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Abstract 

Useful equivalence-preserving operations based on unfi- 
links are described. These operations eliminate a poten- 
tially large number of subsumed paths in a negation nor- 
mal form formula. Those anti-links that directly indicate 
the presence of subsumed paths are characterized. These 
operations are useful for prime implicant/implicate algo- 
rithms because most of the computational effort in com- 
puting the prime implicants and prime implicates of a pro- 
positional formula is spent on subsumption checks. The 
problem of removing all subsumed paths in an NNF for- 
mula is shown to be NP-hard, even though such formulas 
may be small relative to the size of their path sets. The 
general problem of determining whether a pair of sub- 
sumed paths is associated with an arbitrary anti-link is 
shown to be NP-complete. Further reductions of sub- 
sumption checks are shown to be available when strictly 
put-e full blocks are present. The effectiveness of opera- 
tions based on anti-links and strictly pure full blocks is 
examined with respect to some benchmark examples from 
the literature. 

Introduction 

The consequences of a ground formula, expressed 
as minimal implied clauses, are useful in certain 
approaches to non-monotonic reasoning [5,11,13], where 
all consequences of a formula set (e.g., the support set for 
a proposed commonsense conclusion) are required. 
Minimal conjunctions that imply a formula are useful in 
situations where satisfying models are desired, as in error 
analysis during hardware verification. Such minimal 
implied clauses are the formula’s prime implicates, and 
the minimal conjunctions that imply it are its prime impli- 
cants. 

Many algorithms have been proposed to compute 
the prime implicates of propositional boolean formula. 
Most algorithms [ 1,2,3,4,14] assume that the input is 
either in conjunctive normal form (CNF) or in disjunctive 
normal form (DNF). Other algorithms [lo] require the 
input to be a conjunction of DNF formulas. In [12] a set 
of techniques is proposed for finding the prime impli- 
cates of formulas in negation normal form (NNF). Those 

’ This research was supported in part by National Science 
Foundation Grant CCR-9101208. 

techniques are based on dissolution, an inference rule 
introduced in [8], and on ah algorithm called PI. The 
techniques described here are polynomial for classes of 
formulas for which any CNF/DNF-based technique must 
be exponential. 

The PI algorithm is described in [12]; there, PI is 
used to enumerate all the prime implicates of a f&l dis- 
solvent, an NNF formula that has no conjunctive links 
(defined later). PI repeatedly does subsumption checks to 
keep intermediate results as small as possible. However 
these checks are expensive. Most result in failure, and 
they have to be done on sets which can be exponentially 
large. The time required for these operations can be 
reduced by using a more compact representation of the 
intermediate results [l J, but avoiding as many such 
checks as possible is the focus of this paper. 

We show that the full dissolvent can be restructured 
before applying PI such that many non-prime implicates 
are removed without doing subsumption checks at all. 
We define disjunctive and conjunctive anti-links’ in NNF 
formulas, and we identify operations to remove such 
anti-links and their associated subsumed paths. This 
leaves fewer subsumption checks for the PI algorithm. 

In the next section we describe our path semantics 
viewpoint and our graphical representation of formulas in 
classical logic. In Section 3 we introduce anti-links and 
develop useful equivalence-preserving operations based 
on them. In Section 4, complexity issues are discussed 
and some NP-completeness results are proven. Section 5 
introduces further techniques based on strictly pure sub- 
formulas. The effectiveness of our techniques on certain 
benchmark formulas described by Ngair [IO] is explored. 
Proof are omitted for lack of space. 

’ Anti-links and some associated operators were first pro- 
posed by Beckert and N&nle - personal communication. 
The first motivation for studying anti-links arose in con- 
nection with regular clausal tableau calculi (Letz, p. 114 
[6]). The anti-link rule as it will be defined later can be 
viewed as an implementation of the regularity condition in 
[6] for the propositional non-clausal case (Letz considered 
the first-order clausal case). There, refinements of general 
inference rules are considered, whereas the anti-link rule 
allows implementation as a preprocessing step. 
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Foundations: Facts on Formulas 
in Negation Normal Form 

We assume the reader to be familiar with the 
notions of atom, literal, and formula from classical logic. 
We consider only formulas in negation normal form 
(NNF): The only connectives used are conjunction and 
disjunction, and all negations are at the atomic level. 

In this section, we review a number of technical 
terms and definitions taken from [9]. They are required 
for the development of the anti-link operations defined in 
Section 3, and they make the paper somewhat sclf- 
contained even for readers not familiar with dissolution. 

Semantic Graphs 

A semantic graph G is a triple (iV,CD) of nodes, 
c-arcs, and d-arcs, respectively, where a node is a literal 
occurrence, a c-arc is a conjunction of two semantic 
graphs, and a d-arc is a disjunction of two semantic 
graphs. Any of N,C,D may be empty. If N is empty, G is 
either true (empty conjunction) or fake (empty disjunc- 
tion). Each semantic graph used in the construction of a 
semantic graph is called an expZicit subgraph, and each 
proper explicit subgraph is contained in exactly one arc. 
We will typically use G to refer to both the graph and to 
the corresponding node set when the meaning is evident 
from context. 

We use the notation (X,Y), for the c-arc from X to 
Y and similarly use (X,Y)d for a d-arc; the subscript may 
be omitted when no confusion is possible. Arbitrary sub- 
formulas are denoted by upper case italic letters; plain 
upper case letters are used for single nodes. 
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Figure 1. 

Note that c-arcs and d-arcs are indicated by the usual 
symbols for conjunction and disjunction. Essentially, the 
only difference between a semantic graph and a formula 
in NNF is the point of view, and we will use either term 
depending upon the desired emphasis. For a more 
detailed exposition, see [9]. 

If A and B are nodes in a graph, and if a = (X,Y& 
is an arc (a= c or a = d) with A in X and B in Y, we say 
that a is the arc connecting A and B, and that A and B 
are a-connected. In Figure 1, C is c-conzected to each of 
B, A, C, D, and E and is d-connected to A. 

Let G be a semantic graph. A partial c-path 
through G is a set of nodes such that any two are c- 
connected, and a c-path through G is a partial c-path that 
is not properly contained in any partial c-qath. -The s- 
paths of the graph in Figure 1 above_are: (C, A, A), (C, 
A, B, Cl, ID, A), (D, B, CL E, AL E I% Cl. We 
similarly define d-path using d-arcs instead of c-arcs. The 
following lemma is obvious. 

Lemma 1. Let G be a semantic graph. Then an 
interpretation I satisfies (falsifies) G iff I satisfies 
(falsifies) every literal on some c-path (d-path) through G. 

If we consider conjunction and disjunction as nary 
connectives, then we informally define a furl block to be 
subset of the arguments of one connective, i.e., of one 
explicit subformula. 

Let H be a full block; H is a conjunction or a dis- 
junction of fundamental subgraphs of some explicit sub- 
graph M. If the final arc (main connective) of M is a con- 
junction, then we define the c-extension of H to be M and 
the d-extension of H to be H itself. The situation is 
reversed if the final arc (main connective) of M is a d-arc. 
We will use the notation CE(H) and DE(H) for the_c- an$ 
d-extensions, respe.$ively, of H. In Figure 1, CE(A) = A 

a.ndDE(x)=;i:vA. 
C 

Path Dissolution 

A c-link is defined to be a complementary pair of 
c-connected nodes; d-connected complementary nodes 
form a d-link. Unless stated otherwise, we use the term 
link to refer to a c-link. Path dissolution is in general 
applicable to collections of links; here we restrict atten- 
tion to single links& Suppose then that we have literal 
occurrences A and A residing in conjoined subgraphs X 
and ,Y, respectively. Consider, for example, the link 
{A, A) in Figure 1. Then the entire graph G = (X A Y) is 
the smallest full block containing the, link, where 

x= +vEandY = XV:: 
C' 

The c-path complement of an arbitrary subgraph H with 
respect to X, written CC(H, X), is defined to be the sub- 
graph of X consisting of all literals in X that lie on paths 
that do not contain nodes from H, the c-path extension of 
H with respect to X, written CPE(H, X), is the subgraph 
containing all literals in X that lie on paths that pass 
through I-I. (In the development of anti-link operations, 
we will require the dual operations of CC and CPE. We 
use DC for the d-path complement and DPE for the d- 
path extension operators. Their definitions and properties 
are straightforward by duality.) 

It is intuitively clear that the paths through (X A Y) 
that do not con&in the link are those through 
OWL x) A CC(A, r)) plus thOSe through 
(WA, W A CP&WN Plus thOSe through 
(CC(A, X) A CC(A, Y)). The reader is referred to [9] for 
the formal definitions of CC and of CPE. 
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Let H = (A, x) be a link, and let M = (X, Y)c be 
the smallest full block containing H. We define 
DV(H, M), the dissolvent of H in M, as follows: 

X CC@, x) 

cc& Y) 
V 

CPE;;i, Y) 

Theorem 1. Let H link in a semantic graph 6, and 
let M be the smallest full block containing H. Then 
M and DV(H, M) are equivalent. 

We may therefore select an arbitrary link H in G 
and replace the smallest full block containing H by its 
dissolvent, producing (in the ground case) an equivalent 
graph that has strictly fewer c-paths than the old one. 
This proves 

Theorem 2. At the ground level, path dissolution 
is a strongly complete rule of inference. 

Fully Dissolved Formulas 

If we dissolve in semantic graph G until it is link- 
less, the resulting graph is called the fur2 dissolvent of 6; 
we denote it by m)(G). The set of c-paths in FD(G) is 
unique: It is exactly the set of satisfiable c-paths in G. 

In the discussion that follows, we will often refer to 
subsumption of d- and c-paths rather than of disjuncts and 
conjuncts. We denote by Z(p) the literal set of path p. In 
this way, no change in the standard definition of sub- 
sumption is necessary. We also assume the reader to be 
familiar with the standard definitions of prime implicate 
and prime implicant. The theorem below is from [12]. 

Theorem 3. In any non-empty formula in which 
no c-path (d-path) contains a link, every implicate (impli- 
cant) of the formula is subsumed by some d-path (c-path) 
in the formula. 

In [ 121, the prime implicates of G are computed by 
first obtaining FD(G); then, knowing that all implicates 
are present in the d-paths of m>(G), the PI algorithm 
computes v(m)(G)), where 

v&3 = {P I ( P is a d-path through 3) A 

(P f true ) A (V d-paths Q through 3, Z(Q) $ Z(P)) } . 

Used in this way, PI extracts all unsubsumed (non- 
tautological) d-paths from an NNF formula without c- 
links. In general, PI computes ~(3) for an arbitrary NNF 
formula 3. 

Subsumed Paths and Anti-Links 

Let M=(X,Yjd be a d-arc in a semantic graph G 
and let Ax and AY be occurrences of the literal A in X 
and in Y respectively. Then we call (Ax,Ar) a disjunc- 
tive anti-link. Note that M is the smallest full block con- 
taining the anti-link. If M=(X,Y), is a c-arc in a seman- 
tic graph G and if Ax and AY are nodes in X and in Y 
respectively, then we call (A,,AY) a conjunctive anti- 
link. 

Theorem 4. Let G be a semantic graph in which 
d-path p is subsumed by a distinct non-tautological d-path 
p’ in 6. Then G contains either a disjunctive anti-link or 
a conjunctive anti-link. 

Unfortunately, the presence of anti-links does not 
imply the presence-of subsumed paths, and hence the 
verse of the above theorem is not true. 

con- 

Redundant Anti-links 

We now identify those disjunctive anti-links which 
do imply the presence of subsumed paths. We say a dis- 
junctive anti-link (Ax,Ar) with respect to the graph G is 
redundant if either CE(A,) # A or CE(Ay) # A. 

Let (A,,A,) be a disjunctive anti-link in graph 6, 
where M = (X,Y), is the smallest. ful!l block containing the 
anti-link. We define 39&&G to be the set of all d-paths 
of M which pass through both CE(Ax) - (Ax) and AY or 
through both CE(AY) - (AY) and Ax. 

In general, one or both of the literals in a redundant 
anti-link (Lx, Ly ) is an argument of a conjunction, and 
apLx.LY.G f 0. 

Theorem 5. Let {Ax ,Ay) be a redundant disjunc- 
tive anti-link in semantic graph G. Then each d-path in 
39&&G is properly subsumed by a d-path in G that 
contains the anti-link. 

An Anti-Link Operator 

The identification of redundant disjunctive anti- 
links can be done easily by checking to see if either 
CE(Ax) z Ax or CE(AY) f Ay. After identifying a redun- 
dant anti-link, it is possible to remove it using the dis- 
junctive anti-link dissolvent (DADV) operator; in the pro- 
cess, all d-paths in a&,x,AY,G are eliminated, and the two 
occurrences of the anti-link literal are collapsed into one. 
Let (Ax,Au) be a disjunctive anti-link and let 
M = (X, YJd be the smallest. full block containing the 
anti-link. Then DADV( (Ax, AY) , M) = 

WAxrn ” WAY3 
A 

WCE(Ax), X) ” DPE(A,,Y) 
A 

DPE(Ax,X) ” CC&J) . 

Consider the formula G of the form (X, yld, where 
A”C A 

G= A V A l 

B E”C 

We have DC(Ax, X) = B and DC(AY, Y) = (E V C), so 
the upper conjunct in DADV is (B V E V C). For the 
middle conjunct, CE(Ax) = AX, DC(CE(Ax), x) = B, and 
DPE(Ay, Y) = A,; this conjunct is (B V A). Finally in 
the lower conjunct, DPE(A,, X) = (A V C) and 
CC(Ay, Y) = 0 (false), so this reduces to (A V C).The 
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result is: 

B v EVC 

DAW(Ax, AYL M) = BCA 

ACC 

We point out. that although DADV produces a CNF 
formula in this simple example, in general it does not. 
Theorem 6 below states that DADV({ Ax, Ay ) ,G) is logi- 
cally equivalent to G and does not contain those d-paths 
in ~~Ax.Ar.G- 

Theorem 6. Let M = (X V Y) be the smallest full 
block containing (Ax,Ay}, a disjunctive anti-link in 
semantic graph G. Then DADV((Ax, Ay), M) is 
equivalent to M and differs in d-paths from M as follows: 
Those d-paths in Z)~‘A~,A~,M are not present, and any d- 
path of M containing the anti-link is replaced by a path 
with the same literal set having only one occurrence of 
the anti-link literal. 

By identifying a redundant anti-link H = {A,,Ay) 
and the smallest full block M containing it, and then 
replacing M by DADV(H, M), at least one subsumed d- 
path is removed. This proves 

Theorem 7. Finitely many applications of the 
DADV operation on redundant anti-links will result in a 
graph without redundant disjunctive anti-links, and termi- 
nation of this process is independent of the choice of 
anti-link at each step. 

Simplifications 

The following simplified versions of DADV result 
in formulas that are syntactically smaller than those that 
result from the.general definition. 
1. If CE(Ax) = Ax (and CE(Ax) #X), then 

DC(CE(Ax), X) = DC(Ax , X). Therefore by (pos- 
sibly non atomic) factoring on DC(Ax, X) and 
observing that (DC(Ay, Y) A DPE(Ay, Y)) = Y, 
DADV( { Ax, AY) , M) becomes 

DC(Ax,X) v Y 

DPE(Aly,X) (: CC(Ay,Y) 

2. If CE(Ax) = X, then DC(CE(Ax), X) = 0 (true). 

Hence DPE(Ax, X) = Ax and DC(Ax, X) = 
X -(Ax). DADV((Ax,Ay }, M) becomes 

X- (Ax) V DWW-7 

Ax c WAY, Y) 

3. If both Case 1 and Case 2 apply, then 
CE(A& = X = Ax, and the above formula 
simplifies to Ax V CC(Ay, Y). 
Note that in all the above versions of DADV, the 

roles of X and Y can be interchanged. 
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Conjunctive Anti-Links 

There are conjunctive Santi-links that always indi- 
cate the presence of d-paths that are subsumed by others, 
and they are easy to detect. Wowever, the conditions to 
be met are much more restrictive than those for redundant 
disjunctive anti-links. Consider a conjunctive anti-link 
{Ax, Azr), where the smallest full block M containing the 
anti-link is (Ax /\ Y). Every d-path in Y which passes 
through AY will be subsumed by the d-path consisting of 
the single literal Ax. Hence we can replace Y by 
WAY, Y)* 

plexity Considerations 

The problem of eliminating all subsumed paths in a 
graph in an efficient manner does not seem feasible. Let 
G be a semantic graph, and let p be any path in G. The 
graph G’ is called a d-minimal equivalent of G if it 
satisfies the following conditions. 
1. G is logically equivalent to G’. 
2. If p’ and q’ are two distinct d-paths in G’, then p’ 

does not subsume q’ and vice versa. 
3. If p’ is a d-path in G’, then there is a d-path p in G 

such that, I(p) = Z(p’). 
4. If p is a minimal d-path in G, then there is a d-path 

p’ in G’ such that r(p’) L Z(p). 
Note that Property 1 is implied by Properties 3 and 4, and 
that G’ need not be unique. However, the d-paths of 6’ 
will always include all essential (and possibly some 
inessential) prime implicates of G. The c-minimal 
equivalent of a graph is defined in the obvious dual way. 

Computing d-minimal equivalent graphs efficiently 
would be helpful for finding prime implicates. In a d- 
minimal equivalent graph of a full dissolvent, subsump- 
tion checks can be completely eliminated by Property 2 
above. Hence to find the prime implicates of G, we can 
find a d-minimal equivalent G’ of the full dissolvent 
FD(G), and then simply enumerate the d-paths of G’. 

A d-minimal equivalent of a given graph G can be 
trivially obtained by first enumerating all the d-paths of 
the given graph G and then eliminating all the subsumed 
d-paths. The above algorithm is exponential in the size 
of G, because G’ is being constructed in CNF. However 
an NNF d-minimal equivalent G’ of G may be small com- 
pared to a CNF d-minimal equivalent. Even so, the prob- 
lem is NP-hard (proof follows) and hence is not likely to 
have an efficient algorithm. 

Theorem 8. The following problem (Elimination 
of subsumed paths) is NP-haid. Given a graph G, find a 
d-minimal equivalent graph G’. 

We have seen that the general problem of comput- 
ing d-minimal graphs is N&hard. Nevertheless, redun- 
dant disjunctive anti-links are easily recognized, and 
eliminating their corresponding subsumed d-paths can be 
done without direct subsumption checks. On the other 
hand, recognizable subsumed d-paths due to conjunctive 



anti-links are not likely to be as plentiful due to the 
strong restriction defining such useful anti-links. It is 
also difficult to find out if an arbitrary conjunctive anti- 
link results in subsumed d-paths. In fact, this problem is 
NP-complete. 

Theorem 9. The following problem is Np- 
complete. 
INSTANCE: Given a conjunctive anti-link (Ax, Ay} in 
graph G. 
QUESTION: Are there two d-paths px and py in G, such 
that px passes through Ax and py passes through AY and 
either px subsumes py or vice versa. 

Ngair [lo] has investigated examples that prove 
difficult for many proposed prime implicate/implicant 
algorithms. In this section, we show that PI + anti-links is 
effective for some of these examples. For other examples 
from [lo], applying anti-link techniques appears not to 
produce as significant an improvement. We also develop 
another technique based on strictly pure full blocks, and 
which results in a dramatic improvement for these latter 
examples. 

Examples Using Anti-Links 

In [lo] Ngair proposes a class of formulas for 
which reliance on an intermediate CNF form can result in 
an exponential increase in size and hence would be 
intractable for CNF-based algorithms. Dissolution + PI 
also does poorly for these examples: Although the full 
dissolvent can be computed quickly, a large number of 
subsumption checks must be performed by PI. It turns 
out, however, that the subsumed implicates correspond to 
useful and easily recognizable anti-links of both the dis- 
junctive and conjunctive kind. We show that if these 
anti-links links are removed after dissolution is per- 
formed, dissolution +PI can find all the implicates in 
polynomial time. 

We represent this class of formulas as (3i ) , i 2 1. 
Shown below is the formula 3~: 

((~3~w~.~ji2N-1)VAl)~((A4~‘..~ji2N)VA2) 

A ((AI A AZ) V - l 0 v (Ati-r A Ah)) 

Observe that 3~ has 3.N liter&, and 2.N c-links; 
dissolution can remove these links by performing 2-N dis- 
solution steps we get a full disolvent. 

Using N+3 factoring operations [9] (a special case 
of anti-link operation) and 3 anti-link operations the full 
dissolvent reduces to (At A AZ); the prime implicates are 
just (A1 } and (AZ}. Hence dissolution + removal of 
anti-links + PI can handle the above class of problems in 
polynomial time. Perhaps the most important point is 
that no subsumption checks whatsoever are required. 

Strictly Pure Full Blocks 

Recall that a full block is essentially an explicit 
subgraph; it is a subset of the arguments of a conjunction 
or disjunction, and, via commutations and reassociations, 
can in fact be made explicit. We say a full block M in 
graph G is pure if there are no c-links or d-links that con- 
sist of exactly one node from M. (This is just the obvious 
generalization of pure literal used in the literature on 
CNF-based automated deduction.) If, in addition, there 
are no conjunctive or disjunctive anti-links that consist of 
exactly one node from M, we say that M is strictZy pure. 
(Simply put, M shares no variables with the rest of 6.) 

When factored, some of the examples from [lo] 
contain surprisingly many strictly pure full blocks. Note 
that both factoring and recognizing strictly full blocks are 
polynomial operations. Intuitively, such full blocks can be 
replaced by single new variables, and the implicates of 
the resulting graph bear a strong relationship to those of 
the original. 

Theorem 10. Let M be a satisfiable strictly pure 
full block in satisfiable semantic graph G, and let X be a 
new variable not occurring in G. We denote by Gx the 
graph obtained by the substitution of X for M in G. Let 
D=D- V 0~ be a non-tautological disjunction of 
literals from G, where DGM consists of literals not in M, 
and DM consists of literals that are. We define the dis- 
junction Dx to be D- V (DM / X) = DGLM V X (the 
result of replacing in D every literal of DM by the new 
variable X and collapsing the multiple occurrences of X). 
Then 
1) If D does not contain literals from , then D k a 
prime implicate of G H D is a prime implicate of Gx 
2) If D contains literals from M then D is a prime impli- 
cate of G a Dx is a prime implicate of Gx and DM is a 
prime implicate of GM. 

ore examples 

In [lo] Kean provides the class of examples 
referred to as I(,. They have m(n+l) input CNF clauses 
and (m+l)“+mn prime implicates. This set of clauses can 
be factored to get a more compact representation in NNF 
as shown below. 

Since the number of prime implicates is exponential, so is 
the number of subsumption checks required. The number 
of subsumption checks for the IPIA [ 1 ] and GEN-PI [lo] 
are shown in Table 1. Since then also have no anti-links, 
For each i the literals { Si 1 * * l Si,) form a full block Mi, 
and all literals in it are strictly pure. Let K’, be the 
graph obtained by replacing each full block Mi by a new 
variable Xi. By the corollary of Theorem 10, we can get 
the prime implicates of Kmn from the prime implicates of 
I-c’,. Since each of the subgraphs Mi has no c-links, the 
prime implicates of Mi are present as d-paths by Theorem 
3. By the contrapositive of Theorem 4, neither are sub- 
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eferences 

Table 1. 

sumption checks required to find these prime implicates. 
Thus the number of subsumption checks to be done is 
exactly that required for computing the prime implicates 
of K’,, and this is significantly less than that needed for 
K Note that the number of prime implicates of K’, is 
on!$y 2”+n. For the problems in Table 1, we applied the 
above technique in combination with anti-link operations. 
For Klmn, the full dissolvent depends only on n and can 
be defined recursively. (We omit the graph due to space 
limitations.) 

The number of subsumption checks required in this 
case is also shown in Table 1. There is clearly a 
significant reduction in the number of subsumption 
checks required by our techniques. Note that for the prob- 
lem K,, the number of subsumption checks depends 
only on n and not on m. 

Our techniques are not limited to NNF formulas. 
They can sometimes be used by other algorithms like 
IPIA and GEN-PI which are not based on NNF formulas. 
For example K’, turns out to be in CNF and hence both 
IPIA and GEN-PI can handle these formulas, thereby 
reducing the number of subsumption checks needed. 
However normal forms like CNF provide very little scope 
for applyjng thes_e techniques directly. For example the 
literals { Si 1 - l l Si m) in the unfactored form of K, n do 
not form a full block. Hence one cannot apply Theorem 
10. They do form a full block after factoring. This pro- 
vides stronger evidence that by avoiding less general nor- 
mal forms like CNF/DNF, one can improve the perfor- 
mance of prime implicate algorithms. ’ 

Conclusions and Future Work 

Anti-links admit useful equivalence-preserving 
operations that remove subsumed paths without any direct 
checks for subsumption. This is significant for prime 
implicate computations, since such computations tend to 
be dominated by subsumption checks. 

Although prime implicate/implicant problems are 
intractable in general, our techniques perform exponen- 
tially better than others on certain examples. In addition, 
we are able to improve performance greatly on the 
inherently exponential examples of [lo]. 

Some experimental results on a dissolution- and 
PI-based prime implicate system are reported in [12]. The 
system will be extended to include anti-link operations, 
so as to test their effectiveness in practice. 

2 Data obtained from [1O].3 Inferred from [l]. 
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