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Abstract 

We address the problem of designing the shape 
of solid objects to satisfy a given set of func- 
tional specifications. In particular, we show how 
to design elementary components of mechanical 
devices (kinematic pairs) from a description of 
their desired behavior and a set of constraints. 
This is done using a backtracking algorithm that 
modifies (or creates) object shapes by adding and 
deleting line and arc segments to the objects’ con- 
tours. These modifications are guided by the con- 
figuration space description of the desired behav- 
ior. The algorithm is extended to handle both 
qualitative and causal descriptions of desired be- 
haviors. This work is based on the theory of 
shape and kinematics developed in [Joskowicz, 
19881. 

I. Introduction 
The automatic design of mechanisms presents a number 
of interesting issues, not encountered in other domains 
[Dixon, 19861. One of the key issues in mechanism de- 
sign is the ability to reason explicitly about the relation- 
ship between the geometry of objects and their function 
in the mechanism. The motions of each object and the 
relationships between these motions (i.e., the mechanism’s 
rEinema2ic behavior) are directly determined by the shapes 
of the objects and the nature of the contacts between them. 
Unlike other domains, the basic building blocks of a mech- 
anism are pairs of objects, rather than individual objects 
[Reuleaux, 18761. Examples of elementary components 
(called kinematic pairs) are a screw and bolt, a pair of 
meshed gears, prismatic joints, etc. Complex mechanisms 
are designed by assembling kinematic pairs to achieve the 
desired behavior. 

It is a common observation that in order to comply with 
a set of design requirements, new or modified shapes of 
objects in kinematic pairs need to be considered. In most 
existing Computer-Aided Design (CAD) syst,ems, the de- 
cision on the creation or modification of an object’s shape 
is the task of the human designer; the CAD system is re- 
sponsible for handling and verifying the consistency of the 
design decision. Other systems are capable of modifying 
the object’s shape by varying the values of predefined ps- 
rameters, such as the diameter, thickness, etc. (routine 
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design) [Brown and Chandrasekaran, 19861, [Mittal et al., 
19861, [Mitchell et al., 19851. These systems configure their 
designs from a library of existing elementary components 
that have been parameterized to reflect the important as- 
pects of the design problem. When the design specifica- 
tions require the consideration of an additional parameter, 
or the introduction (or modification) of a new elementary 
component, the design process fails. In order to modify or 
introduce a new component, the system must be capable 
of reasoning about the structure and the function of the 
component (innovative design). A first approach to this 
problem is presented in [Murthy and Addanki, 19871 for 
the domain of structural beam design. 

This paper presents a new method for designing shapes 
of objects, capable of handling both incomplete and qual- 
itative functional specifications of the desired behavior. 
Our method is an extension of previous work on mech- 
anism analysis showing that configuration spaces are an 
appropriate intermediate representation for relating kine- 
matic behavior and object geometry [Faltings, 1986; 19871, 
[Forbus et al, 19871, [Joskowicz, 1987a; 1987b; 19881. 

2 resentation of t bPe 
Consider the following design scenario: we are given a ro- 
tating disc A and a translating rectangle B (Figure l(a)). 
Our design goal is to modify the shapes of the objects so 
that for two specific orientations of A, 0 and 7r/2, B pre- 
vents the rotation of A. For all other orientations, the 
motions of A and B must remain independent. A possible 
solution is to modify the shape of A by introducing two 
slots that allow B to create new contacts that prevent the 
rotation of A (Figure l(b)). 

In addition to kinematic requirements, design specifica- 
tions contain other const,raints that directly influence the 
final shape of the objects; they stem from practical and en- 
gineering considerations of the desired device. Examples 
of such constraints are minimum object thickness, simplic- 
ity, and manufacturability. The most important of these 
constraints is the physical feasibility constraint. For two- 
dimensional objects, it requires objects to be topologically 
equivalent to a disk with a finitely many holes. It also 
rules out point objects. These constraints must be taken 
into account during the design process. 

In the following, we assume that objects are two- 
dimensional, that their contours are formed by line aeg- 
ments and circular arcs, and that each object has at most 
one degree of freedom (either rotation or translation) along 
an axis fixed in the plane. We distinguish between five de- 
sign spnces, corresponding to the degrees of freedom of 
each object in the pair: fixed-rotation, fixed-translation, 
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(a) Initial Shapes Initial Space, CO(A, B). 

A 

(b) Modified Shapes Space After Modification, R(A, B). 

Figure 1: A Design Example Figure 2: Corresponding Configuration Spaces 

translation-translation, rotation-translation 
rotation. 

snd rotation- 

3 Functionall Specification of 
Kinematic Behavior 

The kinematic behavior of a mechanism can be described 
in terms of possible motions or in causal terms [Joskowicz, 
1987a]. Both descriptions are functional since they specify 
motion relationships between objects without referring to 
their actual geometry. Functional descriptions come from 
the engineer’s analysis of the requirements of the desired 
device. 

A possible motions description specifies all the possi- 
ble motions that each object (represented by a reference 
point) can have, together with the relationships between 
these motions. Every degree of freedom is associated with a 
motion parameter. The relationships between motions are 
specified by a function relating motion parameters. Func- 
tions can be real-valued or qualitative, indicating whether 
the motion parameters’ ratio is increasing, decreasing or 
constant. Each motion parameter is bounded by intervals 
that define its legal range. Since we assumed that objects 
are two dimensional and move on fixed axes, an object A 
can only have one of the following three types of motions: 

o A is fixed at point p: f ized(A, p) 

o Possible rotation around axis 0: 
p,rotution(A, 0,8), 19 E [Bmin, Q,,,] 

g Possible translation along axis 0: 
p,translution(A, 0, X), X E [Xmin, X,,,] 

Kinematic behavior can be described as the union of sev- 
eral possible motion regions. For example, all the reachable 
behaviors of the pair in Figure l(b) are described as the 
union of three regions: 
&: p-rotation(A, 01, S), p&wnsZation(B, 02, X), 

for 8 E [O, 2r]rnod2n and X E [XO, 00) 

RI: fized(A, 0), p-trunslution(B, 02, X), 
for 8 = 0 and X E [X1,X0) 

&: fixed(A, t!9), ph=unslution(B, 02, X), 
for 8 = n/2 and X E [Xi, X0) 

In a previous paper, we showed that there is a direct, one- 
to-one correspondence between possible motion descrip- 
tions and configuration spaces’ [Joskowicz, 1987a]. Since 
each object has at most one degree of freedom, a two- 
dimensional configuration space fully describes the kine- 
matic behavior of a pair of objects. Figure 2 shows the 
configuration space of the pair (A, B) before and after 
the modification. Note the direct correspondence between 
the above description and the regions of free object place- 
ments, indicated by hatched areas. 

An alternative description of kinematic behavior is a 
causaZ description. This description states the effects that 

‘The configuration sl>ace of a mechanism defines the set 
of free paacemerats (position and orientations) of objects in a 
mechanism so that no two objects overlap [Lozano-P&ez, 19831, 
[Schwartz and Sharir, 19831. 

348 Common Sense Reasoning 



the motion of one object has upon the others (e.g., if A 
rotates clockwise then B rotates counter-clockwise). The 
kinematic behavior of a mechanism can then be described 
by the motions of its objects resulting from a sequence of 
input motions. Section 6 shows that causal descriptions 
can also be mapped into equivalent configuration spaces 
specifying the desired behavior. 

4 s esign from 
Configuration Space 

We use configuration spaces as the basis of the design pro- 
cedure. In this section, we assume that the desired pairwise 
behavior is given as a two-dimensional configuration space 
with exact boundaries. 

Initially, we are given two objects, A, B (possibly 
empty), and a desired configuration space R(A, B), cor- 
responding to the desired kinematic behavior. The actual 
kinematic behavior of the objects corresponds to their ac- 
tual configuration space, CO(A, B). Comparing both the 
actual and desired behaviors amounts to comparing the 
two configuration spaces, CO(A, B) and R(A, B). The 
differences between them indicate where and how these 
behaviors differ. For example, in the previous design prob- 
lem, the desired configuration space R(A, B) contains two 
regions, RI and Ra, not present in CO(A, B) (Figure 2). 

The behavior of a kinematic pair can be modified by 
changing the boundaries of CO(A, B) so that they match 
with the boundaries of R(A, B). Boundaries of the con- 
figuration space are formed by the contact of two object 
features (a vertex, an edge, or an arc). Therefore, con- 

figuration space boundaries can be modified by removing 
contacts or introducing new ones. This in turn implies 
that the shape of the objects must be changed by adding 
and deleting edges and arcs to their contours. In the previ- 
ous example, there are six configuration space boundaries, 
~2, cg, ~4,133, ~7, cs, that must be added to CO(A, B), and 
two that must be deleted (~1 and cg) to allow transitions 
from Ro to RI and R2’. The design problem consists in 
finding a sequence of feature additions and deletions to the 
objects’ contours so that the actual and the desired config- 
uration space boundaries match and the design constraints 
are satisfied. Thus, design constraints (both kinematic and 
non-kinematic) are interpreted and enforced t8hough con- 
figuration spaces. 

4.1 Configuration Space Boundaries 
The form of the configuration space boundaries is deter- 
mined by the design space and by the features that come 
in contact to create it. For example, in the rotation- 
translation space (one object rotates, the other trans- 
lates), a vertex-edge contact produces a configuration 
space boundary with the following equation 

XA = r[sinOB + cos0~ tan$] - d tan+ (1) 
where T is the distance from the rotating vertex to the 
rotation point of B, 1c, is the angle of the edge of A with 
the translation axis, d is the distance froni the rotation axis 
to the translation axis. Arc-vertex or arc-edge contacts 

2Regions RI and R:! are rectangles of width 
have four sides, two of which of zero length. 

zero, and thus 

produce (when the center of the arc coincides with the 
center of rotation) a configuration space boundary that is 
a line, such as the boundary CO in Figure 2(a) produced by 
the contact (a 0, bo). We have classified the different types 
of boundaries that arise from the nine possible pairwise 
contacts in each of the five design spaces. The result is a 
table of elementary contacts that specifies, for each type 
of contact and design space, the type configuration space 
boundary produced, together with the set of equations that 
define it. 

Given a desired configuration space boundary, the de- 
sign task consists in finding a pair of object features that, 
when in contact, will create this boundary. Note that not 
every contact between features can produce a desired con- 
figuration space boundary. For example, in the rotation- 
translation space, a vertex-edge contact can never be used 
to produce a line boundary in CO(A, B), since for no val- 
ues of r, d and $, equation (1) represents a line. In this 
case, only a vertex-arc or an edge-arc contact can produce 
the desired boundary. This means that arc a0 cannot be 
substituted by a vertex and still produce the boundary CO 
when in contact with bo. Thus, the type of the configura- 
tion space boundary can be used to determine which pair 
of features can, in principle, produce the boundary. Waving 
determined the type of contact, we then find the precise 
coordinates of the features that create the boundary. 

4.2 An Algorithm f’r Shape esign 
The design procedure starts by comparing the actual and 
the desired configuration spaces. The goal is to delete the 
configuration space boundaries of CO(A, B) that do not 
match boundaries of R(A, B) and to add to CO(A, B) the 
boundaries that appear in R(A, B) but not in CO(A, B). 
Two boundaries match iff their form is identical and the 
free object placements lie on the same neighborhood. 

For each boundary difference, a pair of object features to 
either delete or add the required boundary is selected. For 
a deletion, at least one of the features that contributed to 
the boundary creation must be deleted. For an addition, 
one or two new features must be created to produce the 
boundary. The type of features that produce the bound- 
ary in question is determined from the table of elementary 
contacts. For example, in order to delete cl, either a0 or bo 
must be deleted. In order to add ~2, it is sufficient to add 
the edge a2 (but not an arc) since its contact with edge bs 
creates cz. 

In both cases of addition and deletion, there might be 
more than one candidate feature pair and thus a (nonde- 
terministic) choice must be made. For example, c3 can 
be created with the existing edge bo and a new edge ~4, 
or with a new arc bg and a new edge ~4. In this case, 
the first choice is preferred since it introduces fewer new 
features. After every object contour change, the config- 
uration space CO(A, B) is updated. If the new features 
violate a design constraint (except closed contour), the 
pair is rejected and a new candidate pair is selected. This 
guarantees that a bad choice is rejected as soon as a vi- 
olation occurs, instead of waiting until the whole design 
process is completed. Note that the final designed objects 
might not be consistent, i.e., their contour might not be 
closed. For example, if we remove the edge bo from B, 
and take A as shown in Figure l(b), we still have that 
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Procedure DESIGN(A, B, R(A, B), CONST) 
1. Compute CO(A,B). 

2. DELETE := boundaries in CO(A, B) that do not 
match boundaries in R(A, B). 
ADD := boundaries in R(A, B) that do not match 
boundaries inCO( A, B). 

3. While CO(A, B) # R(A, B) do 
3.1 For a boundary ci in ADD, do 

a. Using the table of elementary interactions, 
determine the type of features that can pro- 
duce the type of boundary of c;. 

b. Choose a pair of features (a, b) of the appro- 
priate type that produce ci. Prefer pairs in 
which one of the features is already existing 
and is connected to the object boundary. 

c. Check whether the new feature(s) comply 
with the design constraints, CONST. 

3.2 Update CO(A, B), ADD and DELETE. 
3.2 For ci in DELETE, choose a feature from the 

pair that created it and delete it from the corre- 
sponding object,. Do not delete new features. 

3.3 Update CO(A, B), ADD and DELETE. 
4. Complete the object without modifying CO(A, B). If 

this is not possible, return “FAIL”. 

Figure 3: Algorithm for Shape Design. 

CO(A,B) = R(A, B), although B does not have a closed 
contour. An attempt to “fill in” the missing contours is 
made, without altering CO(A, B). If this attempt fails, 
the algorithm backtracks over its previous choice. The de- 
sign process is successful when all the differences between 
CO(A,B) and R(A,B) have been eliminated, and both 
objects are consistent with the design constraints. Fig- 
ure 3 shows a backtracking algorithm that is design-space 
independent. 

The analysis of feature contacts reveals that the equa- 
tions relating a configuration space boundary ci to the fea- 
tures that created it are underconstrained when only ci 
is given. Thus, there is, in principle, an infinite number 
of coordinate values for features to create a new config- 
uration space boundary, leading to an infinite number of 
feature choices. Nevertheless, for most of the interesting 
design cases, the number of choices is finite. When one 
of the objects (B) is not allowed to change, the number 
of possible choices of features of B that can participate in 
the creation of the new boundary is bou’nded by B’s total 
number of features. Also, if only one new object fea,ture is 
introduced at a time (to either A or B, but not both), the 
number of choices is bounded by the number of features 
of A and B. The overall complexity of the algorithm is 
exponential in the number of choices. The algorithm can 
be improved by incorporating two heuristics for choosing 
candidate features based on the adjacency properties of 
local object convexity. Note that if a bad choice of initial 
object shapes is given as input (for example, taking the 
block B to be of height comparable to the diameter of A), 
the algorithm will eventually discard all their features one 

A 0: 0 1” 
Initial Shapes Qualitative configuration space. 

Modified Shapes An acceptable configuration space 

Figure 4: An Example of Qualitative Boundary Match. 

by one and come up with a solution that has no relation 
to the initial shapes. Also, if edge-edge contacts are pre- 
ferred over edge-vertex contacts (less wear), the addition 
of edges can be considered before the addition of vertices 
(step 3.1.b). 

For many special design cases, we developed efficient de- 
sign algorithms. For example, if we assume that both ob- 
jects must be convex, the number of choices in each step is 
reduced to four, and the correct choice can be made in con- 
stant time. The result is a deterministic algorithm whose 
time complexity is linear in the size of R(A, B). For the 
translation-translation space, all the design algorithms, in- 
cluding those dealing with non-convex objects, have poly- 
nomial time complexity [Joskowicz and Addanki, 19881. 

5 ualitative Shape esign 
Up to now, we assumed that we either have, or can pro- 
duce, an exact description of the desired configuration 
space. In some cases, such a precise description is not 
available, or not required. 

Consider the following example: we are given a disk A 
that can rotate around axis 01 and a rectangle B that can 
translate along axis 02. Let 8 and X be their rotation and 
translation parameters, respectively. Suppose we want, for 
a full rotation of A, B to slide up, then down, and then 
stay stationary. The precise relationship between X and 
0 is not important. We only require X to increase when 
0 increases for the intervals X E [O, X0] and 19 E [0, n/2], 
and X to decrease when 0 increases for X E [X0,0] and 
6 E [n/2, n]. For ~9 E (r, 27r), X is to remain constant, X = 
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0. This description is not sufficient to produce an exact 
configuration space since the type of configuration space 
boundary in the first two regions is unknown. Indeed, any 
boundary is satisfactory as long as the qualitative relations 
between the parameters hold continuously in each region. 
Figure 4 shows a solution that meets these requirements. 
The given boundary points are matched exactly, but also 
new boundary points are introduced. 

To design shapes from qualitative descriptions, we 
no longer require an exact boundary match between 
CO(A, B) and R(A, B). The matching requirement for 
qualitative boundaries is relaxed as follows: let S be a set 
of boundary segments of CO(A, B). S matches a qualita- 
tive boundary defined by two given points Pi and P2 of 
R(A, B) iffz 

1. The boundary segments of S form a connected, piece- 
wise differentiable boundary whose endpoints are Pr 
and P2. 

2. Each boundary segment in S reflects the same 
tative change than the change from Pr to P2. 

quali- 

Qualitative boundaries broaden the number of choices 
for pairwise contacts in the backtracking algorithm. The 
elementary contact table is augmented with additional in- 
formation, indicating the value range for which the con- 
figuration space boundary is monotonically increasing, de- 
creasing, or constant. New boundary points are introduced 
only when all other choices fail. The boundary endpoints 
PI and P2 must be matched precisely. 

6 Causal eseriptions 
In this section, we show how to map causal descriptions to 
their corresponding configuration space. A causal descrip- 
tion is represented as a collection of state diagrams [DeK- 
leer and Brown, 19841, [F or b us, 19841, where each state cor- 
responds to a qualitatively different behavior. Two kine- 
matic behaviors are qualitatively different when they spec- 
ify different possible motions, when the axes of motion are 
different, when at least two motion parameter intervals are 
disjoint, or when the functions relating motion parameters 
are different. Causal descriptions are sometimes simpler 
and more intuitive than possible motions descriptions. 

While possible motion descriptions specify all the po- 
tential kinematic behaviors of a mechanism, causal de- 
scriptions might only specify a subset of these behaviors. 
Indeed, a causal description can be interpreted as either 
being a partial or a complete description of the desired be- 
havior. Both descriptions require the described behaviors 
to take place, but the partial description allows additional 
qualitatively different behaviors. A complete description 
requires that no other qualitatively different behaviors take 
place. In both cases, the design is considered successful 
when the input motion sequences applied to the objects 
produce exactly the original state cliagrams. 

Let S = {Si, . . . , Sn} be a collection of state dia- 
grams, where each state diagram Si is a triple [cri, {saj}, {< 
Saj 2 Sik >I]. CT~ is the input motion sequence, {sij} is 
the set of states describing the motion of each object, and 
(< Sij7 sik >} is the set of state transitions. The func- 
tion apply(a, CO(A, B)) p ro d uces the state diagram cor- 
responding to the input sequence u and the configuration 

1. dir(.XA) = +, dir(Xe) = 

dir(X,q) = -, dir(X8) = 

or 

= -, dir(XB) = -, A+ B,or 
= +, dir(X8) =+,Ba A 

-- 

3. dir( ?(A) = +, dir(XB) = -, A * B, or 
djr(XA) = -, dir(X8) = +, B * A 

B? f 

X 

X 

4. dir(XA) = -, dir(X8) = +, A * B, 01 
dir(SA) = +, dir(Xg) = -, B * A 

x,B X,B 

4xA 

B- ’ f(xA) 

X 

Figure 5: Causal Descriptions and their Corresponding 
Qualitative Configuration Space Regions. 

space CO(A, B) (f or a description of this procedure, see 
[Joskowicz, 1987a]). The shapes of A and B satisfy a given 
collection S of state diagrams ifi 

VSi E S A Vai E Si, apply(q, CO(A, B)) = 5% 

i.e., the application of each input motion sequence to the 
actual configuration space produces the same state dia- 
gram as the-one desired. A- configuration space that sat- 
isfies the above property is acceptable. Given set of state 
diagrams, the goal -is to construct an acceptable desired 
configuration space, R(A, B). 

We construct R(A, B) by composing individual configu- 
ration spaces &(A, B) resulting from each Si. The space 
&(A, B) is in turn constructed by composing configuration 
space regions rij resulting from each state sij. Each state 
sij is mapped into a region of the configuration space by 
using the information contained in the state about object 
motions and their relationships: 

1. The type of motions determines the design space. 
2. The intervals of the motion parameters determine the 

region of the configuration space in which the behavior 
takes place. 

3. The boundary of the configuration space is determined 
either by an explicitly given relation (X, > I), 
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or deduced from the causal description that defines 
the instigator of the movement and the direction of 
change for the motion parameters: 
motion(A) CAUSES motion(B), dir(X& dir(XB) 

The configuration space boundary resulting from a causal 
description is a qualitative boundary, whose endpoints are 
determined by the intervals of Xn and Xg. The re- 
gion of free placements is determined by one of the eight 
possible combinations of values for dig, dir( X,) and 
motion(A) CAUSES motion(B) (A 3 B), as shown in 
Figure 5. For example, in the first case, the qualitative 
configuration space boundary is defined by the endpoints 
(Xt, X,“) and (Xk, X,“). Th e set of free placements corre- 
sponds to the region XB 5 I, where f is the equation 
(possibly qualitative) of the boundary line. 

The individual regions rij are combined by taking the 
union of their forbidden placements. Conceptually, com- 
posing two regions amounts to requiring two behaviors 
to take place in the common subregions, and preserving 
the behaviors in the disjoint subregions. The configu- 
ration spaces &(A, B) resulting from each Si are com- 
posed analogously. This method produces an acceptable 
configuration space R(A, B) with the least constraints 
on free placements. If the causal description is taken 
to be complete, we require a qualitative match between 
R(A, B) and CO(A, B). Otherwise, we allow additional 
regions in CO(A, B) not appearing in R(A, B). Then, 
R(A, B) matches CO(A, B) iff there exist a set of re- 
gions ~1, . . . . ,r, C CO(A, B) such that R(A, B) matches 
r-1 U . . . U rn. 

7 Conclusion 
We have presented a new method for the innovative design 
object shapes from a kinematic description of their desired 
behavior and a set of design constraints. The method is 
based on the use of configuration spaces, which provide a 
mechanism to explicitly reason about the relationship be- 
tween the structure and the kinematic function of objects. 

Our design method differs from existing cam design 
methods, but is also more general. Cam design consists 
in finding the shape of a single, continuous feature that 
defines the contour of the cam. Our design method is ca- 
pable modifying both objects and producing discontinu- 
ous boundaries formed by simple features (e.g., vertices, 
edges and circular arcs). We can incorporate cam design 
methods in our design framework by specifying the config- 
uration space boundaries for which a new feature must be 
designed; the design of this feature can then be done with 
the existing cam methods. 

We have started the implementation of the design al- 
gorithm for exact configuration spaces in the translation- 
translation space and plan to extend it to other spaces, 
incorporating both qualitative and causal descriptions of 
the desired behavior. 
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