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Abstract 

In this paper, we consider the problem of finding feasi- 
ble solutions to scheduling problems that are compli- 
cated by separation constraints on the execution of dif- 
ferent operations. Following recent work in constraint- 
posting scheduling, we formulate this problem as one 
of establishing ordering relations between pairs of 
operations requiring synchronization of resource us- 
age. This establishes contact with the recently pro- 
posed General Temporal Constraint Network (GTCN) 
model. Exploiting properties of the general GTCN 
solution procedure, we are able to directly general- 
ize a high performance solution procedure previously 
developed for a much more restricted class of schedul- 
ing problems. Specifically, shortest path information 
in the underlying temporal constraint network is first 
used to establish dominance conditions for early prun- 
ing of infeasible solutions. Heuristics are then defined 
for variable/value ordering in the meta-CSP space of 
possible resolutions of the disjunctive constraints on 
resource usage. Th ese heuristics are based on use of 
shortest path information as an estimation of decision 
flexibility. Experimental evaluation of the resulting 
heuristic procedure is carried out on a set of randomly 
generated problems drawn from a manufacturing sce- 
nario. Results indicate extremely effective problem 
solving performance in relation to both the original 
scheduling procedure that was adapted and the gen- 
eral GTCN solution procedure. 

Introduction 
Scheduling problems present an important and chal- 
lenging class of constraint satisfaction problems 
(CSPs) that h ave received increasing attention in the 
literature (e.g., Keng & Yun 1989, Minton et al. 1992, 
Muscettola 1993, Sadeh & Fox 1990, Smith & Cheng 
1993). The classic problem typically considered, which 
originates from the manufacturing domain and is re- 
ferred to as the job shop scheduling problem, involves 
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synchronizing the production of n jobs in a facility with 
m resources. The production of a given job requires 
the execution of a sequence of operations. Each oper- 
ation has a specific processing time and its execution 
requires the exclusive use of a designated resource (i.e. 
resources have unit capacity). Each job has an asso- 
ciated ready time and a deadline, and its production 
must be accomplished within this interval. In the non- 
relaxable version of the problem, the objective is to 
determine a set of operation start times that satisfies 
all temporal and resource capacity constraints. 

This problem bears similarity to the problems of in- 
terest in the related field of temporal reasoning. His- 
torically there have been differences. Qualitat#ive tem- 
poral reasoning (e.g., Allen 1983, Vilain & Kautz 1986) 
has been concerned with problems of establishing and 
verifying consistent relations between events, but faces 
difficulties in incorporating metric information such as 
durations, ready times and deadlines; Quantitative ap- 
proaches (Dechter, Meiri, & Pearl 1991) have investi- 
gated problems with complex metric constraints but 
are unable to accommodate disjunctive resource ca- 
pacity constraints. More recent work in integrating 
qualitative and quantitative temporal reasoning (Dean 
& McDermott 1987, Meiri 1991, Kautz SC Ladkin 1991) 
has proposed models that encompass the full set of con- 
straints of the scheduling problem summarized above. 
In fact, one of these models (Meiri 1991) corresponds 
directly to the model used in (Smith & Cheng 1993), 
where an efficient heuristic solution procedure for the 
job shop scheduling problem was developed. 

By exploiting this connection and formulating the 
scheduling problem within Meiri’s model, we gain in- 
sight into the development of high performance heuris- 
tic procedures for a much wider class of frequently 
encountered scheduling problems. The specific class 
of scheduling problems we address in this paper ex- 
tends the classical job shop problem in several respects. 
First, the precedence constraints that define the op- 
eration sequences of jobs are extended to allow addi- 
tional specification of metric “separation constraints”, 
delineating a feasible interval within which the execu- 
tion of related operations can be separated in time. 
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Second, the assumption of fixed operation processing 
times is relaxed to instead allow specification of min- 
imum and maximum bounds. Finally, temporal rela- 
tionships are specifiable between operations in differ- 
ent job sequences, allowing synchronization constraints 
unrelated to resource usage. All of these extensions 
find direct application in many practical domains. In 
metal parts manufacturing, for example, if an opera- 
tion heats metal for a subsequent shaping operation, 
then the shaping operation must be executed before 
the metal cools for the process to be productive. Al- 
ternatively, a chemical bath operation in chip manu- 
facturing processes requires a certain amount of time 
to be productive, but damage to the part is typically 
only incurred if the time in the bath exceeds a larger, 
maximum amount of time. The development of pro- 
cedures for solving this extended class of scheduling 
problems has received very little attention from either 
the Artificial Intelligence or Operations Research com- 
munities. 

The remainder of the paper is organized as follows. 
We first summarize the general temporal constraint 
network (GTCN) proposed by Meiri. Next, we use this 
model to characterize our extended scheduling prob- 
lem, and discuss the general GTCN solution procedure 
in this problem context. We then turn to development 
of an efficient heuristic procedure for scheduling under 
complex metric constraints. After specifying the pro- 
cedure, an experimental analysis of its performance is 
presented. 

General Temporal Constraint Networks 
A general temporal constraint network T consists of a 
set of variables {Xi, . . . . X,} with continuous domains, 
and a set of unary or binary constraints. Each variable 
represents a temporal object, either a time point or 
an interval, and a constraint C may be qualitative or 
metric. 

A qualitative constraint C is represented by a dis- 
junction (Xi fl Xj) V . . . V (X; rk Xj ), alternatively ex- 
pressed as a relation set X; { ~1, . . . . rk} Xj , where pi rep- 
resents a basic qualitative constraint. Three types of 
basic qualitative constraints are allowed: (1) interval- 
interval constraints (Allen 1983); (2) point-point con- 
straints (Vilain & Kautz 1986); (3) point-interval or 
interval-point constraints (Ladkin & Maddux 1989). 

A metric constraint C is represented by a set of in- 
tervals {Ii, . . . , Ike) = {[%hl , . . . . [uk, bk]}. Two types 
of metric constraints are specifiable. A unary con- 
straint Ci on point Xi restricts Xi’s domain to a given 
set of intervals, i.e. (Xi E II) v . . . v (Xi E Ik). A 
binary constraint Cij between points Xi and Xj re- 
stricts the feasible values for the distance dXj - Xi, i.e., 
(Xj - Xi E II) V . . . V (Xj - Xi E Ik). A special time 
point Xc can be introduced to represent the “origin”. 
Since all times are relative to X0, each unary constraint 
Ci can be treated as a binary constraint Coi. 

A general temporal constraint network is associated 

Jl - ready time: 4; deadline: 16 

operation resource duration 

01 RI [4,81 

07 R2 [3,91 

J2 - ready time: 2; deadline: 16 

operation resource duration 

O3 Rl 1581 
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separation constraints: 

[3,10] between O1 and 02 

Figure 1: A simple scheduling example 
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Figure 2: The constraint graph of the example 

with a directed constraint graph G, where nodes repre- 
sent variables, and a edge i -+ j indicates that a con- 
straint Cij between variables Xi and Xj is specified. 
We say a tuple X = (21, . . . . 2,) is a solution if X sat- 
isfies all qualitative and metric constraints. A network 
is consistent if there exists at least one solution. 

Modeling the Scheduling Problem 

To illustrate how to model the scheduling problem us- 
ing GTCN, consider a simple scenario involving two 
jobs J1 and J2. J1 requires the operation sequence 
a - 02, and J2 requires the operation sequence 

03 - 04. Figure 1 gives the ready times and dead- 
lines for J1 and J2, the resource required by each op- 
eration, and duration and separation constraints. Fig- 
ure 2 shows the corresponding constraint graph for this 
problem. For expository purposes, we display an inter- 
val object by an oval and a point object by a circle. 

In the graph, si and ei represent the start and end 
points for operation Oi respectively, and Xc is the ori- 
gin, representing “time zero”. For operations 0; and 
Oj, requiring use of the same resource, we model the 
resource capacity constraznt as a relation set {b, hi} be- 
tween them, indicating that Oi should be sequenced 
before or after Oj without any overlap. For an exam- 
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Table 1: The formal specification of constraints 

ple of resource capacity constraint, see the constraint 
{ 15, bi} between 01 and 03. 

Job ready times and deadlines are represented by 
metric constraints between point X0, and the corre- 
sponding start or end points. For example, the ready 
time 4 of job J1 is represented by a metric constraint 
{[4, co]} between point X0 and Jl’s start point ~1, in- 
dicating that the start time of J1 should be greater 
than or equal to the ready time 4. 

A separation constraint is represented by a metric 
constraint between the end and start points of the pre- 
scribed operations (e.g. the constraint {[3, lo]} be- 
tween el and ~2). A simple precedence constraint 
(which is always assumed in the classical scheduling 
problem) is just a special case where the separation 
interval is unbounded (e.g., the constraint {[O,co]} be- 
tween e3 and ~4). An operation’s processing time is 
similarly represented by a metric constraint, in this 
case between its start and end points (e.g., the con- 
straint {[4, S]} b t e ween s1 and el). Table 1 shows the 
formal specification of all constraints graphically de- 
picted in Figure l(b). 

Scheduling problems formulated in this manner rep- 
resent a subclass of general temporal constraint prob- 
lems where the only disjunctions present in the associ- 
ated constraint graph are the {b, bi} edges correspond- 
ing to the resource capacity constraints. All other 
edges have either one relation or a single interval. It 
is well known that this class of problems is strongly 
NP-complete (Garey & Johnson 1979), and heuristics 
are required for efficient solution. 

A General Backtracking Procedure 
By determining a feasible schedule, we mean to find a 
solution of the associated general temporal constraint 
network. A straightforward way of solving a GTCN 
has been suggested in (Meiri 1991). Let a labeling of 
a general temporal constraint network, T, be a selec- 
tion of one relation from each qualitative constraint or 
one interval from each metric constraint. Since each 
basic qualitative constraint can be translated into at 
most four metric constraints (Kautz & Ladkin 1991), 
a labeling actually defines a Simple Temporal Problem 
(STP) network - a metric network whose arcs have only 
single intervals (Dechter et al. 1991). We can solve T 
by generating all possible labelings, solving each one 
of them, and combining the results. Specifically, T is 
consistent if and only if there exists a labeling whose 

associated STP is consistent. In our scheduling prob- 
lem, most arcs are labeled by single relations or single 
intervals, except for those labeled by the relation set 
{b, bi}. To generate all labelings, we exhaustively enu- 
merate all b or bi relations for those arcs. If e is the 
number of the arcs labeled by the {b, bi} relation set, 
the total number of the enumeration will be 2”. 

For any STP network, we can associate it with a 
directed edge-weighted graph, Gd, called a dis-tance 
graph. An STP is consistent if and only if the cor- 
responding distance-graph Gd has no negative weight 
cycles. The minimal network of the STP can be spec- 
ified by a complete directed graph, called the d-graph, 
where each edge, i - j, is labeled by the shortest 
path length, dij, in Gd (Dechter et al. 1991). An STP 
network can be solved in O(n3) time by the Floyd- 
Warshall’s all-pairs shortest-paths algorithm, where n 
is the number of variables in the STP network, Thus, 
the overall complexity of the brute-force method for 
the scheduling problem is O(n32”). 

We can increase the efficiency of the brute-force 
method by running a backtracking search on a meta- 
CSP network whose variables are the arcs in the GTCN 
which have the relation set {b, bi}, and whose domains 
are the two possible relations. In the backtracking pro- 
cedure, we randomly select one variable and assign b or 
bi relation to that variable. If the corresponding STP 
network is consistent, we continue until we generate a 
solution; otherwise we backtrack. 

More Effective Methods 
As first observed by Erschler et al. (1976), t(he 
structure of resource capacity constraints - i.e. t,liat 
Oi (6, bi}Oj f or any Oi and Oj competing for the same 
resource - can be exploited to define dominance condi- 
tions over the set of possible orderings in any feasible 
solution. In (Smith & Cheng 1993) a scheduling pro- 
cedure called Precedence Constraint Posting (PCP) is 
defined which couples the use of such dominance check- 
ing with simple “slack-based” heuristics for variable 
and value ordering in the meta-CSP problem. The in- 
tuition behind these heuristics is simple. When faced 
with two or more unresolved ordering decisions, focus 
first on the decision with the least sequencing flexi- 
bility. Since any decision made is likely reduce the 
flexibility of those that remain, delaying the currently 
most constrained choice increases the chances of arriv- 
ing at an infeasible state. In taking the decision, select 
the choice that retains the most sequencing flexibility 
(and thus leaves the search with the most degrees of 
freedom). On a set of previously published benchmark 
problems, PCP was shown to significantly outperform 
other contemporary approaches to the classical con- 
straint satisfaction scheduling problem. 

Unfortunately, temporal slack measures are based 
solely on the earliest start times and latest end times 
of operations, and do not reflect the influence of finite- 
interval separation constraints between operations. As 
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this type of constraint is added into the problem, we 
would thus expect slack measures to provide a less ef- 
fective basis for estimating sequencing flexibility. How- 
ever, our problem formulation within the GTCN model 
suggests a straightforward means of generalizing the 
PCP procedure. In the following subsections, we de- 
velop dominance conditions and search control heuris- 
tics for this extended class of scheduling problems. 

Dominance Conditions 
Suppose Xij is a currently unassigned variable in the 
meta-CSP network representing the choice associated 
with the constraint Oi {b, bi} Oj, and consider the d- 
graph associated with the current partial solution. Let 
si, ei, sj , and ej be the start and end points respec- 
tively of Oi and Oj, and further assume dij is the 
shortest path length from ei to sj and dji is the short- 
est path length from ej to si. Four mutually exclusive 
cases can be identified: 

Case 1. If dij 2 0 and dji < 0, then Oi {b} Oj 
must be selected. 

Case 2. If dji 2 0 and dij < 0, then Oi {bi} Oj 
must be selected. 

Case 3. If dji < 0 and dij < 0, then the STP 
network is inconsistent. 

Case 4. If dji 2 0 and dij 2 0, then either rela- 
tion is still possible. 

Consider Case 1. Suppose that rather than select- 
ing Oi {b} Oj , we select Oi {bi} qj. This implies the 
insertion of a new edge si - ej with 0 weight into the 
current distance graph Cd, corresponding to the linear 
inequality ej - si 5 0 (i.e., si 2 ej). But, since Gd 
already contains a negative weight path from ej to si 

( i.e., dji < 0)) we now have a negative weight cycle 
in Gd. To avoid inconsistency, hence, we must select 
Oi {b} Oj . By similar arguments, we can derive Cases 
2, 3, and 4. 

These dominance conditions provide a direct basis 
for pruning with the meta-CSP search space. Detec- 
tion of Case 1 or Case 2 in any state allows immedi- 
ate assignment (and extension of the current STP net- 
work). Each time a new distance constraint is added 
to the STP network, the corresponding d-graph is de- 
termined. If Case 3 is detected in any state, the only 
recourse is to backtrack. 

Variable and Value Ordering 
The dominance conditions, of course, provide only 
necessary conditions for determining a set of feasible 
schedules. We are still left with the problem of resolv- 
ing the undecided states specified by Case 4. In situ- 
ations where application of the dominance conditions 
leaves the search in a state with several unassigned 
variables in the meta-CSP network, the shortest path 
information in the current d-graph provides estimates 
of the flexibility associated with each decision. Directly 

Generate _I no feasible 
schedules 

Figure 3: The SP-PCP Search Procedure 

adapting the variable and value ordering heuristics de- 
fined by Smith and Cheng (1993)) we define the biased 
shortest path lengths between Oi and Oj as 

. . 
bdij = ~; bdji = dji 

6’ 

s= min{ dij , dji } 
max{ dij , dji} (2) 

estimates the degree of similarity between the two val- 
ues dij and dji. Given this definition of bd, the priority 
of a given decision variable Xij is determined by the 
expression prx,3 = - min{ bdij, bdji}. The meta-CSP 
variable with the highest pr is selected as the next vari- 
able to assign. 

Intuitively, this variable ordering heuristic is heav- 
ily oriented toward selection of the Xij with the least 

sequencing flexibility, i.e., min(dij , dji}. The fi bias 
is introduced to hedge in situations where the deci- 
sion with the overall min{dij, dji) has a very large 
max{dij , dji), and a competing decision has two short- 
est path values just slightly larger than this overall 
minimum. 

Having selected the next meta-CSP variable to as- 
sign, we commit to the ordering relation that retains 
the greatest flexibility. Specifically, if the highest prior- 
ity variable is Xij , then we select Oi{b}Oj if bd;j > bdji 
and Oi{ bi)Oj otherwise. 

Figure 3 graphically depicts the overall search proce- 
dure, which will be referred to as SP-PCP. We present 
SP-PCP as a backtrack-free approximation procedure. 
However, it should be clear how the procedure can be 
integrated into a backtracking search. 

Performance Evaluation 
In this section, we evaluate the performance of the 
shortest path dominance conditions and variable/value 
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ordering heuristics on a set of randomly generated 
problems. We contrast the performance of the SP-PCP 
with that of the original PCP developed in (Smith & 
Cheng 1993), t o assess the performance gain directly 
attributable to reliance on shortest path information 
as opposed to slack information for search control. We 
also embed both SP-PCP and PCP within a chronolog- 
ical backtracking search. In this case, performance is 
contrasted with that of the basic GTCN backtracking 
search procedure previously given, to evaluate the per- 
formance leverage provided by both dominance check- 
ing and variable/value ordering in solving this class of 
problems. 

We simulate a scheduling scenario where jobs require 
operations to be performed on each of 5 resources. We 
generate problem sets of 5 different sizes: 6 jobs (or 
30 total operations), 8 jobs (40 operations), 10 jobs 
(50 operations), 16 jobs (80 operations) and 20 jobs 
(100 operations). For each problem size, we randomly 
generate 50 problem instances. This gives a total of 
250 scheduling problems, with size ranging from very 
small to fairly large. 

Operation sequences are randomly generated and 
each of the 5 resources must be visited once. Mini- 
mum processing times are drawn from a uniform dis- 
tribution U[lO, 501, and the maximum processing times 
are generated by multiplying each minimum processing 
time by a random tolerance (1 + t), with t - U[O, 0.41. 
Job ready times are drawn from a uniform distribution 
M U[O, 0.11, where iVl represents the minimum overall 
duration of the schedule (or “makespan”).l Similarly, 
job deadlines are drawn from another uniform distri- 
bution n/r U[l, 1.11. 2 Finally, we generate separation 
constraints between every two consecutive operations 
in each job. A separation constraint is represented 
by a random interval, [a, b], with a N U[O, lo] and 
b - U[40,50]. 

Six different procedures where applied to the gener- 
ated set of 250 problems: the SP-PCP and original 
PCP approximation procedures, chronological back- 
tracking search with random variable/value ordering 
(denoted below as CB), chronological backtracking 
augmented with SP dominance checking (denoted as 
CB w/ D), and backtracking search variants of both 
SP-PCP and PCP (denoted as CB w/ SP-PCP and 
CB w/ PCP respectively). All procedures were im- 
plemented in C and run on a SUN Spare 10 worksta- 
tion. For all backtracking algorithms, the maximum 
time allowed for solution of any problem was limited 

r M = (n - 1)pbk + cz, pi, where n is the number of 
jobs, m the number of resources, pbk the average minimum 
processing time of operations on the bottleneck resource, 
and E the average minimum processing time of operations 
on resource i. The bottleneck resource bk: is the resource 
with the maximum total amount of operation (minimum) 
processing time. 

2This scheme for g enerating job ready times and dead- 
lines is taken from (Ow 1985). 

size 

30 
40 
50 
80 

100 

PCP sp-PCP 
cb cb WI cb WI cb WI 

d PCP sp-PCP 

38 49 50 50 50 50 
16 46 32 50 50 50 
0 40 10 28 46 50 
0 37 0 1 2 48 
0 33 0 0 0 46 

Number 

of 
Problems 

Solved 

30 40 50 60 70 80 90 
Number of Operations 

100 

Figure 4: Number of problems solved 

to 1,000 CPU seconds. Backtracking search algorithms 
were found to be capable of searching approximately 
300,000 states in this time frame. Performance was 
measured in terms of number of problems solved and 
average solution time. 

Figure 4 shows the number of problem instances 
solved in each problem size category by each procedure 
tested. The average time required (in CPU seconds) 
for solving all instances of each size category is given 
in Figure 5 (graphed on a logarithmic scale). For the 
backtracking procedures, this average time thus gives 
a lower bound on solution time for those categories in 
which all problems are not solved. 

It is clear from the results obtained with SP-PCP 
and PCP (the backtrack-free procedures) that shortest 
path information provides a much more effective basis 
for directing the search. PCP was reasonably effective 
only on the smallest problem set and was not able to 
solve any problem with 50 or more operations. SP- 
PCP, alternatively, performed extremely well on the 
smaller problem sets. Though its effectiveness also di- 
minishes with increasing problem size, it is, nonethe- 
less, able to solve 33 of the 50 lOO-operation problems, 
with an average solution time of under 10 seconds. 

SP-PCP results are more striking when considered 
in relation to the results produced by the backtracking 
procedures tested. We see that at small problem sizes 
(30-40 operations), all algorithms perform very well. 
As problem size increases, the exponentially increasing 
size of the search space quickly overwhelms the basic 
chronological backtracking procedure CB and its per- 
formance deteriorates drastically. The incorporation 
of dominance condition checking (CB w/ D) is seen 
to improve the performance of CB on most problem 
sets. However, it is interesting to note that incorpo- 
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Figure 5: CPU seconds used 

ration of the original PCP procedure yields a some- 
what larger performance improvement. This indicates 
that the look-ahead advantage provided by slack-based 
variable/value ordering in fact outweighs the perfor- 
mance gains offered by stronger search space pruning 
conditions. In the case of both of these augmented 
backtracking procedures, however, the larger, 80-100 
operation problems generally cannot be solved. 

The results obtained by integrating SP-PCP into the 
chronological backtracking procedure further indicate 
the impact of our simple variable and value ordering 
heuristics on problem solving performance. Not only is 
this procedure effective across problem sets of all sizes, 
solving all but 4 problem instances, but it is also very 
efficient. The use of shortest path information quickly 
moves the search into profitable regions of the space, 
and dramatically reduces the need for backtracking. 

Conclusions 
In this paper, we have presented an efficient proce- 
dure for solving scheduling problems that are compli- 
cated by finite-interval separation constraints on the 
execution of different operations. Despite the practi- 
cal importance of this class of problems in many appli- 
cation domains, it has received little attention in the 
scheduling research community. Following recent re- 
search in constraint-posting scheduling, we formulated 
the scheduling problem as one of establishing before 
or after relations between pairs of operations that re- 
quire the same resource. The problem was character- 
ized as a general temporal constraint network (GTCN), 
and, using properties of Simple Temporal Problems, 
we were able to directly generalize a high performance 
scheduling procedure previously developed for a more 
restricted class of scheduling problems. We established 
dominance conditions, based on shortest path infor- 
mation, for early pruning of infeasible regions of the 

meta-CSP search space. We also developed heuris- 
tics for variable and value ordering in the meta-CSP 
search, based on use of shortest path information as an 
estimation of decision flexibility. Experimental evalua- 
tion of these heuristics on a set of randomly generated 
problems drawn from a manufacturing scenario indi- 
cated significant performance improvement in relation 
to general GTCN solution procedures and the original 
constraint-posting procedure. 
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