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Abstract # of nodes generated 

Motivated by an anomaly in branch-and-bound 
(BnB) search, we analyze its average-case com- 
plexity. We first delineate exponential vs poly- 
nomial average-case complexities of BnB. When 
best-first BnB is of linear complexity, we show 
that depth-first BnB has polynomial complexity. 
For problems on which best-first BnB haa expo- 
nentia.1 complexity, we obtain an expression for 
the heuristic branching factor. Next, we apply 
our analysis to explain an anomaly in lookahead 
search on sliding-tile puzzles, and to predict the 
existence of an a.verage-case complexity transition 
of BnB on the Asymmetric Traveling Salesman 
Problem. Finally, by formulating IDA* as cost- 
bounded BnB, we show its aaverage-case optima.l- 
ity, which also implies tl1a.t RBFS is optimal on 
avera.ge . 

Introduction 
Consider a. simple search problem. We define a uni- 
form random tree as a. tree of depth d, branching fac- 
tor B, random edge costs independently and identi- 
cally drawn from a. non-negative discrete probability 
distribution, and node costs computed as the sum of 
the edge costs on the path from the root to the node. 
The problem is to find a. frontier node at depth d of 
minimum cost. A uniform random tree is an abstract 
model of the state space of a, discrete optimiza,tion 
problem, with a cost function that is monotonically 
non-decreasing along a path. 

One of the most efficient linear-space algorithms for 
this problem is depth-first branch-and-bound (BnB) 
[Kumar 921. Depth-first BnB starts with an upper 
bound of infinity on the minimum goal cost, and then 
searches the entire tree in a depth-first fashion. When- 
ever a node at depth d is reached whose cost is lower 
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Figure 1: Anomaly of depth-first BnB. 

than the best one found so far, the upper-bound is re- 
vised to the cost of this node. Whenever an internal 
node is encountered whose cost equals or exceeds the 
current upper bound, the subtree below it is pruned. 
The most important property of depth-first BnB is 
that it only requires space that is linear in the search 
depth, since only the nodes on the path from the root 
to the current node must be stored. One drawback of 
depth-first BnB is that it may expand nodes with costs 
greater than the minimum goal cost. 

Best-first BnB [Kumar 921, or best-first search, al- 
wa.ys expands a node of least cost among all nodes 
which have been generated but not yet expanded, and 
as a result, never expands a node whose cost is greater 
than the minimum goal cost. To guarantee this, how- 
ever, best-first BnB has to store all frontier nodes, 
making it useful only for small problems because of 
memory limitations. 

Figure 1 shows the performance of depth-first BnB 
on uniform random trees with edge costs drawn inde- 
pendently and uniformly from (0, 1,2,3,4}. The x-axis 
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is the search depth d, and the y-axis is the number of 
nodes generated. The straight dotted lines on the left 
show the complexity of brute-force search, which gen- 
erates every node in the tree, or (Bd+l - l)/(B - 1) = 
O(Bd). The curved lines to the right represent the 
number of nodes generated by depth-first BnB, aver- 
aged over 1000 random trials. Figure 1 shows two ef- 
fects of depth-first BnB. First, it is dramatically more 
efficient than brute-force search. Secondly, depth-first 
BnB displays the following counterintuitive anomaly. 
For a given amount of computation, we can search 
deeper in the larger trees. Alternatively, for a given 
search depth, we can search the larger trees faster. 

We explore the reasons for this anomaly by ana- 
lyzing the average-case complexity of BnB. We first 
discuss the behavior of the minimum goal cost. We 
then discuss the average-case complexity of BnB. As 
applications of our analysis, we explain this anomaly 
in lookahead search on sliding-tile puzzles [Korf 901, 
and predict the existence of an average-case complexity 
transition of BnB on Asymmetric Traveling Salesman 
Problems (ATSP) [La.wler et al. $53. 

Iterative-deepening-A* (IDA*) [Korf $53 and recur- 
sive best-first search (RBFS) [Korf 921 are also linear- 
space search algorithms. By formulating IDA* as cost- 
bounded BnB, we show its average-case optimality. 
This leads to the corollary that RBFS is also optimal 
on average. Finally, we discuss the knowledge/search 
tradeoff. The proofs of theorems are omitted due to 
space limitations, but a full treatment of the results is 
in [Zhang 6c Korf 921. 

Properties of Minimum Goal Cost 
A uniform random tree models the state space of a dis- 
crete optimization problem. In general, a state space 
is a graph with cycles. Nevertheless, a tree is an ap- 
propriate model for analysis for two reasons. First, 
any depth-first search must explore a tree at the cost 
of generating some states more than once. Secondly, 
many operators used in practice for some optimization 
problems, such a,s the ATSP, partition the state space 
into mutually exclusive parts, so that the space visited 
is a tree. 

If po is the probability that an edge has zero cost, 
and B is the branching factor, then Bpo is the expected 
number of children of a node that have the same cost 
as their parent (same-cost children). When Bpo < 
1, the expected number of same-cost children is less 
than one, and the minimum goal cost should increa.se 
with depth. On the other hand, when Bpo > 1, we 
should expect the minimum goal cost not to increase 
with depth, since in this case, we expect a minimum- 
cost child to have the same cost as its parent. 
Lemma 1 [McDiarmid & Provan 911 On a uniform 
random tree, asymptotically the minimum goal cost 
grows linearly with depth almost surely when Bpo < 1, 
and is asymptotically bounded above by a constant al- 
most surely when Bpo > 1. 0 

Average-Case Complexity 
Given a frontier node value, to verify that it is of mini- 
mum cost requires examining all nodes that have costs 
less than the given value. When Bpo < 1, minimum- 
cost goal nodes are very rare, their cost grows linearly 
with depth, and the average number of nodes whose 
costs are less than the minimum goal cost is exponen- 
tial. Thus, any search algorithm must expand an expo- 
nential number of nodes on average. The extreme case 
of this is that no two edges have the same cost, and 
thus po = 0. On the other hand, when Bpo > 1, there 
are many nodes that have the same cost, and there are 
many minimum-cost goal nodes as well. In this case, 
best-first BnB, breaking ties in favor of deeper nodes, 
and depth-first BnB can easily find one minimum-cost 
goal node, and then prune off the subtrees of nodes 
whose costs are greater than or equal to the goal cost. 
The extreme case of this is that all edges have cost 
zero, i.e. po = 1, and hence every leaf of the tree is a 
minimum-cost goal. Best-first BnB does not need to 
expand an exponential number of nodes in this case. 

Theorem 1 [McDiarmid & Provan 911 On a uniform 
random tree, the average-case complexity of best-first 
BnB is exponential in the search depth d, when Bpo < 
1, and the average-case complexity of best-first BnB is 
linear in d, when Bpo > 1. 0 

Theorem 1 also implies that depth-first BnB must 
generate an exponential number of nodes if Bpo < 1, 
because all nodes expanded by best-first BnB are ex- 
amined by depth-first BnB as well, up to tie-breaking. 
What is the average-case complexity of depth-first BnB 
when Bpo > 1 ? In contrast to best-first BnB, depth- 
first BnB ma.y expand nodes that have costs greater 
than the minimum goal cost. This makes the anal- 
ysis of depth-first BnB more difficult. An important 
question is whether depth-first BnB has polynomial or 
exponential a.verage-case complexity when Bpo > 1. In 
fact, depth-first BnB is polynomial when Bpo > 1. 

Theorem 2 When Bpo > 1, the average-case com- 
plexity of depth-first BnB on a uniform random tree is 
bounded above by a polynomial function, O(d*+‘), if 
edge costs are independently drawn from (0, 1, . . . . m), 
regardless of the probability distribution. 0 

For example, in Figure 1, po = 0.2, thus Bpo > 1 
when B 2 6. By experiment, we found that the curves 
for B > 6 can be bounded above by the function y = 
O.O75d’+ 8.0d2 + 8.0d + 1.0, which is O(d3). 

The above analysis shows that the average-case com- 
plexity of BnB experiences a dramatic transition, from 
exponential to polynomial, on discrete optimization 
problems, depending on the branching factor B and 
the cost function (~0). When Bpo < 1, both best- 
first BnB and depth-first BnB take exponential aver- 
age time. On the other hand, when Bpo > 1, best-first 
BnB and depth-first BnB run in linear and polynomial 
average time, respectively. Therefore, the average-case 
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Figure 2: Difficult and ea.sy regions for BnB. Figure 3: Anomaly of lookahead search [Korf 901. 

complexity of BnB changes from exponential to poly- 
nomial as the expected number of same cost children, 
Bpo, changes from less than one to greater than one. 
Figure 2 illustrates these two complexity regions and 
the transition boundary. 

For a uniform random tree with Bpo < 1, the hezlris- 
tic branching factor of the tree measures the complex- 
ity of the problem modeled by the tree. The heuristic 
branching factor of a problem is the ra.tio of the aver- 
age number of nodes with a given cost to the average 
number of nodes with the next smaller cost. 
Theorem 3 When. Bpo < 1 and edge costs are 
0, 1, . ..) m with probabilities po,pl, . . ..p., the asymp- 
totic heuristic branching factor b of a uniform random 
tree is a solution greater than one to the equation, 

Xrn - B 2 pix~-i = o. Cl (1) 

d=O 

Although there exists no closed-form solution to this 
equation in general when 172 2 5, it can be solved nu- 
merically. 

Applications 
Anomaly of Lookahead Search 
A sliding-tile puzzle consists of a k x k square frame 
holding k2 - 1 mova.ble square tiles, with one space 
left over (the blank). Any tiles which are horizontally 
or vertically adja.cent( to the blank may move into the 
blank position. Exa.mples of sliding-tile puzzles include 
the 3 x 3 Eight Puzzle, the 4 x 4 Fifteen Puzzle, the 
5 x 5 Twenty-four Puzzle, and the 10 x 10 Ninety-nine 
Puzzle. A common cost function for sliding-tile puz- 
zles is f(n) = g(n)+h(n), where g(n) is the number of 
steps from the initial state to node n, and h(n) is the 
Manhattan Dista,nce [Pea.rl 841 from node 12 to the goal 

0 10 20 30 40 50 
lookahead depth d 

state. The Man hattan Distance is computed by count- 
ing, for each tile not in its goal position, the number of 
moves along the grid it is away from its goal, and sum- 
ming these values over all tiles, excluding the blank. 

A lookahead search to depth /C returns a node that 
is k: moves away from the original node, and whose f 
value is a minimum over all nodes at depth Ic. The 
straight dotted lines on the left of Figure 3 represent 
the total number of nodes in the tree up to the given 
depth, for different size puzzles. The curved lines to 
the right represent the total number of nodes generated 
in a depth-first BnB to the given depth using Manhat- 
tan Distance (avera.ging over 1000 randomly generated 
initial states). This shows the same anomaly as in Fig- 
ure 1, namely that the larger problems can be searched 
faster to a given depth. 

The explanation of this anomaly on sliding-tile puz- 
zles is the following. Moving a tile either increases its 
Manhattan Distance h by one, or decreases it by one. 
Since every move increases the g value by one, the cost 
function f = g + h either increases by two or stays the 
same. Thus, this problem can be modeled by a uniform 
random tree where edge costs are either zero or two. 
The probability that the h value either increases by 
one or decreases by one by moving a tile is roughly one 
half initially, independent of the problem size. Thus, 
the probability that a child node has the same cost as 
its parent is roughly one half, i.e. po cz 0.5. On the 
other hand, the branching factor B increases with the 
size of a puzzle. For example, the branching factors 
of the Eight, Fifteen, Twenty-four, and Ninety-nine 
Puzzles are 1.732,2.130, 2.368, and 2.790, respectively 
[Korf 901. Th ere ore, f a larger puzzle has a larger Bpo. 
According to the analysis, the asymptotic average-case 
complexity of fixed-depth lookahead search on a larger 
puzzle is smaller than that on a smaller puzzle. 
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This result does not imply that a larger sliding-tile 
puzzle is easier to solve, since the solution length for a 
larger puzzle is longer than that for a smaller one. Fur- 
thermore, the assumption that edge costs are indepen- 
dent is not valid for sliding-tile puzzles. For example, 
from experiments, po is slightly less than 0.5 initially, 
but slowly decreases with search depth. 

Complexity Transition of BnB on ATSP 

Given n cities and an asymmetric matrix (ci,j) that 
defines the cost between each pair of cities, the Asym- 
metric Traveling Salesman Problem (ATSP) is to find 
a minimum-cost tour visiting each city exactly once. 

The most efficient approach known for optimally 
solving the ATSP is BnB using the assignment problem 
solution as a lower bound function [Balas & Toth 851. 
The solution of an assignment problem (AP) [Martello 
& Toth 871, a relaxation of the ATSP, is either a single 
tour or a collection of disjoint subtours. The ATSP 
can be solved a,s follows. The AP of all n cities is 
first solved. If the solution is not a tour, then the 
problem is decomposed into subproblems by eliminat- 
ing one of the subtours in the solution. A subproblem 
is one which has some excluded arcs that are forbid- 
den from the solution, and some included arcs that 
must be present in the solution. Then a. subproblem is 
selected and the a.bove process is repeated until each 
subproblem is either solved, i.e. its AP solution is a 
tour, or all unsolved subproblems have costs greater 
than or equal to the cost of the best tour obtained so 
far. Many decomposition rules for the ATSP partition 
the state space into a. tree [Balas & Toth 851. Hence, 
the state space of the ATSP can be modeled by a uni- 
form random tree, in which the root corresponds to the 
ATSP, a leaf node is a subproblem whose AP solution 
is a tour, and the cost of a node is the AP cost of the 
corresponding subproblem. The AP cost is monotoni- 
cally non-decreasing, since the AP of a subproblem is 
a more constrained AP than the parent problem, and 
hence the cost of the child node is no less than the cost 
of the parent. 

When the intercity distances are chosen from 
(0, 1, **-, k}, the probability that two distances have 
the same va,lue decreases as rl increases. Similarly, the 
probability that two sets of edges have the same to- 
tal distance decreases as k increa.ses. Thus, when b is 
small with respect to the number of cities, the proba- 
bility that the AP value of a child is equal to that of 
its parent is large, i.e. po in the sea.rch tree is large. 
By our analysis, when b is large, po is small, and more 
nodes need to be examined. On the other hand, when 
k is small, po is large, Bpo > 1, and the ATSP is easy 
to solve. The a,bove analysis implies the existence of a 
complexity transition of BnB on ATSP as k changes. 

We verified this prediction by experiments using 
Carpaneto and Toth’s decomposition rules [CarpanetNo 
& Toth SO], and with intercity distances uniformly cho- 
sen from (0, 1,2, . . . . II]. Figure 4 gives the results on 
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Figure 4: Complexity transition of BnB on ATSP. 

loo-city ATSPs using depth-first BnB, averaging over 
1000 random trials, which clearly show a complexity 
transition. This transition has also been observed on 
200-city and 300-city ATSPs as well. 

Complexity transitions of BnB on ATSP are also 
reported in [Cheeseman et nb. 911, where Little’s al- 
gorithm [Little et al. 631 and the AP cost function 
were used. In their experiments, they observed that 
an ATSP is easy to solve when the number of same- 
distance edges is large or small, and the most difficult 
problem instances lie in between these regions. There 
is a discrepancy between the observations of [Cheese- 
man et al. 911 and our observations on ATSP. This is 
probably due to the fact that different algorithms are 
used, suggesting that such transitions are sensitive to 
the choice of algorithm. 

Average-Case Optimality 
of IDA* and RBFS 

Iterative-deepening-A* (IDA*) [Korf 851 is a linear- 
space search algorithm. Using a variable called the 
threshold, initially set to the cost of the root, IDA* per- 
forms a series of depth-first search iterations. In each 
iteration, IDA* expands all nodes with costs less than 
the threshold. If a goal is chosen for expansion, then 
IDA* terminates successfully. Otherwise, the thresh- 
old is updated to the minimum cost of nodes that were 
generated but not expanded on the last iteration, and 
a. new iteration is begun. 

We may treat IDA* as cost-bounded depth-first BnB, 
in the sense that it expands those nodes whose costs are 
less than the threshold, and expands them in depth- 
first order. A tree can be used to analyze its average- 
case performance. 

On a tree, the worst-case of IDA* occurs when all 
node costs are unique, in which case only one new node 
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is expanded in each iteration [Patrick e2 a/. $91. The 
condition of unique node costs asymptotically requires 
that the number of bits used to represent the costs 
increase with each level of the tree, which may be un- 
realistic in practice. 

When Bpo > 1 the minimum goal cost is a constant 
by Lemma 1. Therefore, IDA* terminates in a constant 
number of iterations. This means that the total num- 
ber of nodes generated by IDA* is of the same order 
as the total number of nodes generated by best-first 
BnB, resulting in the optimality of IDA* in this case. 
The number of iterations of IDA*, however, is not a 
constant when Bpo < 1, since the minimum goal cost 
grows with the search depth. When Bpo < 1, it can 
be shown that the ra.tio of the number of nodes gener- 
ated in one iteration to the number of nodes generated 
in the previous iteration is the sa.me as the heuristic 
branching factor of the uniform random tree. Asymp- 
totically, this ratio is the solution greater than one to 
equation (1). Consequently, we have the following re- 
sult. 

Theorem 4 On a uniform random tree with Bpo < 1, 
IDA* is optimal on average. 0 

Simila#r results were independently obtained by 
Patrick [Patrick 9 l]. 

With a non-monotonic cost function, the cost of a. 
child can be less than the cost of its parent, and IDA* 
no longer expands nodes in best-first order. In this 
case, recursive best-first sea.rch (RBFS) [Korf 921 ex- 
pands new nodes in best-first order, and still uses mem- 
ory linear in the search depth. It was shown that with a 
monotonic cost function, RBFS generates fewer nodes 
than IDA*, up to tie-breaking [Korf 921. This, with 
Theorem 4, gives us the following corollary. 

Corollary 1 On a uniform ran.dom tree with Bpo < 1, 
RBFS is optimal on average. 0 

iscussion 
The efficiency of BnB depends on the cost function 
used, which involves domain-specific knowledge. There 
is a tradeoff between knowledge and sea.rch complex- 
ity, in that a. more accura.te cost estimate prunes more 
nodes, resulting in less computation. The results of our 
analysis measure this tradeoff in an average-case set- 
ting. In particular, to make an optimiza.t*ion problem 
tractable, enough domain-specific knowledge is needed 
so that the expected number of children of a node that 
have the same heuristic evaluation as their parent is 
greater tha.n one. We call this property local consis- 
tency. 

Local consistency is a. different characterization of a 
heuristic function tl1a.n its error as an estimator. Lo- 
cal consistency is a property that ca.n be determined 
locally, for example by randomly generating states 
and computing the avera.ge number of same-cost chil- 
dren. Determining the error in a heuristic estima,tor, 

on the other hand, requires knowing the exact value be- 
ing estimated, which is impossible in a difficult prob- 
lem, since determining minimum-cost solutions is in- 
tractable. Thus, determining local consistency by ran- 
dom sampling gives us a practical means of predicting 
whether the complexity of a branch-and-bound search 
will be polynomial or exponential. 

This prediction, however, is based on the assumption 
that edge costs are independent of each other. By The- 
orem 1, local consistency implies that the estimated 
cost of a node is within a constant of its actual cost on 
a uniform random tree with independent edge costs. 
In other words, local consistency implies constant ab- 
solute error of the heuristic estimator. Unfortunately, 
edge costs are often not independent in real problems. 
For example, in the sliding-tile puzzles, a zero-cost edge 
implies a tile moving toward its goal location. As a se- 
quence of moves are made that bring tiles closer to 
their goal locations, it becomes increasing likely that 
the next move will require moving a tile away from its 
goal location. On the other hand, the independence 
assumption may be reasonable for a relatively short 
fixed-depth search in practice. 

Related Work 
Dechter [Dechter $11, Smith [Smith 841, and Wah and 
Vu [Wah & Yu 851 analyzed the average-case com- 
plexities of best-first BnB a.nd depth-first BnB using 
tree models, and concluded that they are exponential. 
Purdom [Purdom 831 characterized exponential and 
polynomial performance of backtracking, essentially a 
depth-first BnB on constraint-satisfaction problems. 
Stone and Sipala [Stone & Sipala 861 considered the 
rela.tionship between the pruning of some branches and 
the average complexity of depth-first search with back- 
tracking. 

Karp a.nd Pearl [Karp & Pearl 831 reported impor- 
tant results for best-first BnB on a uniform binary tree, 
with edge costs zero or one. McDiarmid and Provan 
[McDia.rmid & Provan 911 extended Karp and Pearl’s 
results by using a general tree model, which has ar- 
bitrary edge costs and variable branching factor. In 
fact, the properties of the minimum goal cost (Lemma 
1) and the average-case complexities of best-first BnB 
(Theorem 1) discussed in this paper are based on Mc- 
Diarmid and Provan’s results. We further extended 
these results in two respects. First, when best-first 
BnB has linear average-case complexity, we showed 
that depth-first BnB has polynomial complexity. Sec- 
ond, for problems on which best-first BnB has expo- 
nential average-case complexity, we obtained an ex- 
pression for its heuristic branching factor. 

Huberman and Hogg [Huberman & Hogg 871, and 
Cheeseman et al. [Cheeseman et al. 911 argued that 
phase transitions are universal in intelligent systems 
and in most NP-hard problems. 

The worst-case complexity of IDA* was first shown 
by Patrick et ad. [Patrick et al. 891. Vempaty et al. 
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[Vempaty et al. 911 compared depth-first BnB and 
IDA*. Recently, Mahanti et al. discussed performance 
of IDA* on trees and graphs [Mahanti et al. 921. Our 
results on IDA* concludes the average-case optimality 
of IDA* on a uniform random tree, which also implies 
that RBFS is optimal on average. Similar results on 
IDA* were also obtained by Patrick [Patrick 911. 

Conclusions 
This paper contains the following results on branch- 
and-bound, one of the most efficient approaches for 
exact solutions to discrete optimization problems. Our 
analysis is based on a tree with uniform branching fac- 
tor and random edge costs. We delineated exponential 
and polynomial complexities of BnB in an average-case 
setting. When best-first BnB has linear complexity, 
we showed that the complexity of depth-first BnB is 
polynomial. We further obtained an expression for the 
heuristic branching factor of problems on which best- 
first BnB has exponential complexity. The analysis 
uncovered the existence of a complexity transition of 
BnB on discrete optimization problems. Furthermore, 
the analysis explained an anomaly observed in looka- 
head search with sliding-tile puzzles, and predicted the 
existence of an average-case complexity transition of 
BnB on ATSP, which was verified by experiments. In 
addition, our results showed a. quantitative tradeoff be- 
tween knowledge and search complexity, and provided 
a means of testing avera.ge-case search complexity. By 
formulating IDA* as cost-bounded BnB, we derived an 
expression for the ratio of the number of nodes gener- 
ated in one iteration to the number of nodes gener- 
ated in the previous iteration, a.nd showed that IDA* 
is optimal on average. This implies the average-case 
optimality of RBFS in this model. 
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