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Abstract

The original, resolution-based Davis-Putnam satisfiability algo-
rithm (Davis & Putnam 1960) was recently revived by (Dechter
& Rish 1994) under the name “directional resolution” (DR).
We provide new positive complexity results for DR. First, we
identify a class of theories (ACT, Acyclic Component Theo-
ries), which includes many real-world theories, for which DR
takes polynomial time. Second, we present an improved anal-
ysis of the complexity of directional resolution through refined
notions of induced width, which yields new tractable classes for
DR, and much better predictions of its space and time require-
ments under various atom orderings. These estimates can be
used for heuristically choosing among various orderings before
running DR.

Introduction
The original, resolution-based Davis-Putnam satisfiability al-
gorithm (Davis & Putnam 1960) was recently revived by
(Dechter & Rish 1994; Rish & Dechter 2000) under the name
“directional resolution” (DR). DR was shown to be a rela-
tively efficient method for certain kinds of semi-structured
problems, on which it often outperforms the backtracking-
based Davis-Putnam algorithm (Davis, Logemann, & Love-
land 1962) by orders of magnitude. While DR was also con-
sistently outperformed by backjumping in these experiments,
DR provides more information than backtracking procedures,
as pointed out by (Dechter & Rish 1994), in that any model
can be found backtrack-free after running DR.

In addition, DR lies at a very interesting theoretical cross-
road. First, as shown in (Dechter 1999), DR is one of a family
of “bucket elimination” (BE) procedures for logical, Bayesian,
and constraint reasoning, as well as for linear and dynamic
programming. The complexity of most of these BE proce-
dures can be analysed in terms of a single structural param-
eter, induced width. Second, DR is, specifically, the bucket
elimination version of propositional ordered resolution (in the
sense of atom ordering, see e.g. (Fermüller et al. 1993;
Bachmair & Ganzinger 1999)), itself a rich source of com-
plexity results (Basin & Ganzinger 1996; Fermüller et al.
1993). Finally, (del Val 1999) has shown how to extend or-
dered resolution (with or without BE) to consequence-finding
tasks, such as finding consequences that contain only certain
literals, or with bounded length, or simply finding all conse-
quences (the prime implicate task). DR provides a “bottom
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line” of computational effort for these consequence-finding
tasks, as all the BE methods of (del Val 1999) perform at least
as much work as DR. We extend our analysis of DR in this
paper to consequence-finding in (del Val 2000).

(Dechter & Rish 1994) show that DR is tractable for a
few classes of theories, including binary theories, and theo-
ries with bounded induced width or induced diversity. This
paper makes two contributions. First, we introduce a wide
class of structured, realistic theories for which DR takes poly-
nomial time, even though it appears this cannot be predicted
by induced width. Second, we refine the complexity analysis
of DR in terms of induced width (Dechter & Rish 1994) by
introducing new structural parameters to estimate the space
and time requirements of DR. This allows us to identify new
tractable classes, and also to obtain more accurateempirical
predictionsof complexity for any atom ordering. By com-
paring estimates for various orderings, we may heuristically
choose among them before running DR. We will in fact go to
some length to try to improve the accuracy of these predic-
tions.

We assume familiarity with the standard terminology of
propositional reasoning and resolution. The algorithm DR
is very simple. Given a set of clausesΣ, fix some ordering
o = x1, . . . , xn of the propositional variables. Associate to
each variable a bucketb[xi] of clauses whose smallest vari-
able, according too, isxi. Then process buckets in ascending
order:1

Algorithm DR

for i = 1 to n do:
compute all non-tautologous resolvents onxi of clauses
in b[xi], adding them to their corresponding buckets.

Example 1 (Dechter & Rish 1994, example 2)Consider the
theoryΣ1 = {x1x2, x1x3, x2x4, x3x4x5}. Along the natu-
ral ordering, DR generates the clausesx2x3, x3x4, andx4x5.
The buckets’ final contents areb[x1] = {x1x2, x1x3}, b[x2] =
{x2x4, x2x3}, b[x3] = {x3x4x5, x3x4}, b[x4] = {x4x5},
b[x5] = ∅. 2

DR is a complete SAT method. It is compatible with
deletion of tautologies and subsumed clauses (del Val 1999),

1 As in (del Val 1999), we use order of processing as our primary
ordering, and speak of the variables processed first as the “earliest”
or “smallest” in the ordering. (Dechter & Rish 1994; Rish & Dechter
2000) use as primary ordering reverse order of processing, speaking
of processing buckets by resolving on “largest” literals. It is trivial to
map from one representation to another.
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Figure 1: Sample ACTs.

though we will mostly ignore this for simplicity. In the above
example, this would removex3x4x5.

For an orderingo, DRo(Σ) denotes the set of clauses ob-
tained by processingΣ with DR alongo. We useb[xi]+ (re-
spectivelyb[xi]−) for the set of clauses ofb[xi] in which xi
occurs positively (respectively, negatively). For any expres-
sionE, V ar(E) denotes its variables.

Tractable classes: ACNs
We next define acyclic component networks. They are in the
spirit of other “structured system descriptions,” e.g. (Dar-
wiche & Pearl 1994; Dechter & Dechter 1996). Our building
elements arecomponents, whose associated “microtheories”
describe their input/output behavior. This, together with an
acyclic graphical structure (a DAG) representing flow from
“inputs” to “outputs”, ensures tractability results.

Formally, a componentCi is a tupleCi = 〈Ii, Oi,Γi〉,
whereIi andOi are disjoint sets of variables (respectively, the
“input” and “output” variables ofCi), andΓi is a set of clauses
overIi∪Oi, the “component theory.” The “component micro-
graph”Gi = 〈Vi, Ei〉 is defined by verticesVi = Ii ∪Oi and
directededgesEi, where(x, y) ∈ Ei iff x ∈ Ii andy ∈ Oi.

Components may be those of some device (e.g. logical
gates in a circuit, engine parts), or represent events, or some
other causal or logical relationship. We restrict how compo-
nents can be linked together, which is what makes interesting
structures appear:

Definition 1 An Acyclic Component Network (ACN) is de-
fined in terms of a setCOMP = {C1, . . . , Cm} of compo-
nents. We require:
1. Oi ∩Oj = ∅, for any distincti andj (i.e. a variable can be

output variable of at most one component).
2. The component graphGC = 〈

⋃
i Vi,

⋃
iEi〉 is acyclic.

3. For any i and inverse topological ordero of GC , (a)
DRo(Γi) can be computed in polynomial time, and (b) any
clauseC ∈ DRo(Γi) satisfiesV ar(C) ∩Oi 6= ∅.
A theoryΣ is an Acyclic Component Theory (ACT) just in

case it can be partitioned into a set of disjoint subsets asΣ =⋃
i Γi such thatV ar(Γi) can in each case be partitioned into

two setsIi andOi as above, and all other required properties
are satisfied.

Example 2 Figure 1 displays a simple logical circuit (a)
side by side with its component graph (b). The associ-
ated theoryΣ2 = Γ1 ∪ Γ2 consists of microtheoriesΓ1 =
{i1i2a1, a1i1, a1i2}, andΓ2 = {a1i3a2, a2a1, a2i3}.

Figure 1.c illustrates multiple outputs with a possible com-
ponent graph for a 2-bit adder, composed of two full adders,
with carriesc, input bitsi and output bitso. For convenience,
all arcs for a single component are summarized as a single,
star-shaped hyperedge.

Notice that one can easily “read” in the component graph
an associated graph where nodes are components rather than
propositional variables.2

Theorem 1 Let Σ be an ACT. There is an ordero such that
DRo(Σ) =

⋃
iDRo(Γi), for which computingDRo(Σ) takes

polynomial time.

Proof sketch: Fix o to be any inverse topological sort ofGC . For
anyxi, letO(xi) be the uniquej, if any, such thatxi ∈ Oj . (Unique-
ness follows from condition 1). We can show, by induction on the
numberk of variables processed that, for anyxi, if O(xi) is de-
fined, thenb[xi] ⊆ DRo(ΓO(xi)), elseb[xi] = ∅. In particular, we
can show that every resolventR generated by processingxk is in
DRo(ΓO(xk)), and can be indexed only in a bucketb[xj ] such that
xj ∈ OO(xk) = OO(xj), thus preservingb[xj ] ⊆ DRo(ΓO(xj)).

It now easily follows thatDRo(Σ) =
⋃
i
DRo(Γi), and since

each component can be computed in polynomial time, the total cost
of DRo(Σ) is also polynomial.2

Example 3 DR generates no non-tautologous resolvents on
the theoryΣ2 of Example 2, using for example the order of
processinga2, a1, i1, i2, i3. 2

Condition (3.b) implies that eachΓi is satisfiable; thus by
theorem 1, any ACT is satisfiable, as DR is complete for sat-
isfiability. As in (Darwiche & Pearl 1994), consistency of
components guarantees global consistency. What DR adds is
the ability to generate any model of an ACT backtrack free
(Dechter & Rish 1994) fromDRo(Σ), using reverse order of
processing —i.e. in topological order, with inputs assigned
before outputs, if we follow Theorem 1.

ACNs capture a wide class of real-world theories,in par-
ticular those describing any combinatorial circuit. In this case
the components would be the gates, and their simple microthe-
ories, illustrated above, satisfy the given requirements. Con-
dition 2 follows from the absence of feedback loops in combi-
natorial circuits. Condition 3 follows from the fact that these
microtheories are (or can be easily put into) prime implicate
form, so that (a) no new unsubsumed resolvents can be gen-
erated by any form of resolution on a gate’s microtheoryΓi,
henceDRo(Γi) = Γi for any o; and (b) is satisfied initially
by Γi, and by (a) this does not change. Thus applying Theo-
rem 1 we obtain that in this caseDRo(Σ) = Σ for any inverse
topological sorto of GC .

Theorem 1 is in fact a generalization of anempirical obser-
vation, the behavior of DR with ISCAS logic circuit bench-
marks. It was not obvious at all that DR could do well on
these benchmarks, until we tried them with an ordering com-
patible with this theorem. ACTs are however more general
than theories of circuits, as in the latter inputs actually deter-
mine outputs; whereas Theorem 1 only suggests the weaker
restriction that any assignment to a component’s inputs can be
consistently extendedto its outputs; it need notfix them.

Other complexity results for structured descriptions, e.g.
(El Fattah & Dechter 1995; Darwiche 1998) address tasks dif-
ferent from model-finding, e.g. abduction or diagnosis. It
is interesting to note though that they come up with induced



width analysis of circuits which fail to predict tractability ex-
cept for tree-structured circuits. This suggests that the induced
width analysis that we ourselves will advocate in the next sec-
tion would fail to predict the tractability of DR on ACTs. For,
as said, all circuits fit in the ACT framework.

Even though the tasks addressed are different, it is worth
comparing the expressive power of ACTs and Symbolic
Causal Networks (SCNs) (Darwiche & Pearl 1994; Darwiche
1998), since there are many similarities. It appears that ev-
ery SCN is an ACN such that: (a) there is a single output per
component; (b) “direct causes” are our inputs; (c) the SCN’s
“exogenous” or “assumable” propositions are treated as addi-
tional ACN outputs;2 (d) outputs are determined by inputs;3

(e) microtheories are required to have bounded size.
It can be seen, in particular from (a), (d) and (e), that SCNs

are a relatively simple special case of ACNs.

Topological parameters for DR
We now turn to a more general analysis of the complexity of
DR. We first introduce the concepts of induced width and di-
versity from (Dechter & Rish 1994). For application of these
concepts to other areas of AI and CS, see (Dechter 1999;
Bodlaender 1993). The intuitive idea is very simple. We cap-
ture the input theoryΣ with a graph that represents cooccur-
rence of literals in clauses ofΣ. We then “simulate” DR in
polynomial time by processing the graph to generate a new
“induced” graph. Finally, we recover from the induced graph
information about all relevant complexity parameters for the
hypothetical execution of DR for the given theory and order-
ing. Example 5 below will illustrate this idea of polynomial
simulation of resolution.

As before, we use as our primary ordering the order of pro-
cessing, as opposed to the inverse order used in (Dechter &
Rish 1994). This means thatour induced width along an or-
dering corresponds to Dechter and Rish’s induced width along
the reverse order.4 The following definitions, though some-
what dense, should not be hard to parse for readers familiar
with the notion of induced width.

Definition 2 Let G be an undirected graph, ando =
v1, . . . , vn an ordering of its vertices.

Thedownward setD(vi) of vi alongo is the set of vertices
vj such that there is an edge(vi, vj) in G and i < j. The
(downward) width ofvi alongo is the cardinality|D(vi)| of
its downward set.

The(downward) width of a graphG alongo is the maximum
downward width among the nodes ofG.

Definition 3 (Dechter & Rish 1994, induced width) LetΣ be
a clausal theory, ando = x1, . . . , xn an ordering of its propo-
sitional variablesV ar(Σ).

1. The interaction graphof Σ is an undirected graph
GI(Σ) = 〈VI , EI〉, with verticesVI = V ar(Σ), and edges
EI = {(xi, xj) | xi, xj ∈ V ar(C) for someC ∈ Σ}.

2They are “private” to each component in (Darwiche & Pearl
1994), in line with our weaker restrictionOi ∩Oj = ∅.

3This follows from the syntactic restrictions on SCN microtheo-
ries imposed in (Darwiche & Pearl 1994).

4See also footnote 1. After all, the induced graphs below are also
generated in DR’s order of processing.
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Figure 2: The interaction graph ofΣ1.

2. Theinduced interaction graph ofΣ along orderingo is
the graphIo(GI(Σ)) = 〈VI , EoI 〉 obtained fromGI(Σ) as
follows: initially,EoI = EI ; then fori = 1 ton do: add edges
(xj , xk) toEoI for all xj andxk in the currentD(xi).

3. Thewidthwo(xi) of a variablexi alongo is the width of
xi in GI(Σ) alongo. Theinduced widthw∗o(xi) of xi alongo
is the width ofxi in Io(GI(Σ)) alongo. When the orderingo
is fixed, we abbreviatewo(xi) aswi, andw∗o(xi) aswi∗.

4. Thewidthw(o) of Σ alongo is the width ofGI(Σ) along
o, and thewidth w of Σ is the minimal width ofΣ over all
orderings. Theinduced widthw∗(o) of Σ alongo is the width
of Io(GI(Σ)) alongo, and theinduced widthw∗ of Σ is the
minimal induced width over all possible orderings.

Example 4 Figure 2 illustrates induced width for the theory
Σ1 of Example 1: (a) the interaction graph ofΣ1; (b) the same
graph, with nodes ordered from top to bottom along the given
(natural) order; (c) the induced interaction graph along this or-
dering. The width and induced width ofΣ1 with this ordering
are both 2.2

Definition 4 (Dechter & Rish 1994, diversity) Theinduced
diversity of a variablexi along ordero is div∗o(xi) =
|b[xi]+| × |b[xi]−|, where the product is taken after running
DRo(Σ). Theinduced diversitydiv∗(o) of Σ alongo is the
maximum induced diversity of its variables alongo. The in-
duced diversitydiv∗ of Σ is its minimal induced diversity over
all orderings.

Clearly, the induced diversity of an ordering provides a
bound on the number of resolution steps performed by DR.
Since each resolution step isO(n), the time complexity of
DR along an orderingo isO(n2 · div∗(o)).

(Dechter & Rish 1994) show that the size ofDRo(Σ) is
bounded byn · 2 · 3w∗(o), and the number of resolution steps
by n · (2 · 3w∗(o))2 = n · 4 · 32w∗(o).

We can greatly improve these estimates by introducing
some new concepts. The basic idea is to split literals according
to their sign, and use this to define more fine-grained concepts
of width and to estimate diversity.

Definition 5 (split interaction graph) Let Σ be a clausal
theory, ando = x1, . . . , xn an ordering ofV ar(Σ), extended
in the obvious way to literals (e.g.xi < xj iff i < j).5

5Note that the extended ordering is a partial order.



t
t
t
t
t

x1

x2

x3

x4

x5

t
t
t
t
t

x1

x2

x3

x4

x5

bbbbb

�
�
�
�
�
�

\
\
\
\
\
\

t
t
t
t
t

x1

x2

x3

x4

x5

t
t
t
t
t

x1

x2

x3

x4

x5

bbbbb

�
�
�
�
�
�

\
\
\
\
\
\

(a) (b)

Figure 3: The split interaction graph ofΣ1.

1. Thesplit interaction graphof Σ is an undirected graph
GS(Σ) = 〈VS , ES〉, whose verticesVS are the set of all liter-
als ofΣ, andES is the set of edges(li, lj) such that literalsli
andlj occur together in some clause.

2. Theinduced split interaction graph ofΣ along orderingo
is the graphIo(GS(Σ)) = 〈VS , EoS〉 obtained by augmenting
GS(Σ) as follows: initially,EoS = ES ; then fori = 1 ton do:
add edges(lj , lk) toEoS for eachlj ∈ D(xi) andlk ∈ D(xi).

3. Theliteral width of a literalli alongo is the width of
li in GS(Σ) along o. The induced literal width ofli in Σ
alongo is the width ofli in Io(GS(Σ)) along o. Wheno is
fixed, we writew+

i andw−i for the literal widths alongo of xi
andxi, respectively; similarly, we usew+

i ∗ andw−i ∗ for the
respective induced literal widths.

4. The s-width of a variablexi along o is swi =
max(w+

i , w
−
i ). Thet-width of xi alongo is twi = w+

i +w−i .
The induced s-widthswi∗ and induced t-widthtwi∗ are de-
fined similarly fromw+

i ∗ andw−i ∗.
5. Thes-widthsw(o) of Σ alongo is the maximal s-width

of its variables alongo. Thet-width tw(o) of Σ alongo is the
maximal t-width of its variables alongo.

6. Theinduced s-widthsw∗(o) of Σ alongo is the max-
imal induced s-width of its variables alongo. The induced
t-width tw∗(o) of Σ alongo is the maximal induced t-width
of variables alongo. The induced s-widthsw∗ and induced
t-width tw∗ of Σ are respectively the minimal induced s-width
and t-width over all orderings.

Induced width is basically an instrument to predict that cer-
tain literals will occur together in certain clauses; induced s-
width and t-width are more fine-grained instruments that take
into account the sign of literals to predict, respectively, the
space (s) and time (t) requirements of DR. Note that both in-
duced graphs can be computed in polynomial time.

Example 5 Figure 3 illustrates induced s-width and t-width
for the theoryΣ1 of Example 1: (a) the split interaction graph
of Σ1, with nodes ordered from top to bottom along the given
ordering; (b) the induced interaction graph along this ordering.
Σ1 has s-width, t-width, and induced s-width 2, and induced
t-width 3.

Note that the generation of the induced graph closely
matches the generation of resolvents by DR. Sincex1 cooc-
curs withx3 andx1 with x2 we can “predict” that as a result
of resolving uponx1 we will obtain a resolvent in whichx2

andx3 occur together. This corresponds to adding the edge
(x2, x3) to the induced graph; and similarly with other added
edges.2

All these definitions, incidentally, can be adjusted to apply
to Σ under any fixed set of polynomial time simplifications,
along the lines of the “adjusted width” of (Dechter 1999). Our
next lemma shows that the induced graph simulates DR as far
as the split interaction graph is concerned.

Lemma 2 GS(DRo(Σ)) is a subgraph ofIo(GS(Σ)).

Proof: We show by induction along the ordering that ifli, lj ∈ C
for some clauseC obtained when DR processes bucketb[xk] then the
edge(li, lj) is in Io(GS(Σ)) after processingxk when generating
the induced graph. (Assumeli ∈ {xi, xi} andlj ∈ {xj , xj}.)

For the base case, edges corresponding to clauses ofΣ are obvi-
ously in both graphs. Inductively, consider any edge(li, lj) such that
li, lj ∈ R for some resolventR of clausesC,D ∈ b[xk]. Note that
k < i, andk < j. If li andlj occur together in some parent then the
claim follows directly from the inductive hypothesis, as both parents
were generated before DR processesxk. Otherwise, sayxk, li ∈ C,
andxk, lj ∈ D. By inductive hypothesis, the edges(xk, li) and
(xk, lj) were added toIo(GS(Σ)) before processingxk in the gen-
eration of the induced graph. Sincek < i andk < j, the edge(li, lj)
is added toIo(GS(Σ)) when processingxk. 2

We can now bound the space and time complexity of DR.

Lemma 3 |b[xi]+| ≤ 2w
+
i , and|b[xi]−| ≤ 2w

−
i .

Proof: b[xi]
+ contains all clauses whose smallest literal is

xi. There arew+
i literals that cooccur with the positive lit-

eral xi which are later in the ordering thanxi, hence there are∑
0≤i≤w+

i

(
w+
i

i

)
= 2w

+
i subsets of thosew+

i literals. Only

clauses formed by addingxi to one such subset can be inb[xi]+. 2

Theorem 4 For any ordering o, the size ofDRo(Σ) is
bounded by

∑
1≤i≤n(2w

+
i
∗ + 2w

−
i
∗) ≤ n · 2sw∗(o)+1. The

number of resolution operations performed byDR is bounded
by
∑

1≤i≤n 2twi∗ ≤ n · 2tw∗(o), hence the time complexity is

O(n2 · 2tw∗(o)).
Proof: Use lemmas 2 and 3 to bound bucket sizes inDRo(Σ).

From this obtaindiv∗o(xi) ≤ 2w
+
i
∗ · 2w

−
i
∗ = 2twi∗. As each resolu-

tion step isO(n), time follows. 2

This yields our second tractable class:

Corollary 5 If the induced s-width or t-width ofΣ is bounded
by a constant then for some orderingo computingDRo(Σ)
takes polynomial time and space.

Finding the minimal induced s- or t-width of a theory is NP-
hard,6 though we conjecture that techniques to recognize in
timeexp(k) theories with induced width bounded byk can be
adapted to recognize theories with bounded induced s-width.
And we can always use the polynomially computable bounds
for any given ordering to choose among candidate orderings.

(Dechter & Rish 1994) prove a result similar to Corollary 5
for boundedstandardinduced width. But it is easy to find the-
ories with constant induced s-width yet unbounded (i.e.Ω(n))
standard induced width:

6As proven with a trivial reduction from the problem of finding
the minimal induced width.



Example 6 Let Σ6 = {xix2i, xix2i+1 | 1 ≤ i ≤ m}. Along
the natural order, eachxi gets linked toxi+1 throughx2i+1

in the standard induced graph, whereas no new edges are
added in thesplit induced graph, since negative literals have
no edges. Thussw∗(o) = 2 is constant, while the standard
induced width is the unboundedw∗(o) = wm∗ = m+ 1.

For a non-binary theory with identical induced graphs, con-
siderΣ∗6 = {xix2ix2i+1 | 1 ≤ i ≤ m}. There is little point
however in providing non-binary examples to exhibit proper-
ties ofsw∗ andw∗, even though binary theories are tractable.
This is because, for any non-binary theoryΣ, there exists a
binary theoryΣB with exactly identical initial and induced
graphs.2

Example 7 Let us compare the estimates derivable from in-
duced width, t-width, and s-width with the theoryΣ1 of Ex-
ample 1, using figures 2 and 3.

We can obtain two estimates from induced width, using the
results of (Dechter & Rish 1994). The looser prediction yields
a size estimate ofn · 2 · 3w∗(o) = 5 · 2 · 32 = 90 clauses
for DRo(Σ1), or more precisely (summing over the induced
widths of each variable)3 · (2 · 32) + 2 · 31 + 2 · 30 = 62
clauses. The estimated number of resolutions is, loosely,n ·
(2 · 3w∗(o))2 = 5 · (2 · 32)2 = 1620; and more precisely,
3 · (2 · 32)2 + (2 · 31)2 + (2 · 30)2 = 1012.

The estimates derived from s-width and t-width are signifi-
cantly better. For size, these aren · 2sw∗(o)+1 = 5 · 23 = 40
or more precisely(21 + 21) + (21 + 21) + (21 + 22) + (20 +
21) + (20 + 20) = 19 clauses. For time, the loose estimate is
that there aren · 2tw∗(o) = 5 · 23 = 40 resolution steps; the
precise estimate, doing the summation, is that there are only
19 steps.2

More generally, we can compare therough estimates pro-
vided by these parameters as follows:

Theorem 6 If (lj , lk) is an edge ofIo(GS(Σ)) then(xj , xk)
is an edge ofIo(GI(Σ)). Henceswi∗ ≤ wi∗ for any i and
fixed ordering.

It easily follows that the size estimate derived from in-
duced width is at least(3/2)w∗(o) times larger than the es-
timate derived from induced s-width, and the time estimate
at least4 · (3/2)2w∗(o) times larger. Both ratios hold when
swi∗ = wi∗, but as Example 6 illustrates, oftenswi∗ is much
smaller. And, in fact, we can greatly improve even the sum-
mation form of our estimates.

Relative width
A clauseC is captured by the interaction graph as acliqueof
all its literals, i.e. all literals ofC are pairwise linked. The
size bound2w

+
i of Lemma 3 can be read as an estimate of the

number of cliques in whichxi is the smallest literal, an es-
timate which is tight only if its downward setD(xi) is itself
a clique. Furthermore, it follows from the proof of Lemma 2
that the clique corresponding to a resolvent obtained when DR
processesb[xk] is added toIo(GS(Σ)) when processingxk
as well. Thus, resolvents whose smallest literal isxi become
cliquesbeforeprocessingxi, since they are generated by pro-
cessing earlier buckets.7

7This is important because processingxi may link together nodes
of D(xi). Indeed, in thestandard induced graph processingxi
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Figure 4: Induced split interaction graph forΣ8.

Counting cliques overD(xi) is NP-hard, but there are a
number of ways to approximate them, including polynomial
randomized algorithms. The following simple upper bound
suffices to obtain new tractable classes:

Lemma 7 LetDi(l) be the downward set ofl in Io(GS(Σ))
right before processingxi when generating the induced graph.
Let d+

i (l) = |Di(xi) ∩Di(l)|, d−i (l) = |Di(xi) ∩Di(l)|.
After running DR, |b[xi]+| ≤ 1 +

∑
l∈D(xi)

2d
+
i

(l), and

|b[xi]−| ≤ 1 +
∑
l∈D(xi)

2d
−
i

(l).

We can seed+
i (l) as therelative widthof l with respect to

xi. Intuitively, each term in the sum estimates the number of
cliques (whose smallest literal isxi) containingl but no earlier
literals; the estimate is tight only whenD(xi)∩Di(l) is itself
a clique right before processingxi. Our next result is now
straightforward:

Theorem 8

1. Space: The size ofDRo(Σ) is bounded by2n +∑
1≤i≤n

(∑
l∈D(xi)

2d
+
i

(l) +
∑
l∈D(xi)

2d
−
i

(l)
)
.

2. Time: The number of resolution steps per-
formed by DR along orderingo is bounded by∑

1≤i≤n

[(
1 +

∑
l∈D(xi)

2d
+
i

(l)
)(

1 +
∑
l∈D(xi)

2d
−
i

(l)
)]

.

As a special case of this theorem, suppose that for every lit-
eralli, the restriction ofIo(GS(Σ)) to its downward setD(li)
at the timexi is processed contains no edges. (This is com-
patible with unbounded s-width, see Example 8.) Then the
size of eachb[xi] is only 2 + w+

i ∗ +w−i ∗, and its diversity
(1 + w+

i ∗)(1 + w−i ∗). And now the exponents are out! Gen-
eralizing this observation yields a new tractable class:

Corollary 9 Suppose thedi(l)’s are bounded by a constant
for some orderingo. Then|DRo(Σ)| = O(n · sw∗(o)) =
O(n2). The number of resolution operations isO(n · (sw ∗
(o))2) = O(n3), and thus the time complexity isO(n4).

Proof: We have|b[xi]+| ≤ 1 +
∑

l∈D(xi)
k, for some constantk,

hence|b[xi]+| = O(w+
i ∗) = O(sw ∗ (o)) = O(n). The rest is

obvious. 2

means makingD(xi) a clique.



Example 8 Σ8 = {x1x2, . . . , x1xn, x1x2, . . . , x1xn} illus-
trates the principle of boundeddi(l)’s with unbounded s-
width. The induced split interaction graphIo(GS(Σ8)) is de-
picted in Figure 4, with induced edges dashed. Despite the
high s-width of the graph (w+

i ∗ = w−i ∗ = n − i for eachi),
thedi(l)’s always equal 0.2

We can also use relative widths to improve the estimates de-
rived from the standard induced graphIo(GI(.)). However,
this would not allow us to derive tractability results such as
corollary 9. This is because boundeddi(l)’s in Io(GI(.)) im-
ply bounded induced width.8 In other words, the use of the
split induced graph is essential in obtaining this new tractable
class.

The effect of subsumption
A clique of sizek overD(xi) has2k subcliques, and all our
estimates of bucket size so far take all of them as represent-
ing legitimate clauses. However, it is a well-known result in
combinatorics, known as Sperner’s theorem (Anderson 1987),
that the maximum number ofunsubsumedsubsets of a set of

k literals isC(k, k/2) =
(

k
k/2

)
. If we delete subsumed

clauses, therefore, any term of the form2k in our previous
estimates can be replaced byC(k, k/2). In the theoryΣ1 of
Example 1 this improves our size estimate to 11 clauses, and
the number of resolution steps to 6.

This is unlikely to yield new tractable classes. It does allow
us to obtain better predictions of complexity, though at a sig-
nificant computational cost. This cost can be easily reduced
with some loss of accuracy, e.g. by building a table of up-
per bounds in terms of powers of two (e.g. for9 ≤ k ≤ 40,
C(k, k/2) ≤ 2k−2), so that all calculations are by powers
of two. Even so, if our goal is only to compare various or-
derings in order to choose which one to use with DR, it is
unclear whether this greater accuracy will help discriminate
better among them.

Discussion
We have introduced new tractable classes for DR, and tight-
ened the space and time bounds provided by (Dechter & Rish
1994) by means of a more refined analysis of the structure of
theories. These bounds can be used to choose in polynomial
time among different orderings before running DR.

As mentioned, the generation of the induced graph can be
seen as a “polynomial time simulation” of resolution, which
need not be limited to DR. In (del Val 2000), we extend this
kind of analysis to the consequence-finding task, which for
example allows us to estimate the number of prime implicates
of any theory and identify tractable abduction classes.
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