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Abstract

We address the problem of interpreting image velocity fields
generated by a moving monocular observer viewing a stationary
environment under perspective projection to obtain 3-D information
about the relative motion of the observer (egomotion) and the rela-
tive depth of environmental surface points (environmental layout).
The algorithm presented in this paper involves computing motion
and structure from a spatio-temporal distribution of image velocities
that are hypothesized to belong to the same 3-D planar surface.
However, the main result of this paper is not just another motion and
structure algorithm that exhibits some novel features but rather an
extensive error analysis of the algorithm’s preformance for various
types of noise in the image velocities.

Waxman and Ullman [83] have devised an algorithm for com-
puting motion and structure using image velocity and its 1% and 2~
order spatial derivatives at one image point. We generalize this result
to include derivative information in time as well. Further, we show
the approximate equivalence of reconstruction algorithms that use
only image velocities and those that use one image velocity and its 1¢
and/or 2* spatio-temporal derivatives at one image point. The main
question addressed in this paper is: "How accurate do the input
image velocities have to be?" or equivalently, "How accurate does
the input image velocity and its 1# and 2 order derivatives have to
be?". The answer to this question involves worst case error analysis.
We end the paper by drawing some conclusions about the feasibility
of motion and structure calculations in general.

1.1 Introduction

In this paper, we present a algorithm for computing the motion
and structure parameters that describe egomotion and environmen-
tal layout from image velocity fields generated by a moving mono-
cular observer viewing a stationary environment. Egomotion is
defined as the motion of the observer relative to his environment and
can be described by 6 parameters; 3 depth-scaled translational
parameters, @, and 3 rotation parameters, o. Environmental layout
refers to the 3-D shape and location of objects in the environment.
For monocular image sequences, exgriromnental layout is described
by the normalized surface gradient, o, at each image point. To deter-
mine these motion and structure parameters we deriye nonlinear
equations relating image velocity at some image point Y(P~,:") to the
underlying motion and structure parameters at 7%1), The computa-
tion of egomotion and environmental layout from image velocity is
sometimes called the reconstruction problem; we reconstruct the
observer’s motion, and the layout of his environment, from (time-
varying) image velocity. A lot of research has been devoted to

devising reconstruction algorithms. However, a little addressed issue
concerns their performance for noisy input: how accurate does the
input image velocity have to be to get useful output?

1.2 Previous Work

The most common approach to monocular reconstruction
involves solving (generally nonlinear) systems of equations relating
image velocity (or image displacement) to a set (_)f motion and struc-
ture parameters ([Longuet-Higgins 81], [Tsai and Huang 84],
[Prazdny 79], [Roach and Aggarwal 801, [Webb and Aggarwal 81],
{Fang and Huang 84abl, [Buxton et al 84], [Wllllams 89],
[Dreschler and Nagel 82], [L.awton 83]). So_m.e' of the issues that arise
for these algorithms are the need for good initial guesses of the solu-
tions, the possibility of multiple solutions and the need for accurate
input. The latter is by far the most important issue if the reconstruc-
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tion approach is to be judged a success. As Waxman and Ullman
[85] and others have noted, reconstruction techniques that use image
velocities of neighbouring image points require accurate differences
of these similar velocities. That is, solving systems of equations
effectively requires subtraction of very similar quantities: the error in
the quantities themselves may be quite small but since the magni-
tudes of these differences are quite small, the relative error in the
differences can be quite large. Hence, such techniques can be
expected to be sensitive to input errors.

A second approach to reconstruction involves solving nonlinear
systems of equations relating local image velocity information (one
image velocity and its 1* and 2* order spatial derivatives) to the
underlying motion and structure parameters ([Longuet-Higgins and
Prazdny 80], [Waxman and Ullman 85]). The rationale is that using
local information about one image point means that the problem of
similar neighbouring image velocities can be averted. However, this
is replaced with the problem of computing these 1 and 2™ order spa-
tial derivatives. Waxman and Wohn [85] propose that these deriva-
tives be found by solving linear systems of equations: where each
equation specifies the normal component of image velocity on a
moving non-occluding contour in terms of a Talyor series expansion
of the x and y components of image velocity. In effect, their recon-
struction algorithm divides the computation into two steps: use a
normal velocity distribution to compute image velocity and its 1* and
2™ order spatial derivatives at an image point and then use these as
input to an algorithm that solves the non-linear equations relating
motion and structure to the image velocity and its 1# and 2~ order
derivatives.

Only recently, have researchers begun to address the use of
temporal information, such as temporal derivatives, in reconstruction
([Subbarao 86], [Bandyopadyay and Aloimonos 85]). We note that
others’ use of temporal derivative information and our use of time-
varying image velocities are effectively equivalent; image velocity
fields (at least locally) can be derived from one image velocity and
its 1* and/or 2 spatial and temporal derivatives and vice-versa.
Indeed, image velocity fields are often used in the derivation of spa-
tial and temporal image velocity information.

It is somewhat disappointing that almost none of these recon-
struction techniques have been successfully applied to flow fields
calculated from realistic scenes. Primarily, the problem is the
difficulty in computing accurate flow fields. There has been little or
no error analysis in previous monocular reconstruction work,
although some researchers, such as [Waxman and Ullman 85],
[Buxton et al 84], [Aloimonos and Rigoutsos 86], [Snyder 86] and
[Subbarao 86] have begun to consider the inherent sensitivity of their
algorithms to random noise in the input. See [Barron 84,87] for a
more detailed survey of reconstruction techniques and their prob-
lems.

1.3 Underlying Assumptions

In order to relate a spatio-temporal distribution of image velo-
cities to the motion and structure parameters at some image point we
need to make some assumptions:

(a) 3-D objects are assumed to be rigid. The rigidity assumption
ensures that the image velocity of an object’s point is due entirely to
the point motion with respect to the observer and not due to changes
in the object’s shape.

(b) The 3-D surfaces of objects can be described locally as a plane.
The local planarity assumption means curved surfaces are treated as
collections of adjacent planes.

(c) The observer rotates with a constant angular velocity for some
small time interval. Webb and Aggarwal [81] call this the fixed axis
assumption.

(d) The spatio-temporal distribution of image velocity results from



3-D points on the same planar surface. We call this the same surface
assumption.

(e) The observer translates with a constant speed (and possibily con-
stant acceleration).

The use of a spatio-temporal distributions of image velocity means
motion and structure is computed using local spatio-temporal data,
thus we are not necessarily restricted to stationary environments as
we can treat each independently moving surface as stationary rela-
tive to the moving observer. Similarly, the constraints on the motion
need only be satisfied for short time intervals.

In [Barron et al 87a] we treated violation of these assumptions
as one type of error in the input data. The use of the local planarity
and fixed axis assumptions means that the point-to point correspon-
dence problem does not have to be solved, i.e. we do not have to use
velocities of the same 3-D points at different time intervals, as it is
now mathematically possible to relate image velocities distributed in
space and time at any point and time on a 3-D planar surface to the
motion and structure parameters of any other point on the planar sur-
face at any other time (where these assumptions are reasonably
satisfied) ™. Other researchers, such as [Kanatani 85] and
[Aloimonos and Rigoutsos 861, have also advocated a
correspondence-less approach. The computation of image velocity
may require the solving of correspondence although there is a group
of techniques based on the relationship between spatial and temporal
grayvalue gradients, for example, [Horn and Schunck 81], for deter-
mining image velocity without the need to compute correspondence.

1.4 Previous Resuits

In a previous paper [Barron et al 87a] we presented a first set of
results for the monocular algorithm presented in this paper. Some of
the more important ones are:

(1) The use of a spatio-temporal distribution of image velocity rather
than a purely spatial distribution of image velocity generally reduced
the amplification of input to output error. As well, increasing the
spatial extent of the image points where image velocity are measured
also reduced error amplification.

(2) It appears that the accuracy with which image velocities can be
computed is much more important that the satisfaction of the various
assumptions. The solutions are not especially sensitive to small vio-
lations of the assumptions.

(3) The error in the initial guess (required for Newton’s method) can
be quite large (100% and more) and convergence can still be
obtained for most cases when image velocity error is present.

(4) For exact image velocities, we found multiple solutions even
though theoretical results suggested unique solutions. The analysis
showed that it is possible for 2 distinct sets of flow fields to have 4
image velocities in common.

(5) We conducted a best, random and worst case error analysis for a
related set of motion and structure parameters. (The 3 error types
were scaled for comparison purposes.) The difference between the
best, random and worst case results was significant. This suggests
that tests based on a random noise alone are inadequate.

(6) The use of time allowed us to analyze motion and structure com-
binations that were singular at one time. For example, the motion
and structure: U=(0,0,1000), o=(0,0,1) and @=(0.2,0,0) is unanalyzable at
time O but can be solved given image velocities distributed over a
short time interval.

‘We have also devised a binocular reconstruction [Barron et al
87b] that contains the monocular algorithm presented in this paper as
a special case.

1.5 Centributions of this Paper

The algorithm presented in this paper involves solving non-
linear system of equations that relate a spatio-temporal distribution
of image velocity to a set of motion and structure parameters at some
image point at a particular time. We conduct a Taylor series expan-
sion analysis and show the equivalence of using a mean image velo-
city and its 1* and/or 2 order spatio-temporal derivatives to using 4

(1) Of course, we must still be able to solve surface correspondence, i.e. we
must be able to group together all image velocities distributed locally in space
and time that belong to the same planar surface. See [Adiv 84] for one ap-
proach to this problem.

individual image velocities when a moving monocular observer
views a planar surface. The main results of the paper are contained in
the error analysis. In particular:

(1) We conduct a scaled best, random and worst case error analysis
for a set of related motion and structure combinations when image
velocities are used as input. (The errors are scaled for comparison
purposes.) We investigagg the_amplification of input errors for the
whole solution and forZ, « and o along with the relationship between
worst case image velocity error and the error in the Taylor series
expansion coefficients. We also investigate the algorithm’s perfor-
mance when there is a maximum of X % worst case error in any of the
image velocities.

(2) We conduct best and worst case error analysis by adding worst
case error ghrectly to the Taylor series expansion coefficients. We are
interested in how the algorithm performs when there is a maximum

of X% worst case error in any of the Taylor series coefficient pairs.
(In general, the worst case error directions for the image velocities
and the Taylor series coefficients are different.)
2 Mathematical Preliminaries

In this section we present a brief description of our algorithm.
Complete details are in [Barron 87).

2.1 Notation

We use notation ?(z ;v) to indicate a 3-D point measured at time
¢ with respect tq a coordinate system X(v). Similarly, X,(P¢;) is the
depth of P(¢;1). Y(P.t) is the image of P(¢;1).

2.2 Physical Setup
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Figure 2.1 The Observer-Based Coordi_n)ate System. ﬂ:(U 1,U,U3) is the
observer’s 3-D translational velocity while @=(®,,®,,®;) is his 3-D rotational velo-
city. The image plane is at depth 1. The image of P is located at 7=(y,,y2,1). The
origin of the image plane is (0,0,1). The X, axis is the line of sight.

We adopt a right-handed coordinate system as in Longuet-Higgins
and Prazdny [80] which is shown in Figure 2.1. U=(U,,U,,U;) is the
translational velocity of the, observer, centered at the origin of the
cgordinate system X (1) and o=(w;,,,;) is the angular velocity of the
observer.

2.3 The General Monocular Image Velocity Equation

. We can write an equation relating image velocity at some
image point Y@ 1»¢) to the monocular motion and structure parame-
ters at some image point ¥(P,,) as

WY@t )17 = AT Bt ) T E0) Qi YR Pr0),030)
Su@ B0 Y@t ), Ty Prt) 0 1A, VBt N SGeir). (2.3-1)

where P, and P, are 3-D points on the same planar surface and gen-
erally Y(B,,)+7(P,,+*). In the above equation

- =10 y,
ATEMH={0 -1y (2.3-2)
0 00
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h({¥(P,) is the perspective correction function that specifies the
ratio between the depth _o)f P(t;t), X5(P,t3) and its 3-D distance from
the observation point, | |P(,0)| {,=P @) Be:) ", ie.

&
B
h@Fap=EED 2 9@y,

3(P,t3t

(2.3-4)

and ZF(P,0).t30) is the distance-scaled translational velocity of the

observer,
2P 0= —ED_

[IP@EDL 2

One of the advantages of using a single instantaneous image velocity
field is that no assumptions about the observer’s motion, for example
his acceleration, have to be made. However, the use of a spatio-
temporal distribution of image velocities requires that we relate the
motion and structure parameters at one time to those at another time.
Hence, we need to make assumptions about the observer’s motion.
In this paper, we consider two specific types of motion, although we
emphasize that our treatment can be generalized to other motions as
well. The two types of motion considered are:

Type 1: (Linear Motion, Rotating Observer): A vehicle is moving
with constant translational velocity and has a camera mounted on it
that is rotating with constant angular velocity.

Type 2: (Circular Motion, Fixed Observer): A vehicle with a fixed
mounted camera is moving with constant translational and angular
velocity.

0:@4¢ )=RT(@t IR (@) and Qy(@,4e)=1, (the identity matrix), for
Types 1 and 2 motion res] tive1¥ R(w,#) is an orthogonal matrix
specifying the rotation | |||, of X(r) with respect to X(0). Sy, the
monocular spatial scaling function,

5Pt YY) _ Xs@Pots)
UF eV Bot) Xt )
specifies the depth ratio of two 3-D points, B, and F, on the same

planar surface at the same time. The monocular temporal scaling
function,

(2.4-5)

Su@@0.Y@0,0 = (23-6)

X3Pt )
X3t )
L e s ()

Ty @@t = @37

Aot 5 YRT@ R@ )| VBBt AP0

specifies the depth ratio of two 3-D points, Y(%,,)=Y (..t ")

In special cases, equation (2.3-1) reduces to either a purely spa-
tial or a purely temporal image velocity equation when S,=1 or T,=1.
Given eight distinct components of image velocity distributed over
space and time, but on the same 3-D planar surface, we can construct
and solve a non-linear system of equations to determine the motion
and structure parameters.

2.4 The Non-Uniqueness of the Soluticns

Because we are solving non-linear systems of equations we
need to be concerned about the uniqueness of our solution. Hay [66]
was the first to investigate the inherent non-uniqueness of the visual
interpretation of a stationary planar surface. He showed that for any

planar surface there are at most two sets of motion and structure
parameters that give rise to the same image velocity field for that
surface. Hay also showed that given two views of such a surface only
one unique set of motion and structure parameters was capable of
correctly describing the image velocity field. Waxman and Ullman
[83] carried this result one step further by showing the dual nature of
the solutions: given one set of motion and structure parameters it is
possible to derive a second set in terms of the first analytically. If
this second solution is then substituted back into the equations speci-
fying the duality, the first solution_js obtained. Given one set of
motion and structure parametets, #, ¢; and &, we can derive expres-
sions for the dual solution, @,, o, and «,, at some point Y@, as
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In (2.4-1c) we use the notation Oy=(e, 0, 005) in (2.4-1c). Obviously,

when (_x)(?,t;t)z (B, 0)ut N
. HREAP,0.01 1,

solution reduces to the first solution. Subbarao and Waxman [85]

have also showed the uniqueness of the motion and structure param-
eters over time as well.

These theoretical results suggest that the possibility of multiple
(non-dual in the spatial case) solutions is non-existent. However,
they only hold when the whole flow field is considered. It is possible
for two distinct image velocity fields to have four common image
points at four times with the same the image velocity values. Hence,
the analysis of the four image velocities may give rise to any of the
sets of motion and structure parameters having those four image
velocities in common. An example of such a situation is shown in
[Barron et al 87a].

2.5 Singularity

If #0,0,0) then the system of equations is singular. In fact,
when Z«o, its condition number becomes very large; very small
input error causes instability in the solution technique. Also, Fang
and Huang [84a] and others have shown that the solution does not
exist using the image velocities at three or more collinear 3-D points
(as the determinant of the J is 0). We have also observed that the
solution using two image velocities at each of two 3-D points on the
same planar surface at two distinct times cannot be obtained. The
motion of 2 points can be caused by an infinite number of motion
and structure combinations. As well, there are particular motion and
structure combinations that cannot be recovered at one time. For
example, if U=(0,0,a), 0=(0,0,1) and &=(0,b, 0) at time 0, then the values
of constants a and b can be arbitrarily set to yield the same image
velocity field; hence, it is impossible to distinguish the translational
and rotational components of image velocity from each other. Other
conditions of singularity are under active investigation.

3 Experimental Technique

In this section we discuss the implementation of our algorithm
and present details of our sensitivity analysis.

the solution is unique as the dual

3.1 Implementation

Newton’s method is used to solve the systems of non-linear
ations. Since only 2 components of o are independent, i.e.
Io]]2=1, we add extra row to the Jacobian matrix, J to ensure the
computed o is normalized; hence J is a full rank 9 matrix. The 9*
value ofﬁ,, the measured image velocities is then set to 1.

When @ is known to be zero, i.e. in the case of pure translation
(Type 1 and Type 2 motions are equivalent here) we solve a 6x6
Jacobian instead of a 9x9 one. We compute a 9x6 Jacobian (the 3
columns corresponding to © are not computed). We let the LU
decomposition of J choose the bests 6 rows of J, with the provision
that the normalization row is always one of the chosen rows.

3.2 Sensitivity Analysis

We compute an error vector, Z}‘M, which when added to 7,:,,
yields the perturbed input,z,‘ =7,,+Z’f,,. For X% random case error,
we compute four random 2-compongnt unit vectors, a;, j=1,..,4, and
then compute each i* component of Afy as

{ Afin

X 4 . ..
Afmu] =100 FIZ) 120 =104, i=jx2-1. 3.2-1)



Thus X % random error is added to each image velocity. Afyy is 0, i.e.
we do not add error to the normalization constant. Using A for ran-
dom error we compute Af,,. = | |Afy| |,. We use forward and inverse
@ fjteration on J to compute normalized best and worst case error
directions, &; and &y, We compute Afy = ég Afrom 38 X% scaled best
case image velocity error and Afy, = éﬂ; Af...m as X% scaled worst case
image velocity error. In either case Afy is scaled to the same size as
the random Af,, for comparison purposes. When o is known to be 0
the appropriate 6x6 Jacobian is used in the forward and inverse itera-
tion calculation. We can also compute X % relative v.orst case image
velocity error by computing Af,, so that the image velocity with the
largest error is X %.

We perform a Taylor series expansion of image velocity. In
the spatial case, we can write

Tu=AZ, (3.2-2)
for small spatial extents. Here %, is given as
7 dv, v, 9v; dv, 0w v,
B TP R TP TR P
= @122 8 84) (3.2-3)
and 4, is given as
'1 Avh BynAy, l
2 128yn DAy, LA}'nAYu Ayh,
I Lodye TA &k Ayndyy
2 £28Y21 138Y3 AynAynm Ay%z
4,= I Ldyes I Ayl AymAys 324
A
2 1280 Laym GELE by%,
I LA L &h Dadye
2 1284 128Y42 tAynAy.n Ay,
L J
For the spatio-temporal case, we can write
Tu=AZ (3.2-5)
for small spatio-temporal extents. Here
v, dv, v, v, v, v,
Z= Vm1:VYm2s "Jy: ' 3y, ' 9y, o ot
dyy "9y, dyy dy: ot
=(?\, 2. 3.?4) (3-2'6)
and
I, LAy LAy, LAt
I, IAyy I,Ayy I,At,
A=\ 1 LA . 3.2-7)
2 1Ay LAYy I,Aty
I LAys LAyg 1A,

We can compute the Taylor series expansion using both pcrfectz,,
and noisyz,’, to get?” and Zrespectively. Ag is simply 72

We compute X % relative best case and X % relative worst case
error in Ag by performing forward and inverse iteration on A*~'J
wher: AA* is an 9x9 matrix computed using A=A, or A=A, as

c
A*=lo. 1] where 0, and 0. are 8 component row and column vec-

tors containing all 0’s and 2* is simply (g,1). These best and worst
directions are then scaled so that there is a maximum of X % in any
of the Taylor series coefficients, Ag;, i=1,..,4 where Ag; is the error in
2. When o is zero, we cannot conduct this error analysis as the 9x9
Jacobian is singular.

_, Output error in the computed solution ¥ and in its components,
%@, o and ® are computed simply as the L, norm of their difference
from the correct solution/component over the L, norm of the correct

(2) We note that the best an_q) worst directions so calculated are for the initial
linear system of equations, J4o=f,. It is possible that the best and worst direc-
tions for the nonlinear system of equations are different, although we expect
these directions to be quite close to the computed best and worst directions for
small input errors.

solution/component. In purely spatial cases, we also compute the
dual of 5, 5, using (3.4) and compute the output error as the
minimum of error in?ors. Sigce o’ and —o’ specify the same sur-
face gradient, we always "flip" a” before the output error is calcula-
tion if the flipped @ is closer to o than the original o i.e.
|lo+a” | o< | [o—a” | |,. The error in the various A_éi, i=1to 4 and A—g is
simply computed as the L, norm of the difference over the L, norm
of the correct value.

4 Experimental Results

We use the motion and structure described in the table below
for the experimental results presented in this paper.

Motion U o ® Type
1 0,0,1000 | 0,0,1 0,0,0 1,2
2 0,0,1000 | 0,0,1 0,0.2,0 1
3 0,0,1000 | 0,0,1 0,0.2,0 2

X5 is 2000 in all cases. Image coordinates are measured on a 256x256
display device and so pixel coordinates are scaled by 256 to produce
the corresponding f coordinates. Thus the solution point, Y,, is
(20,20) in pixels or (0.078125,0.078125,1) in f units. For a temporal
extent 0-z we measure image velocities at the following image point
offsets and times

Ay, Ay, Time
50 50 0.0
-50 50 t3
-50 -50 2t/3
50 -50 ]

where T”.-:T/),-r(Ayi.,Ay,-z,O), i=1to 4. The viewing angle of these points,
which we call their spatial extent, is computed as the maximum
diagonal angle subtended by the points, i.e. 33.05°. Temporal extent
0-t is varied by varying ¢ from O to 1 or 0.3 to 1 in 8 equal steps; a
temporal extent of 0-0 correspongs to the purely spatial case. (As we
have already pointed out, when @=(0,0.2,0), the motion is singular for
temporal extent 0-0 but is can be solved at other temporal extents.
When o is known to be zero we can solve this motion for temporal
extent 0-0 provided we enforce @=0.) Image velocity error is varied
from 0-1.4% in 0.2% steps while Taylor series cofficient error is
varied from 0-14% in 2% steps.

In the first experiment we vary image velocity error against
temporal extent. Tables 1, 2 and 3 shows the overall amplification
factors @, their standard deviations and the number of solved runs
when the image velocity error was ngt 0% (out of a maximum of 56)
computed for the 3 motions for=, %, o and o for all solved runs. Best
case results are quite good, especially when compared with the
corresponding random and worst case results. Random output is
about ¥ the worst case output error. We include random results only
to show the inadequacy of an error analyisis that only involves per-
forming a few runs with random noise in the input. Unless a particu-
lar run is made » times (» a sufficiently large integer) for random
noise in the input we cannot draw any useful conclusions. The larg-
est output error for these » runs should approach worst case results
while the average output error for the » runs comprises average case
results. Table 4 shows the overall amplification factors for the 3
motions when 0-1.4% relative worst case image velocity error is
used instead. These results indicate that worst case error of 1.4% and
smaller can produce unusable output. It seems that we need image
velocity measurements to be quite accurate.

An examination of the error velocity means and differences for
the above runs confirms the hypothesis about image velocity error
presented in section 1.2. For best case results, the error in the means
is larger than the error in the differences while for worst case results
the error in the differences is larger. In another experiment (see [Bar-
ron 87]) we added worst case error directly to the means and dlffer-
ences of the image velocities. The results further confirm® the
hypothesis as worst case mean error produced very small error
amplification while worst case difference error produced much larger
ones. Indeed. even when large worst case mean error was used (up

(3) Overall amplification factors are computed as the average of output error di-
vided by input error for all solved runs where input error is not 0%.
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to 49% error in image velocifies) worst case mean amplification fac-
tors were still less than 1. In fact, worst case mean error results are
almost as good as best case error results.

The second experiment involves adding relative best and worst
case error to the Taylor coefficients, g, and then computing motion
and structure from the resulting image velocity fields. Preliminary
results are presented in Table 5 for the 2 and 3 motions. The stan-
dard deviations are much larger here. This is because the magnitude
of the input error increases significantly in time; hence, the output
error also increases in time. For the smaller temporal extents the
amplification is typically 2-3. Again we note that mean error (in2,)
is larger in best case results than in worst case results while deriva-
tive error (in?;, 25 and 7, is larger in worst case results than in best
case results. These and earlier results suggest that adding error to
velocity means has only a minimal effect on the error amplification
but that adding error to the velocity differences/derivatives has a
much greater effect on the error amplification.

It is interesting to note the relationship between image velocity
error and error in the Taylor coefficients for that same image velocity
field. Table 6 shows the error in 7, 7, 73, s and 2 for temporal
extents 0-0.3 and 0-1 for the 3 motions when 1.4% scaled worst case
image velocity error is present in the input. Its seems that error in 2,
is by far the largest. Overall the error in 2is 2-3 times the error in
the image velocities (4-6 times if we look at the L, norm error in the
input) while the error in the various Z; can be 10-15 times larger.
[Waxman and Ullman 85] note that in the spatial case recovery of
motion and structure when there is large error in@, is quite robust.

Changing 7, to (0,0) from (20,20), we conduct a last set of tests
for the 3 motion, varying spatial extent (the magnitudes of the coor-
dinates of the four corners on the square) to have values 1°, 14° and
70° (the full image). We vary ¢ from 0.3 to 1 for these tests. Tables 7
and 8 show the overall amplification factors for these tests. We can
solve most of the runs, even when the spatial extent is only 1° and
the relative error is 14%. Of course, the corresponding image velo-
city error is quite small. As expected, best case results are quite
good. On the other hand worst case results are not nearly as good.
Large amplification factors means that (effectively) the output is not
useful even when a solution is obtained as is the case for most of the
runs. Again, the magnitude of the actual image velocity error

increased with time and is entirely due to the error in ?F%?. The

errors ing,, ?2_ aqd 25 are quite small relative to this error. When the
spatial extent is either 14° or 70° we observe an improvement in time.

5 Conclusions

The results of the above experiments suggest that reconstruc-
tion algorithms that use individual image velocities need them to
within 1% or better or equivalently those algorithms that use local
image velocity information (for example, [Waxman and Ullman 83])
need their input to within 10% accuracy. Derivative information is
usually calculated directly from velocity fields, for example by using
a least squares computation to related normal image velocity to the
Z:’s (see Waxman and Ullman [83]). Current techniques for measur-
ing image velocity cannot produce this required accuracy. This may
appear to call into question the feasibility of the reconstruction
approach. However, an alternative approach is suggested from the
experimental results:

(1) Compute one mean image velocity that corresponds to 2,=%, (as
we have seem the error in this velocity can be quite large) using one
of the many conventional image velocity measurement techniques
available (for example [Hom and Schunk 81] or [Barnard and
Thompson 80]).

(2) Use separate techniques to measure spatio-temporal derivative
information directly from raw time-varying intensity data. It may
well be that such techniques will be able to measure the derivative
information within the required accuracy. We advocate the design of
such measurement techniques as a new research area.

The derivative data could then be used directly in the motion and
structure calculation (such as Waxman and Ullman’s algorithm) or
first be converted into time-varying image velocity fields which, in
turn, are used as input to, say, the algorithm presented in this paper.
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Table 4: Relative Worst Case Error Amplification Factors
=5 =

Motion | ¥ |StDev.| %@ |StDev.| ¢ [StDev.| @ |StDev.|Runs

Table 1: Scaled Best Case Error Amplification Factors 1 4064 0.117 | 0291| 0008 | 4.536| 0.133 - - 56

Motion | ¥ |St.Dev.| @ |StDev.| & |St.Dev.| @ | StDev.|Runs 2 [18706| 0719 {20432 1.057 |14.788( 0530 [49.910| 2443 | 48
1 0.116 | 0.003 | 0210 0.006 |0.065| 0.003 - - 56 3 13.792 | 0.357 4.195] 0.152 |15260| 0391 |13.357] 0.431 56

2 0.148 | 0.003 |0.236{ 0.005 |0011( 0.0003 |0.602 0.014 56
3 0.152| 0.003 |0255! 0.006 |0.029] 0.001 0.557 | 0.013 56 Table S Amplification Factors for Taylor Series Coefficient Error

Motion | BestCase Error | St. Dev. | Runs | Worst Case Error | St. Dev. | Rums

Table 2: Scaled Random Error Amplification Factors 2 0.093 0.046 56 7.955 3244 33
Motion | 3 |StDev.] ® |StDev.| O |StDev.| @ |StDev.|Runs 3 0179 008 | 56 5072 213 | s4
1 4.066| 0.163 | 0476| 0017 | 4532| o182 | - - 56
2 |15792] 0067 |15653| 0953 [13.159| 0498 [38380| 2234 | S5 Table 6 Error in Taylor Coefficients for 1.4% Scaled Worst Case Error
3 8.499| 0035 | 3344 0.195 -| 9.183| 0373 | 9.947| 0537 | 56 Motion |  Temporal Extent 2 > 75 Zs 4
1 0-0 0.10 225 1.13 032 098
Table 3: Scaled Worst Case Error Amplification Factors 1 01 1.162 0.81 1.21 132 119
Motion | ¥ |StDev.| ® [StDev.| & |StDev.| @ |StDev.|Runs 2 0-03 227 2.60 4.07 17.55 4.86
1 7.672| 0261 | 0545| 0.017 | 8563| 0291 - - 56 2 01 193 2.57 441 28.61 3.80
2 |55.982] 2547 |82.004| 4539 |22.084] 0901 |191.256] 10331 | 45 3 0-03 3.66 2.10 5.69 2112 6.99
3 |19.798] 0491 | 5.699] 0195 |21.957| 0540 | 18316] 0559 | s6 3 0-1 329 1.47 528 720 412

Table 7: Amplification Factors for Relative Best Case Error

Spatial Extent | Amplification St. Dev. Runs
19 0.567 0.295 56
14° 0.144 0.069 56
70° 0.147 0.070 56

Table 8: Amplification Factors for Relative Worst Case Error

Spatial Extent | Amplification St. Dev. Runs
1° 11.719 4.205 51
14° 2.260 1.038 56
70° 5.019 2.178 54
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