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Abstract 
An approach for introducing default reasoning into 
first-order Horn clause theories is described. A default 
theory is expressed as a set of strict implications of the 
form cy1 A . . . A a, > ,f?, and a set of default rules of 
the form cy1 A . . . A on =+ p, where the ai and ,6 are 
function-free literals. A partial order of sets of formu- 
lae is obtained from these sets of (strict and default) 
implications. Default reasoning is defined with respect 
to this ordering and a set of contingent ground facts. 
Crucially, only strict implications appear in this struc- 
ture. Consequently the complexity of default reasoning 
is that of classical reasoning, together with an atten- 
dant overhead for manipulating the structure. This 
overhead is O(n2), where n is the number of origi- 
nal formulae. Hence for defaults in propositional Horn 
clause form time complexity is O(n2m) where m is the 
total length of the original formulae. The approach 
is sound, in that default reasoning in this structure 
is proven to conform to that of an extant system for 
default reasoning. 

Introduction 
The area of default reasoning has of course received 
widespread and extensive attention in Artificial Intel- 
ligence. A difficulty with general theories of default 
reasoning, such as [Rei80, MDSO, Moo83, De188], is 
that it is not obvious how they may be reasonably im- 
plemented. The intent of this paper is to present a re- 
formulation of an existing approach to exploit the fact 
that there are restrictions of classical logic with rea- 
sonable complexity properties. In particular, propo- 
sitional and (restrictions to) first-order Horn theories 
have better complexity bounds than do classical propo- 
sitional and first-order logic respectively; from this fact 
we develop systems for default reasoning with accept- 
able complexity properties. 

In this approach, a default theory consists of a set 
of regular Horn clauses along with a set of default 
Horn assertions. A default Horn assertion is simply 
a Horn clause where the implication operator 5, is re- 
placed by a default conditional operator j. The clause 
al A... A a, a p has the informal reading “if ~1 and 
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. . . and an then, in the normal course of events, P,,. 
These assertions are translated into a mathematical 
structure called the canonical structure. This struc- 
ture consists of sets of formulae arranged in a partial 
order. Crucially, this ordering is directly based on the 
semantic theory of a logic of defaults. Crucially too, 
these sets of formulae are obtained from the defaults 
by replacing the default conditional + with the stan- 
dard conditional 1. A notion of derivability is defined 
for the structure and it is shown that this notion is 
sound with respect to the logic of defaults presented in 
[De187]. Default reasoning is defined for this structure 
and proven to be sound with respect to the approach 
of [De188]. 

The time complexity of default reasoning is that of 
manipulating the structure, together with that of rea- 
soning with the sets of formulae. For determining some 
default extension (i.e. consistent world view) the re- 
sults are quite good: manipulating the structure is 
O(n2), where n is the total number of conditionals. 
Hence, for example, for propositional Horn default the- 
ories the overall complexity is O(n2m) where m is the 
overall size of the set of assertions. However, for de- 
termining if a specified property follows in some ex- 
tension or in all extensions, the results are not as good 
and in the worst case the problem is intractable (unless 
P = NP). This result appears to be intrinsic to the 
problem of defaults reasoning itself, rather than the 
approach at hand. 

The underlying formal system and related work is 
discussed in the next section. The third section infor- 
mally describes the approach while Section 4 provides 
the formal details and several examples. Section 5 dis- 
cusses complexity issues; the last section gives a brief 
discussion. 

Background and Related Work 
We can divide work concerning default, or defeasible 
(I will use the two terms interchangeably), inference 
into two broad areas, depending on the primary goal 
of the work. First there are approaches whose pri- 
mary intention is to formally and broadly characterise 
an approach to default reasoning. Representative work 
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includes [Rei80, MD80, Moo83, Sho87, De188]. A dif- 
ficulty with these approaches is that, while they may 
adequately characterise a particular phenomenon, they 
are basically computationally hopeless. In the above 
cited works, for example, the set of inferences following 
from a default theory is not recursively enumerable. 

There has also been a good deal of interest in iden- 
tifying tractable, or at worst decidable, subcases of de- 
feasible reasoning. This work began by concentrat- 
ing on inheritance networks of defeasible properties. 
Such work arguably began with [ER83] (although here 
complexity issues were not a concern) and includes 
[HTT87, THT87, HT88, Hau88, Gef88, Bou89]. As 
[THT87] points out, many of these approaches lack 
any semantic basis and so appeal to intuitions for their 
justification. Others use intuitions differing from those 
used here; for example, [Gef88] provides a probabilis- 
tic account of inheritance. In a somewhat different 
vein, [Poo88] presents a framework for implementing 
approaches to defeasible reasoning, although complex- 
ity issues are not addressed. 

More recently there has been work straddling these 
two general approaches, wherein tractability is a major 
concern, but so are questions of semantics. In [KS891 
limited versions of Reiter’s default logic are considered 
and complexity results are obtained. [SK901 considers 
complexity issues in default systems based on model 
preference. [PeaSOb] examines several entailment rela- 
tions in a probability-based system of default rules and 
again, in some cases obtains good complexity results. 
[KLMSO] examines a family of nonmonotonic conse- 
quence relations, based on the approach of [Sho87]. 

The present work belongs to this last area, in that 
it is based on an extant general approach to default 
reasoning, but is intended to address complexity is- 
sues in default reasoning. The overall approach is to 
reduce default reasoning to classical reasoning, plus 
some attendant “overhead”. Thus existing results for 
restrictions to propositional and first-order logic, no- 
tably those obtained for theories in Horn clause form, 
carry over to default reasoning here. 

Before discussing the general approach however, it 
is worthwhile first surveying general approaches to de- 
fault reasoning by how a default assertion is (broadly) 
interpreted. There are at least four distinct ways 
an assertion such as “birds fly” may be construed. 
In probabilistic approaches [PeagOal, “birds fly” is in- 
terpreted roughly as “a bird flies with certainty n”. 
In consistency-bused approaches “birds fly” is para- 
phrased as “if something is a bird, and it is consistent 
that it flies then conclude that it flies”. [ReiSO, MD801 
are the original approaches in this area; [Rei87] sur- 
veys such approaches. In approaches based on model 
preference one interprets “birds fly” by restricting the 
set of models of the sentence. [McC80] is the original 
work in this area. [Sho87] presents a more general ap- 
proach while [Rei87] also surveys this area. Lastly, in a 
(so-called) scientific approach [De187], “birds fly” is an 

assertion in a naive scientific theory, in the same way 
that “CO2 freezes at -108’” is. There is, of course, no 
“correct” interpretation; rather the above categories 
represent distinct, complementary ways in which one 
may understand a default. 

For this last approach, [De1871 describes a condi- 
tional logic, N, for representing and reasoning about 
default statements. This logic consists of first-order 
logic augmented with a vuriubZe conditional operator, 
3, for representing default statements. The statement 
Q + p is read as “if cy then normally P,, . Thus “birds 
fly” is represented as Vz(Bird(z) + Fly(s)), or in a 
propositional gloss as Bird + Fly. This approach is 
intended to capture the notion of defeasibility found in 
naive scientific theories. That is, in the same way that 
“CO2 freezes at -108O” states that a quantity of CO2 
would freeze at -108O if it were pure, if the measur- 
ing equipment didn’t affect the substance, etc., so too 
would a bird fly if we allowed for exceptional circum- 
stances such as having a broken wing, being a penguin, 
etc. 

Truth in the resulting logic is based on a possible 
worlds semantics: the accessibility relation between 
worlds is defined so that from a particular world 20 
one “sees” a sequence of successively “less exceptional” 
sets of worlds. Q 3 p is true just when ,6 is true in 
the least ezceptionul worlds in which (Y is true. Thus 
“birds normally fly” is true if, in the least exceptional 
worlds in which there are birds, birds fly. Intuitively, 
we factor out exceptional circumstances such as being 
a penguin, having a broken wing, etc., and then say 
that birds fly if they fly in such “unexceptional” cir- 
cumstances. A proof theory and semantic theory is 
provided and soundness and completeness results are 
obtained. For example, in the logic, the following sen- 
tences are valid: 

Thus, in the first formula, if adults normally pay tax 
and people who pay tax are normally employed, then 
adults who pay tax are normally employed. Second, 
if birds normally fly and birds that fly are normally 
small, then birds are normally small. Lastly, if ravens 
are normally black, and albino ravens normally are not 
bla.ck then non-albino ravens are normally black. 

However, the logic is markedly weaker than classical 
logic. For example, the following sets of sentences are 
satisfiable: 

1. {R(z) + Bl(z), (R(z) A A@)) a +l(z)} 

2. (P(z) > B(z), B(z) j F(z), P(x) j 1F(z)} 

3. {B(z) * F(z), B(opus), +yopus)). 
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Thus in the first case, ravens are (normally) black but 
albino ravens are normally not black. Second, pen- 
guins are birds; birds normally fly; but penguins nor- 
mally do not fly. Lastly, birds normally fly; but Opus 
is a non-flying bird. In classical logic of course, the 
corresponding conditionals would either be inconsis- 
tent or only trivially satisfiable. The last example also 
shows that the conditional operator + cannot support 
modus ponens. The reason for this is that the truth 
of B(opus) and F(opus) depends on the present, con- 
tingent state of affairs being modelled, while the truth 
of B(z) + F(z) d p d e en s on other “less exceptional” 
states of affairs, Hence there is no necessary connection 
between the truth of B(z)AF(z) and of B(X) + F(z). 

However, if we know only that Opus is a bird, then 
it is reasonable to conclude by default that Opus flies. 
This problem is addressed in [De188], where an ap- 
proach for default inferencing is developed. Default 
reasoning is based on the assumption that the world 
at hand is as unexceptional as consistently possible. 
This provides a justified means for replacing the vari- 
able conditional j with the material conditional > in 
some of the defaults. Thus, if we know only that R 
is contingently true and that R a BZ is true, then if 
the world being modelled is as unexceptional as con- 
sistently possible, then the world is among the least 
exceptional worlds in which R is true; R > Bd is true 
at all such worlds, and so we conclude BI by default. 

The overall approach then differs significantly from 
previous approaches (with the exception of approaches 
based on probability theory) in that it provides an ex- 
plicit semantics for statements of default properties. 
Hence, in contrast to previous approaches, we can rea- 
son about statements of default properties. In addi- 
tion it makes sense to talk of one default statement 
being a logical consequence of others or of a set of 
default statements being inconsistent. Default reason- 
ing, wherein conclusions concerning defeasible proper- 
ties drawn in the absence of contrary information, is 
based directly on, and justified by, the semantic the- 
ory. Thus, for example, specificity of defaults is a,n 
artifact of the overall theory, and does not need to be 
“wired” into the approach (as it does, for example, in 
[Rei80, Poo88, PeaSOb] an circumscriptive approaches d 
[McC86, BG89]). 

The Approach: 
A default theory is a set of necessary and default impli- 
cations. Specifically, a default theory is a set N where 
N =N,uN+; elements of N3 are sentences of the 
form (Y > ,0; elements of N+ are sentences of the form 
o! =$- p; and (Y is a conjunction of literals and ,0 is a 
(possibly-negated) literal. N,/, is the set N where all 
occurrences of the symbol a in formulae are replaced 
by 3. A literal P(g is an atomic formula, where P is a 
predicate name, and <is a tuple of constants and vari- 
ables. a > ,0 is interpreted as “if 0 then p”; a + p 
is interpreted as “if a then, in the normal course of 

events, P,, . An example of a default theory is 

{US(z) a A(z), A(z) 1 P(x), A(s) * E(s), 
US(2) =3 +3(z)}. 

Informally, university students are normally adults; 
adults are persons; adults are normally employed; and 
university students are normally not employed. 

C is a set of literals, representing known contingent 
facts about the domain. For the above example, we 
might have that C is { US(sue), P(sue)}. The goal is 
to specify precisely what is to follow by default from 
C and N. In the above example, we would conclude by 
default that +Z(sue) and A(sue).’ 

From the semantic theory of N we have that the 
accessibility relation between possible worlds yields a 
sequence of successively “less exceptional” sets of pos- 
sible worlds. Each set represents an equivalence class 
of worlds with respect to accessibility. The conditional 
cy + /3 is true if in the least set of worlds where there 
is a world in which cy is true, /? is true at these worlds 
also. I will use the notation s, to denote the least ex- 
ceptional set of worlds in which a is true at some world 
in this set. 2 This means that a =+ p is true if Q > ,0 
is true at every world in s,. Hence if cu =+ p, then 
there must be a world in s, where p is true. However 
p could be true at a still less exceptional world. I will 
write this last result as sp < scu. 

Consider the sentences “ravens are normally black” 
and “albino ravens are normally not black”. These sen- 
tences can be represented propositionally as R + BI 
and R A Al j -BI. Clearly R A Ad > R is also 
true. From the preceding discussion, we have that 
since R 3 BZ is true, the least worlds in which BI 
is true are no more exceptional that the least worlds in 
which R is true; hence sB[ 5 sR. Similarly we obtain 
S,B~ 5 SR,-,A~, and SR 5 SRAA~. We also know that in 
the least exceptional (or simplest) worlds in which R is 
true, R 3 BI must a.lso be true. (That is, in the sim- 
plest worlds in which there are ravens, these ravens are 
black.) Thus at all worlds represented by sR, R > Bl 
is true. Also, in the simplest worlds in which R A Al 
is true, (R A Al) 1 -BZ is true. Since worlds are con- 
sistent, a straightforward argument shows that in fact 
we have SR < SRAA[. 

Given this general structure on worlds, default res 
soning is easily formulated. Following the previous ex- 
ample, if we know only that R, and we assume that the 
world being modelled, W, is as unexceptional as possi- 
ble, then it must be that w E sR. Since R > BI is true 
at every world of sR, BZ must be true at w also. If how- 
ever we know only that R A AZ is true, then assuming 

‘As will become evident from the semantic theory, the 
default A(z) + E(z) is not used (in fact, should not 
be used), since its antecedent is less specific than that of 
US(e) * 77(z). 

2The case where cy + ,f!? is true by virtue of Q being 
necessarily false is handled by a straightforward extension. 
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that the world is as unexceptional as possible implies 
20 E SRAA~. Since RA AZ > lB1 is true at all worlds in 
SRAA~ we can conclude 1Bl. These considerations are 
summarised by the following assumption. 
Normality: The world being modelled is as unexcep- 
tional as consistently possible. 

Thus what we know about the world being modelled, 
UI, is contained in C U N,. Via the assumption of 
normality we also incorporate the information in N+. 

There is another factor that must be taken into ac- 
count. Consider the default theory {R + BZ, RA AI a 
lBd, R a F}. (H ence ravens also normally fly.) If 
C = (R, Al} then the assumption of normality allows 
us to conclude only 1BZ by default. Clearly however 
we also want to be able to use the default R + F, 
since there is no reason to suppose that it does not 
hold: if albinoism also affected the property of flight, 
then presumably this would have been explicitly stated 
in the default theory. This is expressed in the following 
assumption. 
Maximum Applicability: A default is applicable 
unless its use contradicts a constraint in the seman- 
tic theory. 

The two assumptions appear natural and intuitive; 
it is arguably an advantage of the approach that these 
assumptions must be explicitly made before default in- 
ferencing can be carried out. 

There is a final factor that must be taken into ac- 
count. Consider the default theory {Q a P, R j TP). 
Informally Quakers are normally pacifists while repub- 
licans normally are not. If C = {Q, R), we have two 
choices: we can use the first default and conclude by 
default that P is true, or we can use the second and 
conclude that 1P is true. This is in contrast to the 
situation where we have in addition that Qua.kers are 
normally republicans, Q a R, in which case sR 5 sQ, 

and so we would conclude by default that P only. Thus 
we may have to allow for conflicting default inferences, 
or else remain agnostic about a particular truth value. 

Given these considerations, I adopt the following 
approach. First, the information implicit in a set of 
default and strict conditionals imposes constraints on 
any model of this set of statements; this information is 
made explicit in a structure, called the canonical struc- 
ture. The canonical structure St(N) can be regarded 
as a “proto-model”, that is, as a structure that in some 
sense represents the set of models of N, yet isn’t itself 
a model. This structure consists of a set of “points” 
in a partial order. A point is denoted si, where i is 
some arbitrary index or, as we shall use for notation, 
s, where o is some conjunction of literals. A point 
represents a set of mutually accessible worlds, and the 
partial order relation represents what is known about 
accessibility between two such sets. In addition, sets 
of formulae are associated with individual points; these 
formulae specify constraints on worlds represented by a 
point. The notion of validity is defined in this structure 
and, for conditional and strict implications, is shown 

to correspond to that of validity in the logic N. 
Default reasoning is implemented in this structure 

by taking the above two assumptions into account, 
and then by appropriate (classical) reasoning. For the 
assumption of normality, we locate a point SC, corre- 
sponding to the world being modelled, in the canonical 
structure. For the assumption of maximum applica- 
bility, we appropriately propagate formulae from one 
point to another in the canonical structure. The notion 
of an extension, or reasonable set of beliefs that may 
be held by default, is defined. A key point is that the 
conditional operator + does not appear in the canoni- 
cal structure; thus, the time required for default infer- 
encing is that required for non-default reasoning at a 
point, together with the overhead of manipulating the 
canonical structure. Hence (it proves to be the case 
that) the overall complexity of default reasoning will 
be determined (except for a polynomial factor) by the 
overall form of the defaults. 

The Approach: Details 
The general idea is that we construct a canonical struc- 
ture St(N) which preserves the information expressed 
by N. Validity for conditionals is defined in this struc- 
ture and is shown to correspond to the definition of 
validity in N; default inferencing in St(N) is shown to 
correspond to the approach of [DeM]. The approach 
consists of four steps: 
1. Construct the canonical structure St(N) from N. 
2. Locate a point SC in St(N), according to C. This is 

the assumption of normality. 
3. For points sj 5 SC determine which formulae in 

sj(V) may also be used at SC and under what con- 
ditions. This is the assumption of maximum appli- 
cability. 

4. Determine default properties by (non-default) rea- 
soning at SC. 
In more detail we have: The canonical structure 

St(N) is the poset [S; <] resulting from the construc- 
tion given below. The elements si of S are called points 
of the canonical structure. Each si E S is an ordered 
pair < si(Y),si(V) > of sets of formulae. If points are 
interpreted as standing for sets of mutually accessible 
worlds, then si(V) is a set of formulae that must be true 
at every such world; si(3) is a set of formulae where 
each formula must (individually) be true at some world 
in si. Thus cu,/? E si(3) implies that there is a world 
in which o is true and equally unexceptional world in 
which ,f? is true. 

For Q E si(3), si represents the least set of worlds 
in which there is a world where CL is true. s, is an 
abbreviation for si where cy - p and p E si(3). So 
scu is the set of worlds containing the least exceptional 
world in which LY is true. In the following construction, 
if we discover that si 5. sj and sj 5 si we merge the 
points si and sj. That IS, we replace si and sj by the 
single point < Si(3) U Sj(3), Si(V) U Sj(V) >. 
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Construction 

1. Initiulise the structure by: for a =+ j3 E N, 
si t< {a}, {a > /3) > for distinct si, 

2. If for? E si(3), (y}Usi(V)UN, j= P and P E sj(3) 
then assert sj 5 si. 

In Step 2, si stands for the least set of worlds in 
which there is a world where y is true. sa(V) U NI 
expresses what must be true at every world in si; {y} U 
si(V) U N, then expresses what must be true at some 
world in si. Consequently, if p must be true at some 
world in si, then the worlds represented by si must be 
no less exceptional than the least worlds in which p 
is true. This step is used primarily to assert sp 5 sa 
when Q a ,O is a default and /? occurs as the antecedent 
of another default. Thus, if N is {A + B, A + C, A A 
D 3 E} then from step 1. we obtain three points: 

s1 =< (A},{A > B) >, 

s2 =< (A},{A > C) >, 

s,=<{Ar\D},{AnD>E}>. 

From step 2, letting y be A we obtain: A E s1(3), 
{A} U sl(V) b A and A E s2(3) and so s2 5 sr. A 
similar argument yields sr 5 ~2, and so we merge si 
and s2 (retaining, say, sr) obtaining si =< {A}, {A > 
B, A > C) >. Also, since A A D E SQ(~), {A A D} U 
Q(V) b A and A E si(3) we obtain that si 5. ss. If 
A + D were also a member of N we would obtain that 
Sl = s2 = s3. 

The notion of truth of conditionals (k’) is defined 
for St(N) and shown to correspond to truth in the 
logic N (by). Notably b ’ is defined without making 
reference to the default conditional =+. 
Definition 1 St(N) b’ (Y > @ iff 

1. N, U sa(V) k a > p ifs, exists; 
2. N3 t= a > p otherwise. 

Theorem 1 If St(N) b’ a > /3 then N +N a j /3. 

Next, default reasoning can be defined with respect 
to this structure. First we assume that the world be- 
ing modelled is as unexceptional as possible; this is the 
assumption of normality. For this we create a point SC 
which is < {A(ci) for all ci E C}, 0 >, and locate this 
point in the structure according to the above construc- 
tion. So if N is (R j BI, R 3 F, R A AZ + lB/} and 
C is {R, Ad), we obtain that SC = SRAA[. 

For the assumption of maximum applicability we 
want to include certain formulae from points si where 
si 5 SC. Again, if N is (R + Bl, R + F, R A Al 3 
IBE} and C is {R, Ad} then, while SC = SRAA~, we 
would still want to be able to use R > F E SR(V) 
at SC, since it has not been explicitly blocked. How- 
ever there may be more than one way to so “in- 
clude” formulae at SC. For example if we began with 
N = {Q 3 P,R + -P} and C = {Q,R}, then we 
would be able to add Q > P to SC or R I> 1P to SC, 
but not both. 

This is accomplished as follows. First we extend 
C to a maximal set of formulae D by adding formu- 
lae first from “nearby” points (where consistent), and 
then from more “distant” points. This set D deter- 
mines a default extension, or maximal set of beliefs 
that may justifiably be held. This in turn leads to 
two possibilities with respect to default inferencing: if 
something follows in one extension, then we have a 
notion of “credulous” default inference; if something 
follows in all extensions, we have a more conservative 
notion of default inference. Crucially D is determined 
solely by the model theory of the logic N (as reflected 
in the canonical structure) along with the assumptions 
of normality and maximum applicability. 

Definition 2 D is a maximal set of form&e obtained 
by the following procedure: 

1, Initially: 
(a) D=CuN,. 
(b) For every a E si (V) and sa E St(N), CY is flagged 

us ‘unseen”. 
2. For CY E s;(V), where 

(a) si I SC, 

(b) a is ‘unseen”, and 
(c) for every sj # sd where si < sj 5 SC, every P E 

Sj (V) is “seen”, 
flag a us “seen” and if D U {a} is consistent, add a 
to D. 

Note that Step 2c ensures that defaults with more spe- 
cific antecedents are used over those with more general 
antecedents. Hence, given C = {R, AZ, F) we will use 
RAAl>lBIover RI Bl. 

Definition 3 A is a credulous default inference if 
1D b A for some D us defined above; A is a (general) 
default inference if D /= A for every such D. 

We also obtain: 

Theorem 2 

1. If A is a credulous default inference then A follows 
by default in a maximal contingent extension in the 
approach of [Del88]. 

2. If A follows us a general default according to the 
above conditions, then A follows by default in the 
approach of [Del88]. 

I conclude this section by presenting several exam- 
ples to illustrate and perhaps clarify the overall pro- 
cedure for default reasoning. For simplicity I use 
propositional formulae only. Consider first the de- 
faults P j Q and Q 3 R. We obtain that sp is 
< {PMP 1 Q) > and sQ is < {Q},{Q 3 R} >. 
From step 2 of the construction, sQ 5 sp. If C = {P) 
then SC = sp (again by step 2 of the construction). 
D is {P,P > Q,Q > R}, and so Q and R follow as 
credulous and general default inferences. This example 
shows that transitivities between defaults follow unless 
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explicitly blocked. If we also had P 3 -R then clearly 
R would no longer follow by default. 

Second, consider the defaults R j B1, R + F, R A 
Al =+ lB1 - again, ravens are normally black and nor- 
mally fly, but albino ravens are normally not black. 
We obtain that sR is < (R}, {R > B1, R 2 F} > and 
SRAA~ is < (R A Al), (R A Al > -Bl) >. Furthermore 
SR 5 SRAAI. If C = (R, Al), then SC = SRAA~ . There 
is only one default extension, in which 1Bl and F are 
true. Note that from the construction of D, we use the 
default R A Al 3 -BI over R =+ Bd. If on the other 
hand C = (R}, then we would conclude by default 
that BI and F. Finally, if C = (R, ‘F) we would still 
conclude by default that BZ. 

As a final example, if we had the defaults Q 3 P, 
R 3 ‘P, together with C = (Q, R}, then we would 
obtain that sQ < SC and SR 5 SC. There would be two 
default extensions, one in which P was true and one in 
which 1P was true. If we also had that Q j R then 
we would obtain that SR 5 sQ and with C = {Q, R} 
would obtain a single extension in which P was true. 

Complexity Considerations 
The previous section described four steps in the pro- 
cedure for determining default inferences. The second 
part, locating SC in St(N), is essentially a subcase of 
the first, constructing St(N), and so need not be con- 
sidered separately. In all steps, time complexity hinges 
on two facts: first that there are no more points in 
St(N) than there are elements of N, and second that 
the complexity of reasoning at a point is determined 
by the form of the formulae in N,/,. In what fol- 
lows, I will let n =I N 1, t(n) be an expression for the 
time required for determining satisfiability of elements 
of N,/>, and m be the total length of formulae in 
N=k/3* 

To begin with, constructing or searching the canon- 
ical structure is O(n2t(n)). This is because the con- 
struction of St(N) depends only on the set of condi- 
tionals in N: the number of points is no more than the 
number of conditionals, and so is O(n . The number 
of connections between points is O(n a ) in the worst 
case. Note too that while in the worst case manipulat- 
ing the structure is O(n2), in practice it appears to be 
roughly linear. The construction also makes reference 
to satisfiability in the underlying (non-default) system, 
and so the overall complexity is O(n2t(n)). The third 
step, constructing a default extension, potentially in- 
volves searching all points and all formulae at these 
points, together with checks for consistency, so again 
complexity is O(n2t(n)). For the last step, reasoning 
at an extension D, complexity is just O(t(n)). In some 
situations this may be quite helpful. In particular, if N 
and C are relatively stable, then default reasoning will 
generally be O(t(n)); t i is only when one of N or C are 
modified that we must deal with the additional O(n2) 
“overhead”. Finally, note that the simplest interesting 
case is where default implications are in the form of 

propositional Horn clauses. Since the satisfiability of 
propositional Horn clauses is linear in the total length 
of formulae [DG84], the whole procedure is O(n2m). 

Hence if we restrict ourselves to function-free (de- 
fault and strict) Horn clauses, the complexity of rea- 
soning is just that of non-default reasoning, together 
with 0( n2) “overhead”. If we allow functions in the 
language however, things are much worse. First, we are 
no longer guaranteed a finite canonical structure. The 
following set of formulae, for example, yield a canonical 
structure with an infinite set of points: 

P(c) f 
P(x) * Q(x), 
Q(x) * p(f@:)), 
P(x) * A 
Q(x) a 1A. 

It may be that the overall procedure can be modified 
so that the construction of the canonical model (step 
1 above) can be combined with the propagation of for- 
mulae (step 3) as part of a general proof procedure. 
That is, it may be possible to modify the procedure so 
that points are produced “as required” ; this however 
remains an area for further work. The procedure can 
though be immediately applied to theories whose Her- 
brand base is finite. In the obvious extension of the 
procedure, where we consider all instances of formu- 
lae whose variables are instantiated over all constant 
terms, complexity is O(n2m2t(n)), where m is the size 
of the Herbrand base. 

However one further comment is in order here. The 
time complexity of O(n2t(n)) is for determining what 
may follow in an arbitrary default extension. That 
is, the construction in definition 2 simply generates 
one of perhaps some number of extensions. A much 
harder question is determining whether there is some 
extension in which a desired conclusion follows. In this 
case the procedure appears to be intractable (unless 
P = NP) in the case of propositional Horn clauses. 
The difficulty arises since we would need to determine 
maximal (with respect to N,/,) consistent subsets of 
an inconsistent set of Horn formulae. 

Another question is that of determining whether a 
conclusion follows in all extensions. Th& last ques- 
tion appears to effectively require that all extensions 
be generated, and again appears to be unavoidably in- 
tractable. These results then seem to broadly paral- 
lel those described in [KS891 for Reiter’s default logic. 
As a brief point of comparison between the two ap- 
proaches, we do not have to contend with something 
analogous to semi-normal defaults for “interacting” 
conditionals; in addition, the approach presented here 
enforces specificity between defaults “for free”. 

Discussion 
This paper has presented an algorithm for default rea- 
soning from a set of default and strict Horn condition- 
als, based on the model theory of an extant logic of 
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defaults. A set of strict and defeasible Horn assertions 
is translated into a particular mathematical structure 
called the canonical structure. This structure in a pre- 
cise sense represents the set of all models of these as- 
sertions. The structure then directly reflects intuitions 
explicitly or implicitly contained in the set of defaults. 
Default reasoning is correct, in that it is shown to be 
sound with respect to the approach of [De188]. Thus 
the semantic theory sanctions this approach to reason- 
ing about default properties. 

It is shown that default reasoning may be efficiently 
carried out in this structure. This is because, first, the 
size of the canonical structure is bounded by the size 
of N, and second because the complexity of reasoning 
at a point is determined by the form of the formulae 
in N,/,. The time complexity of constructing and 
manipulating the canonical structure is O(n2), where 
n =I N I, t o e g th er with the time required for deter- 
mining satisfiability. Since the formulae that we deal 
with are restricted to be conditionals involving con- 
junctions of function-free terms, the complexity of rea- 
soning with a set of formulae at a point is manageable. 
In the simplest case, the complexity of reasoning at a 
point is proportional to the total length of all formulae, 
m, and so the overall complexity is O(n2m). 
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