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Abstract 
Blocks world (cube world) has been one of the 
most popular model domains in artificial intelli- 
gence search and planning. The operation and 
effectiveness of alternative heuristic strategies, 
both basic and complex, can be observed easily in 
this domain. We show that finding an optimal 
solution is NP-hard in an important variant of the 
domain, and po 

cr 
ular extensions. This enlarges 

the range of mo el domains whose complexity has 
been explored mathematically, and it demon- 
strates that the complexity of search in blocks 
world is on the same level as for sliding block 
problems, the traveling salesperson problem, bin- 
packing problems, and the like. These results 
also support the practice of using blocks world as 
a tutorial search domain in courses on artificial 
intelligence, to reveal both the value and limita- 
tions of heuristic search when seeking optimal 
solutions. 

Introduction 
Blocks world is a model domain used in 

artificial intelligence to explore different ap- 
proaches to automated reasoning--especially 
heuristic search and planning. Examples of such 
use begin with Winograd’s (197 1) “micro-world” 
for the simulated robot SHRDLU, and have con- 
tinued to appear in the literature ever since. 

Usually blocks world exemplifies that a 
given algorithm can perform planning, or that it 
is efficient in terms of the number of calculations 
required to find a solution or in terms of the 
length of that solution. Nilsson (1980), for in- 
stance, used blocks world in these ways to de- 
scribe the advantages and disadvantages of 
deductive approaches, production systems, the 
STRIPS planner, and other alternatives. 

Despite its flair for portraying the effects of 
different strategies, blocks world has not been 
used in the same way as sliding block (8-Puzzle, 
etc.) or other model domains for studies of com- 
plexity. In large part, this may be attributed to 
the fact that the inherent difficulty of the domain 
was unknown. The current study resolves this 
issue for an important variant of the domain and 
several extensions: The optimization problem for 
these is NP-hard. 

Typical Domain Description in the Literature 
Winograd’s “micro-world” and Fahlman’s 

(1974) similar robot planning domain included 
blocks of various shapes and sizes, strewn on a 
flat surface, occasionally on each other, sometimes 
colored, but always having perfectly flat surfaces. 
Nilsson (1980) and most other authors have since 
emphasized a very simple variant, also called 
cube world, in which only cube-shaped blocks of 
identical sizes are moved by a single robot arm. 
We consider here this version of the domain. 

Research work using this simple cube 
domain includes Sacerdoti (1975), Sussman 
(1975), Solo way and Riseman (1977), Chapman 
(1985, 1987), Ratner and Warmuth (1986), Rol- 
ston (1987), Ginsberg (1988), Hogge (1988), 
Wilkins (1988), Kambhampati (1990a, 1990b), 
Zlotkin and Rosenschein (1990), Drummond 
(1990) and McDermott (1990). 

The domain also serves tutorial purposes in 
artificial intelligence courses, and is used to 
introduce planning in many AI texts. In addition 
to Nilsson (1980), examples include Charniak, et 
al (1980), Winston and Horn (1981), Rich (1983), 
O’Shea and Eisenstadt (1984), Haugeland ( 1985), 
Charniak and McDermott (1985), Luger and 
Stubblefield (1989), and Schalkoff (1990). 

In the basic version of this domain, cube- 
shaped blocks of equal size are moved by a 
mechanical arm from a “start state” to a prede- 
fined “goal state.” The arm can move a single 
block at a time. Stacks are formed by placing a 
block precisely on top of another block. 

A “table” (or “floor”) is provided where 
blocks may be placed, to start new stacks or as a 
temporary resting place to give access to others 
stacked beneath them. Blocks can be moved from 
either the table or the top of a stack, to either the 
table or the top of a stack. For simplicity, we view 
a “move” from one state to another in the domain 
as an entire completed action of this type (versus, 
say, having a move be just picking up a block). 
We count each such move as having unit cost. 

The objective of a blocks world problem is 
to create a “route” describing how to move the 
blocks, one at a time, from start state to goal 
state. As the blocks are moved, a series of in- 
termediate states are formed. Some states may 
be required to reach the goal state, even though 
they involve moving a block to something other 
than its desired position in the goal state. 
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An example of a simple blocks world prob- 
lem is depicted in Figure 1 (omitting the arm, and 
the block shapes themselves). In the start state, 
block A is on top of block B, which is on the table, 
and block C is on the table. In the goal state, 
block C is on block B, which is on block A, and 
block A is on the table. 

A 
B C 

Start State 

C 
B 
A 

Goal State 

Figure 1. A simple blocks world problem. 

A possible route for solving this problem 
would be to have the mechanical arm pick up A 
and set it on the table, then pick up B and set it 
onto A, and finally pick up C and set it onto B. 

Most authors begin with a domain like that 
just described, to show the effects of planning 
algorithms and heuristics. Some go on to extend 
the domain to something like the micro-world of 
early authors, adding different shapes of blocks, 
multiple arms, and the like. Treatment of the 
domain has been in the language of each authors’ 
knowledge representation methods. 

Examples in the literature tend to deal 
with fairly simple planning problems such as that 
pictured in Figure 1. The simplicity of this figure, 

though, is quite misleading. In problems involv- 
ing many blocks, the optimal route usually is well 
hidden, and methods of finding such a route 
without search inevitably seem to work only on 
problems up to a certain size. Similar problems 
often have quite different solutions. 

For example, in Figure 2, the thirteen-move 
solution that begins by unstacking K, A, and B 
onto the table, from the “already correct” stack K, 
A, B, C, turns out to be one move shorter than any 
route that leaves this stack alone. Yet, in the 
similar problem shown in Figure 3, the lo-move 
solution that reassembles blocks D, E, F, G, and H 
is one move shorter than any route that unstacks 
blocks from K, A, B, C. 

K D K F 
AEGI AEH J 
B F H J BDGI 
C A B C CABC 

Start State Goal State 

Figure 2. A more difficult blocks world 
problem. 1 

IThe duplication of block names in each state is 
intentional. 

2E.g., this is true of traveling salesperson or slid- 
ing block problems. 

K D K F 
A E G A E H 
B F H B D G 
C A B C A B 

Start State Goal State 

Figure 3. A problem similar to Figure 2, 
but with a very different optimal route. 

Current Study 
Like in most model AI domains, every prob- 

lem in this basic version of blocks world has a 
trivial solution, so long as its quality is not an 
issue2. All blocks not already correctly positioned 
for the goal state simply could be set off onto the 
table (one at a time with the mechanical arm), 
and then reassembled in the proper order on top 
of any blocks already correctly positioned. As for 
these other common domains, the blocks world 
optimization problem appears to be much harder. 
Unlike them? however, a demonstration of com- 
plexity for this problem has not been given in the 
literature. 

In the current study we show that this 
appearance of complexity is no illusion: In at 
least one important variant of the domain and 
many of its extensions, the optimization problem 
is NP-hard. Sections 2 and 3 of the paper lead to 
the main conclusion, while Section 4 discusses the 
extensions and Section 5 concludes. 

Assumptions and 
Three additional assumptions are given, 

which were not spelled out in the basic version of 
blocks world above: 
1. Multiple blocks of the same type are allowed 

(as shown in Figures 2 and 3). This is a point 
on which authors using the domain typically 
have been non-committal. Those using this 
feature to bring out specific points about 
planning include Wilkins (1988), and Zlotkin 
and Rosenschein (1990). We call such blocks 
“interchangeable.” 

2. Only a single mechanical arm is allowed. The 
majority of work with blocks world has 
assumed this. 

3. The table is assumed to have infinite capacity. 
This is consistent with its usage in the litera- 
ture. 

We formulate a blocks world problem, B, by 
defining the stacks of blocks which comprise the 
start state and goal state. Intermediate states are 
similarly defined for a given succession of moves 
in a route. Block positions in these states can be 
described as ordered pairs: (A, B) means block A 
is on block B. Moves are described by defining a 
block in the start or intermediate state at hand, 
and the new destination for that block. 
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Theorem 
We show that finding an optimal solution is 

NP-hard in the basic version of blocks world 
characterized by the three assumptions of Section 
2, by proving the following equivalent statement: 

Theorem. The question, “Given a blocks 
world problem, e of M moves?” is 
NP-complete in 

Proof. Given a supposed route for 
ly we can decide in polynomial time if it is legal 
and contains M moves. Thus, the question is in 
NP. 

We show that an arbitrary instance of the 
domain 3SAT can be transformed into an instance 
of the blocks world question in a polynomial 
number of steps 3. Let C = {cl, c2, . . . , cm}, U = 
(ul, u2, . . . , un} define an arbitrary instance of 
3SAT. Then we define the following correspond- 
ing blocks world problem (ref. Figure 4): 
1. The start state includes blocks having these 
positions (where each letter/subscript combination 
represents a unique type of block), arranged into 
stacks as shown: 
a. For each ui in U: 
0 (vi, table) 
0 (ui, zril), (zril, zri2), . . . , (zril, wi), (wi, table), 

where zril, . . . . zril represent types of blocks 
for indexes ril, . .., ril of clauses containing the 
literal “ui”. 

e (ui, zsil), (zsil, zsi2), . . . , (zsil, xi), (xi, table), 
where zsil, . . . . zsil represent types of blocks 
for indexes sil , . . . . 
literal “not uz”.4 

ail of clauses containing the 

b. For each cj in C: 
e (cj, sj), (sj, table) 
c. The stack (R, vl), (~1, v2), . . . . (vn, V> 
d. (S, table) 
2. The goal state includes blocks having these 
positions, arranged into stacks as shown: 

1. For each ui in U: 
0 (ui, vi), (vi, table) 
e (ui, vi), (vi, table) (i.e., a duplicate) 
e (wi, table); and (xi, table) 

2. For each cj in C: 
e (cj, zj), (zj, table) 
0 (zj, zj), (zj, table) 

3. The stack (R, sl), (sl, s2>, . . . . (sm, S) 
4. (V, table) 

33-Satisfiability (Cook, 1971), a restricted version 
of the Satisfiability problem which is often used 
for NP-completeness proofs, is defined as follows 
(Garey and Johnson, 1979, p. 46): 

Instance: Collection C = (cl, c2, . . . , cm}, of 
disjunctive clauses on finite set U = (~1, ~2, . . . , 
un) of variables such that I ci I = 3 for all i. 

Question: Is there a truth assignment for U 
that satisfies all the clauses of C? 
*Giving 3 z’s of any one type, total--one for each 
variable in a clause. 

Each of these states contains 6n+5m+3 
blocks, with the same numbers of each type. 
Thus, the construction defines a polynomial trans- 
formation from a 3SAT instance to a blocks world 
instance. This also is a polynomial time trans- 
formation, whose time is at most a function of 
3mn + 6n + 2m + 3 (a linear function of the 
number of blocks in the problem, except for the 
z’s, which require analyzing at most all m clauses 
for each of the n-u’s). 

What remains to be shown is that the 
question for 3SAT also transforms into a question 
for the blocks world problem, for a suitable value 
of M, such that the answer for one is “yes” if and 
only if the answer for the other is “yes.” 

For M we pick the value 3n+5m+l, which is 
the number of blocks in the problem that cannot 
be in the correct position, no matter how a route is 
selected. (This includes R, the n-v’s stacked on V, 
2n-u’s, m-s’s, m-c’s, and 3m-z’s) Clearly, all these 
must be moved during a route, so 3n+5nz+l is the 
minimum number of moves that any route could 
have. Furthermore, a route of such length can be 
created only if no other moves are required in the 
route; in particular, no moves can be made in such 
a route unless they place a block in its final desti- 
nation in the goal state. We call these “moves to 
goal.” Our plan is to show that the problem can 
be solved using only moves to goal if and only if 
there is a truth assignment for U that satisfies all 
the clauses in C. 

Suppose that a satisfying truth assignment 
exists, giving literal values tl, t2, . . . . tn to ul, 
u2, . . . . un, respectively. Then for each value ti of 
ui we proceed as follows: 
1. For each successive ui in U, we do these moves: 

6 If ti = true, then we place onto vi the ui which 
is on top of the z’s, created for “ui”. Then we 
place each of these z’s onto the table if there 
are not already two matching z’s on the table; 
otherwise we place the z on top of one of the 
matching z’s. 

e If ti = false, then we place onto vi the ui which 
is on top of the z’s, created for “not ui.” We 
also place all the z’s on the table or on a 
matching z, as described above. 

2. For each successive cj, we then move cj onto a 
zj. We know that this can be done for all cj’s, 
since the ui’s selected satisfy all the 3SAT clauses: 
There must be at least one top block zj on the 
table for each cj to be moved to. 
3. We then stack all the sj’s, in the required 
order, onto block S. 
4. We move R from vl onto sl. 
%. We move all the vi’s that are in block V’s stack 
onto the table. 
6. For each i, we move the remaining ui onto a vi, 
and all the remaining z’s below it onto the table (if 
no matching top-block zi is on the table), or else 
onto a matching z block (if such a top-block 
exists). 
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Ul ul u2 u2 . . . un un R , , z's z's . . . z's z's vl 
;o:u1 fr . . . . v2 
clauses not . . . . . 
. ul.. . . . 

. cl c2 cm 
vl v2 . . . vn wl x1 w2 x2 . . . wn xn “v” S sl s2 ‘.+:. sm 

Start State 

R 
sl 
s2 

ul ul . . . un un cl . . . cm zl... zm sm 
vl vl . . . vn vn wl . . . wn xl . . . xn zl . . . zm zl . . . zm S V 

Goal State 

Figure 4. The constructed problem for the 
theorem.5 

This solves blocks world problem B in the 
required 3n+5m+l moves. 

Now suppose that no truth assignment for 
U will satisfy the clauses of C. We still can move 
one or the other ui block onto a vi (as pictured in 
the start state in Figure 41, in order to free z’s for 
placing cj’s, etc. However, no combination of 
picking these ui’s can result in allowing all cj 
blocks to be moved to a goal position. Since none 
of the top blocks in the problem other than the ui’s 
can be moved without a move that is not to a goal 
position, there is no route for this problem that 
can avoid a required non-goal move (such as 
moving a ui to table). We conclude that the prob- 
lem cannot be solved with a route of M moves. 

Since the size of the maximum number 
used in an instance of this question is less than 
the number of symbols used, clearly the problem 
is NP-complete in the strong sense. QED. 

From the proof of the theorem, we can 
derive that it remains true even if there are no 
more than 3 blocks of any one interchangeable 
type (the z’s in the proof). 

5The relative physical position of stacks on the 
table is disregarded in these two state pictures. 

These results clearly extend to a variety of 
more complicated blocks worlds, so long as these 
include the one described in the proof as a subset. 
Examples are the following: 
1. 

2. 

3. 

4. 
5. 

Allowing different block shapes and sizes 
(Fahlman, 1974). 
Removing the table as a place for temporary 
block storage, making the satisficing problem 
more difficult (Davis, 1986). (The use of the 
table in the theorem proof can be replaced by 
placing them on blocks created for that pur- 
pose.) 
Providing either multiple possible goal states 
or multiple possible start states for a problem. 
Using multiple arms. 
Allowing each block to have multiple, alterna- 
tive roles (perhaps implemented by allowing 
the arm to rotate blocks so that different faces 
show). 

Extensions and Reductions 

However, if P f NP, such extensions guar- 
antee that problems of non-polynomial time 
complexity will be encountered only if care is 
taken to include all problems of the configuration 
required for the proof of NP-completeness in the 
smaller domain. Otherwise, a separate proof of 
complexity is required. For example, tutorial 
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problems in which the table was restricted might 
naturally exclude significant problems in the 
domain allowing any use of the table. 

In the same way, blocks world problems 
that represent or extend restrictions of a larger 
domain may or may not be NP-hard. For exam- 
ple, Chapman (1985) showed that “the problem of 
determining whether a proposition is necessarily 
true in a nonlinear plan whose action representa- 
tion is suffxciently strong to represent conditional 
actions, dependency of effects on input situations, 
or derived side effects is NP-hard.” Chapman’s 
proof (p. 45) relies on showing that any proposi- 
tional formula p on atoms pi can be represented as 
a plan in the d,omain. For a specific planning 
domain, such as blocks world, this may not be the 
case. 

Conclusions 
This paper extends the range of AI model 

domains whose complexity has been explored 
mathematically. It demonstrates that the com- 
plexity of search in blocks world is on the same 
level as for sliding block problems (Ratner and 
Warmuth, 1986), and classic NP-hard problems 
like the traveling salesperson problem and bin 
packing (Garey and Johnson, 1979). This allows 
the domain to be selected, for demonstrating 
search and planning method efficiency with large 
optimization problems. 

These results also support the practice of 
using blocks world as a tutorial search domain in 
texts and courses on artificial intelligence. For 
such usage, the clarity with which effectiveness of 
alternative strategies can be seen in this domain 
is now enhanced by its known complexity. 

The question of NP-hardness remains open 
in domain versions for which the one used here is 
not a subset. Worst case complexity results have 
(so far) not been demonstated for the optimization 
problem if the first of the Section 2 assumptions is 
omitted, for instance. Chenoweth (1986) proposed 
a general problem-solving method yielding “good” 
solutions for this version, with worst case N2 
complexity, where N is the number of blocks in a 
problem. A variation of this algorithm including 
search for an optimal solution was shown to run 
in polynomial time if the number of stacks al- 
lowed in the start state was fixed. 

The formal study of complexity of approxi- 
mation algorithms remains to be done. The 
simplest of these, unstacking and then restacking 
all the incorrectly positioned blocks, yields a solu- 
tion quality no worse than twice optimal. Slightly 
more sophisticated, perhaps, is progressively to 
move blocks to their goal position when such 
opportunities present themselves; else move 
arbitrary incorrectly positioned blocks to the 
table. The average case solution quality of these 
approximation algorithms has yet to be investi- 
gated. 
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