the model M is the set of all sentences
that are true in M, and is denoted by Th(M). Th(M) is
complete (by construction). Note that M is a model for
Th(M).

A function 6 : M; — M, is a homomorphism of models
(M, ]l1) and (M, ||2) if and only if (Vz,y € M) (z|hy <
9(x)||26(y)). An isomorphism is a one-to-one, onto ho-
momorphism. Two models are isomorphic iff there is an
isomorphism between them.

A theory T'is countably categorical iff all countable models
are isomorphic i.e. there is only one countable model, up
to isomorphism.

A binary relation R (written infix) is atransitive iff
(Vp,q,7)(pRq & qRr — (—pRr)); an ordering iff it is ir-
reflexive, asymmetric and transitive; an unbounded or-
dering iff it is an ordering, and also satisfies
(Yp)(39)(pRq) & (Vp)(3¢)(¢Rp); a linear ordering iff it
is an ordering and linear.

The following facts from model theory are relevant.
A theory which is countably categorical is also complete.
An axiomatisable, countably categorical theory is also de-
cidable. The theory of unbounded dense linear orders is
countably categorical. All countable models of the theory
of unbounded dense linear orders are isomorphic to the
rational numbers with the natural ordering, (@, <). Fi-
nally, there are uncountably many non-isomorphic count-
able models of the theory of unbounded linear orderings.
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2 The Allen-Hayes Theory Zx

The Allen-Hayes axioms for Z43 are motivated by con-
sidering intuitive properties of the relation meets over in-
tervals from a linear order such as @ or Z. The intuitive
definition of meets is given by the picture below:

i
j
We give the formal definition in terms of intervals as

pairs-of-points over some arbitrary linearly-ordered do-
main S.

e (a,b)is an interval if and only if e < b
o (a,b) meets (c,d)if and only if b = ¢

e INT(S)is the set of intervals on S, with the thirteen
natural binary relations definable from the ordering
on §

Note in particular that there is no question of intervals
being sets of points, and therefore no issue as to whether
they include endpoints or not. Intervals are just pairs
of points, and an endpoint is just one of these points. It
does turn out that the class of open, closed, and half-open
(at either end) intervals on the rationals is also count-
ably categorical, and we can provide an extension of the
Allen-Hayes axioms that have this structure as the only
countable model, up to isomorphism [Lad87.5].

We give the Allen-Hayes axioms without much com-
mentary, and refer the interested reader to fAllHay85, All-
Hay87.1, AllHay87.2] for further motivation. The theory
T 43 is axiomatised by M1 - M5; equivalently, as we shall
show, by M1 - M4. The theory Zsyp is axiomatised by
M1 - M3 only, omitting M4. We use the symbol || for
meets. The axioms are:

M1: (Vp,q,r,s)((plle) & (plls) & (rllg) — (rlls))

which is intended to make the ‘meeting-places’ unique
(Yo, q,7,5)((plla) & (r|ls) —

(plls ® Et)litlls) @ (3t)(slitlp)))

where ® is ezclusive or, i.e. precisely one of the
alternatives must hold.

M2

This axiom is intended to linearly-order the meeting
places
M3: (Vp)(3g,7)(gllplIr)

which is intended to ensure that the intervals are
unbounded at either end of the time line

2
»

(Yp, ¢, 7, s)(pllglls & plirlls = g =r)
which is to ensure that there are unique intervals
with particular given ‘endpoints’
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M5: Functional Form (Vp,¢)(pll¢ —
@r,s)(rlipllglls & rli(p + )lls))

which is intended to guarantee the existence of a
‘union’ interval of two meeting intervals.

Ms5: Existential Form (Vp,q)(pllg —
3r, s, t)(rllpllglls & rlitlls))

In fact, the axiom existential M5 already follows
from M1 - M3 (below).

Existential M5 versus Functional M35

The operator + in Functional M5 may be introduced by
Skolemisation in any given model of the axioms with Ex-
istential M5, i.e. such a model may be augmented with
the addition of a function so that it becomes a model of
Functional M5 [ChaKei73]. We therefore prefer to use
Existential M5, since Functional M5 leads to techni-
cal difficulties which we prefer to avoid ([Lad87.3]). For
example it dirties our tidy language .....

The Axiom M4

There are techniques for obtaining models of Z 4y from
models of Zsyg. The relation of ‘having the same end-
pointclasses as’ is an equivalence relation that preserves
the primitive relation meets, and therefore any model of
Zsus has a homomorphic image that is a model of Zx,
obtained by ‘factoring through’ the equivalence relation,
i.e. by identifying objects iff they have the same equiva-
lence class [ChaKei7$8]. However, the models of Zsyp are
not the intended models of the interval theory, since in
general they may have different intervals with identical
endpoints. Hence even though M4 is dispensable from
the point of view of model theory, we need it to pick out
precisely the intended models.

Technical Results

We present the definitions of ‘points’ in a model of the
Allen-Hayes axioms, and analyse the models of the ax-
ioms.

The following lemma is due to Allen and Hayes:

Lemma 1 The relation || is irreflezive, asymmetric and
atransitive.

The next lemma shows that axiom M5 is dispensable:

Lemma 2 The aziom Existential M5 is a consequence
of the azioms M1 - M3.

The next lemma shows that the function introduced in
Functional MS5 is dispensable. (This is just the theo-
rem of Function Introduction in [ManWal85], known as
Skolemisation to model theorists [ChaKei73]).



Lemma 3 (Skolemisation) : Every model of the aziom
M5 in the exzistential form may be extended (by adding a
function) to a model of the aziom M5 in the operator
form.

We define the four-argument predicate that generates the
equivalence relation on pairs of meeting intervals.

Define Equiv(p, ¢, 7, s) if and only if p|lq & r||s & p||s.

We use the notation [p, g/ for the pair of intervals p and
q, whenever pllg. The notation thus includes an implicit
assertion of ||. We shall write Equiv(p, g, 7, 3) as

[, 4] ~ [r,3]. Using our notation, we could define
Egquiv(p, g, r, s) by the biconditional: [p, ¢/ ~ [r,¢] if
and only if p||s. Technically, the notation [p, q] is only a
convenience, and assertions involving terms of this form
and ~ are just shorthand for assertions involving the 4-ary
relation Equiv. The next lemma uses this shorthand.

Lemma 4 (~ is an Equivalence Relation) :
(a) [p, o ~ [p, 9

(6) [p, o ~ [r, 8] & [r, ] ~ [p, o]

(C) [P, Q/ ~ /"‘: 3]~ /’LL,‘D/ = [P, q} ~ /u: 'l)/

We call the equivalence classes poiniclasses, and we de-
note the equivalence class of [p, q] by [/p, ¢//. They will
represent the ‘points’ in any model of the axioms Z 43.

Define the 4-ary relation PointLess(p, g, v, s) as follows:
PointLess(p, g, 7, 8) if and only if

(au:""1w)([p7 q] ~ [u7 ‘U] & [’I‘, 3] ~ [v’ w])

PointLess is heterological; that is, it’s not a pointless rela-
tion. We denote PointLess(p, g, 7, 3) by the rather more
perspicuous notation [fp, g/] < [[r, 3/]. This notation is
also just a convenience.

Lemma 5 (< is linear) < lLnearly orders the equivalence
classes of ~

Theorem 1 (Models I) Given an arbitrary unbounded
linear order < on a set S, the intervals of S, INT(S),
form a model of Tay under the definition of || given ear-
lier. Furthermore, the ordering < on equivalence classes
of meeting intervals is isomorphic to the ordering < on §.

Sketch of Proof: If two intervals meet, they have
a member of S in common. It’s easy to check that the
equivalence classes have the same member of § associated
with each pair in the class, and that each member of §
is associated with an equivalence class. To construct the
required isomorphism, map [(a, b), (b, c¢)] to b. It is easy
to see that < on the classes is preserved as < on §.
End of Sketch.

Corollary 1 There are uncountadly many countable mod-
els of the azioms Ty

We shall show that the models of the theorem are the only
models of Z43;. We accomplish this by characterising the

models of Zsyp, in such a way that the models of M4 are
homomorphic images of these.

Lemma 6 (Endpointclasses) For any p, there are
unique equivalence classes Py and Py such that

(F9)([p, 9] € P1) & (3r)([r,p] € P)

Summarising what we have so far: associated with any
object p in a model for Zgy g is a unique pair of equivalence
classes. All intervals which meet p are included in some
pair in one equivalence class, as are all intervals which are-
met-by one of those. In the other are included in some pair
all intervals which are-met-by p, and all intervals which
meet one of those. The equivalence classes are linearly
ordered.

Given any model M of Zgyp, form the set M’ of pairs
of equivalence classes of meeting intervals under ~, and
using the linear order <, form the intervals, and the meets
relation on these by using the standard definition for pairs
from a linearly ordered set. Call the resulting model
INT(M), the interval structure of M.

We can now state and prove our main result categorising
the models of Z 3. All of them are isomorphic to their
interval structures.

Theorem 2 (Models II) INT(M) is a homomorphic im-
age of M, and i3 a model of Tg3. Furthermore, if M is a
model of T 43¢, they are isomorphic.

Sketch of Proof: The mapping is p — ({[q, pl], [[p, 7]}
for any q, r that meet, respectively, are-met-by p. It’s
easy to check that the relation || is preserved by this map-
ping, and that the mapping is onto. Since this is the
only primitive in the theory, this suffices for the homo-
morphism. To show isomorphism if M4 is true in M,
note that if p, p’ = ([[g, p]], [[p, r]]), then ¢||p’ and p'[|r and
hence p = p/, so the map is one-to-one.

End of Sketch.

Since the interval structures IN T(M) are homomorphic
images of each model M of Zgy g, it follows that to discover
the structure of models of Zsypg, it suffices to look at the
kernel of the homomorphism, which in each case is the
equivalence relation

p =~ ¢ if and only if

@r,r', 5,8 )(({[r 21, [, 1)) = ([ls, a1l [[a, s'I)

This is the equivalence relation of ‘having-the-same-
endpoints-as’, and it’s easy to check that the same inter-
vals meet p as meet q, and the same intervals are-met-by
p as are-met-by q, when p ~ q. Hence the number of
intervals in each =~ equivalence class may be chosen inde-
pendently for each equivalence class. This may be stated
more precisely in the following way:

Let endpoints(p) be the pair ({[r, p]], [[p, r]])-
Let MULTI-INT(M) consist of the pairs (endpoints(p), ),
with the relation of || defined as

(endpoints(p), p) || (endpoints(q), g) if and only if p|lq.
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endpoints(p) || endpoints(q).
Lemma 7 MULTI-INT(M) is isomorphic to M.

The isomorphism is defined by p > (endpoints(p), p).
Another way of constructing MULTI-INT(M) is simply
by taking INT(M) and, for each (a,b) € INT(M), adding
an element ((e, b), p) for each p such that (e, b) = end-
points(p). This is summarised in the following theorem.

Theorem 3 (Models III) The models of Tsyp are com-
pletely characterised by

(a) the linear ordering < on the equivalence classes of ~;
(b) the number of elements in each equivaience class of ~.

Sketch of Proof: Given a model of the form MULTI-
INT(M), we define a model M’ with the elements ((a, b), 8)
for each # < a, where « is the cardinality (number) of
the p such that endpoints(p) = (a, b). Define || on this
model the same way as in MULTI-INT(M). We construct
an isomorphism between the two models.

End of Sketch.

‘We have completely characterised the models of Zsy g, and
the models of T %.

Extending the Theory

We now give an axiom N1 that, added to Ty, gives
Th(INT(Q)). Thus this axiom completes the theory Z 4.

e N1: (Vp,q,r,3)
( PointLess(p, q, 7, 3) —

(3=,9)
(PointLess(p, ¢, ¢, y) & PointLess(z, y, 7, 3)) )

IN1 expresses the density of the ordering < on point-
classes. Translating it into the < notation should
make this clear.

Theorem 4 (Completion) The theory aziomatised by
M1 - M4, N1 s countably categoricel, with all countable
models isomorphic to INT(Q), and hence is Th(INT(Q)).

3 Summary

We have characterised the models of the Allen-Hayes ax-
ioms for time intervals, as structures of intervals over an
arbitrary unbounded linear order. The characterisation
shows that the Allen-Hayes axioms serve the purposes for
which they were introduced. The characterisation has
enabled a direct comparison of the different first-order
theories of intervals. The Allen-Hayes theory is incom-
plete, which was intended, and is weaker than the Ladkin-
Maddux-van Benthem theory. We indicated how to com-
plete the Allen-Hayes theory. We have noted that both the

Allen-Hayes theory, and the stronger complete theory, are
decidable.

238  Planning

Acknowledgements

We thank Roger Maddux and Pat Hayes for much lively
discussion, and Cordell Green, Director of Kestrel Insti-
tute, for giving me time to think about all this.

Bibliography

AlI83 : Allen, J.F., Maintaining Knowledge about Tem-

poral Intervals, Comm. A.C.M. 26 (11), November

1983, 832-843.

All84 : Allen, J.F., Towards a General Theory of Action
and Time, Artificial Intelligence 23 (2), July 1984,
123-154.

AllKau85 : Allen, J.F. and Kautz, H., A Mode!l of Naive
Temporal Reasoning, in Hobbs, J.R. and Moore, R.C.,
editors, Formal Theories of the Commonsense World,
Ablex 1985.

AllHay85 : Allen J.F. and Hayes, P. J., A Commonsense
Theory of Time, in Proceedings IJCAT 1985, 528-
531.

AllHay87.1 : Allen J.F. and Hayes, P. J., Short Time
Periods, to appear, Proceedings of the 10th Inter-
national Joint Conference on Artificial Intelligence,
Milano, 1987.

AllHay87.2 : Allen J.F. and Hayes, P. J., A Common-
sense Theory of Time: The Longer Paper, Technical
Report, Dept. of Computer Science, University of
Rochester, to appear.

ChaKei73 : Chang, C.C. and Keisler, H.J., Model The-
ory, North-Holland 1973.

Dow79 : Dowty, D.R. Word Meaning and Montague Gram
mar, Reidel, 1979.

HalSho86 : Halpern, J.Y. and Shoham, Y., A Proposi-
tional Modal Logic of Time Intervals, in Proceedings
of the Symposium on Logic in Computer Science
1986, 279-292, IEEE Computer Society Press, 1986.

Ham71 : Hamblin, C.L., Instants and Intervals, Studium
Generale (27), 1971, 127-134.

Hum79 : Humberstone, L.L., Interval Semantics for Tense
Logic: Some Remarks, J. Philosophical Logic 8, 1979,
171-196.

JonTar52 : Jonsson, B. and Tarski, A., Boolean Algebras
with Operators II, American J. Mathematics (74),
1952, 127-162.

Lad86.1 : Ladkin, P.B., Time Representation: A Tazon-
omy of Interval Relations, Proceedings of AAAI-86,
360-366, Morgan Kaufmann, 1986, also available in
Kestrel Institute Technical Report KES.U.86.5.



Lad86.2 : Ladkin, P.B., Primitives and Units for Time
Specification, Proceedings of AAAI-86, 354-359, Mor-
gan Kaufmann, 1986, also available in Kestrel Insti-
tute Technical Report KES.U.86.5.

Lad87.1 : Ladkin, P.B., Specification of Time Depen-
dencies and Synthesis of Concurrent Processes, Pro-
ceedings of the 9th International Conference on Soft-
ware Engineering (March 1987), Monterey, Ca, IEEE
1987, also available as Kestrel Institute Technical
Report KES.U.87.1.

Lad87.2 : Ladkin, P.B., The Completeness of a Natu-
ral System for Reasoning with Time Intervals, to
appear, Proceedings of the 10th International Joint
Conference on Artificial Intelligence, Milano, 1987,
also available as Kestrel Institute Technical Report
KES.U.87.5.

Lad87.3 : Ladkin, P.B., Models of Azioms for Time In-
tervals, (the longer paper) Kestrel Institute Techni-
cal Report KES.U.87.4.

Lad87.4 : Ladkin, P.B., Deciding First-Order Statements
About Time Intervals, forthcoming Kestrel Institute
Technical Report.

Lad87.5 Ladkin, P.B., Including Points in Interval Az-
toms, in preparation.

LadMad87.1 : Ladkin, P.B. and Maddux, R.D., The
Algebra of Convez Time Intervals: Short Version,
Kestrel Institute Technical Report KES.U.87.2.

LadMad87.2 : Constraint Propagation in Interval Struc-
tures, forthcoming Kestrel Institute Technical Re-
port.

Mad78 : Maddux, R.D., Topics in Relation Algebras,
Ph. D. Thesis, University of California at Berkeley,
1978.

ManWal85 : Manna, Z. and Waldinger, R., The Logical
Basis for Computer Programming: Vol 1: Deductive
Reasoning, Addison-Wesley, 1985.

New80 : Newton-Smith, W.H., The Structure of Time,
Routledge Kegan Paul, 1980.

PelAll86 : Pelavin, R., and Allen, J.F., A Formal Logic
of Plans in Temporally Rich Domains, Proceedings
of the IEEE 74 (10), Oct 1986, 1364-1382.

Rop79 : Roper, P., Intervals and Tenses, Journal of
Philosophical Logic 9, 1980.

vBen83 : van Benthem, J.F.AK., The Logic of Time,
Reidel 1983.

vBen84 : van Benthem, J.F.A. K., Tense Logic and Time,
Notre Dame Journal of Formal Logic 25 (1), Jan
1984.

VilKauSﬁ : Vilain, M., and Kautz, H., Constraint Prop-
agation Algorithms for Temporal Reasoning, Pro-

ceedings of AAAI-86, 377-382, Morgan Kaufmann,
1986.

Ladkin 239



