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Abstract

Most existing decision-theoretic planners represent
uncertainty about the state of the world with a pre-
cisely specified probability distribution over world
states. This representation is not expressive enough
to model many interesting classes of practical planning
problems, and renders inapplicable some abstraction-
baaed planning approaches. In this paper we propose
aa a remedy a more general world and action model
with a well-founded semantics based on probability
intervals. We introduce the concept of interval mass
assigment. Unlike mass assignments, which assign a
probability mass to each set of states, interval mass
assignments assign a probability interval to each set
of states and are more expressive. Interval mass as-
signments are interpreted aa representing sets of prob-
ability distributions and are used in our framework
to represent the uncertainty about the state of the
world. Within this representation, we present a pro-
jection rule and a method for computing a plan’s ex-
pected utility. We compare our approach with exist-
ing probability-interval approaches. We provide com-
plexity results and empirical evidence which suggest
evaluating plans (projecting plans and computing the
expected utility) in our framework is efficient, and the
action model is applicable in real-world planning do-
mains.

Introduction
Any planning model that strives to solve real-world
problems must deal with the inherent uncertainty in
the domains. Various approaches have been sug-
gested and the generally accepted and traditional so-
lution is to use probability to model domain uncer-
tainty (Dean et al. 1993; Goldman & Boddy 1994;
Kushmerick, Hanks, & Weld 1993). A representative
of this approach is the BURIDAN planner (Kushmer-
ick, Hanks, & Weld 1993). In BURIDAN uncertainty
about the true state of the world is modeled with a
probability distribution over the state space. Actions
have uncertain effects, and each of these effects is also
modeled with a probability distribution.

The nURIDAN representation, which we will call
the single probability distribution (SPD) model, has
a well-founded semantics and is the underlying rep-
resentation for the majority of existing probabilistic

planning systems (Kushmerick, Hanks, & Weld 1993;
Dean ef al. 1993). It is very well suited, for example,
to model classes of Markov Decision Process in which
the state space is finite and the probabilities of transi-
tions among the states can be relatively easy to acquire
(Dean et al. 1993). For many interesting problem
classes, however, the SPD model cannot be used be-
cause exact probability information is either not avail-
able, or too costly to acquire, or simply can not be
manipulated to suit the representation (Snow 1986;
Strat 1990). For example, we may know that fuel level
can take on the values 3, 10, and 12; but 10 and 12 may
be too close to distinguish, in which case we could ob-
tain only the probability that the fuel level is 10 or
12.

Another problem with the SPD model arises when
some abstraction techniques are employed to reduce
the complexity of decision-theoretic planning (IIad-
dawy & Doan 1994; Haddawy, Doan, & Goodwin
1995). Some approaches use abstract worlds, each of
which represents a set of worlds at the base level and
thus is necessarily represented with constraints charac-
terizing a set of probability distributions (Doan 1996).
Such abstract worlds cannot be represented in the SPD
framework.

Most of the work on computing with probability in-
tervals has been done in the context of probabilistic
logic, Bayesian networks, and influence diagrams (Nils-
son 1986; Prisch & Haddawy 1994; Breese & Fertig
1991; Ramoni 1995). There has been little work deal-
ing directly with the restrictiveness of the single prob-
ability distribution model in planning. An exception
is the work of Chrisman (Chrisman 1992), who devel-
ops an action model based on the notion of Dempster-
Shafer mass functions. His work concentrates on pre-
senting a new world and action model and rules for
projecting actions. Practical isssues such as projection
complexity are not considered and empirical evidence
that the model works is not offered. Finally, in some
cases his projection rule is not closed under his rep-
resentation and thus cannot be used to project plans
(see the section on related work and discussion). In 
previous paper (Haddawy & Doan 1994), we identified
several useful types of action abstraction, presented
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procedures for creating the abstractions, and presented
sound projection rules. But because we were working
within an SPD model of actions, the abstraction tech-
niques presented in that paper cannot be applied to
abstract actions. This is a severe limitation since one
expects to use such techniques to create abstraction
hierarchies.

This paper makes the following contributions: We
introduce a world and action model which have well-
founded semantics based on probability intervals. We
propose representing the uncertainty about the world
with a set of probability distributions over the state
space. Mass assignments, which assign a probability
mass to each set of states, have typically been used
to represent sets of probability distributions (Chris-
man 1992). In our framework, however, we introduce
the concept of interval mass assignment - defined as
assigning a probability interval to each set of states
- and use interval mass assignments to represent sets
of probability distributions. We discuss several theo-
retical and practical advantages of the interval mass
assignment over the mass assignment representation.
The two key advantages are that the former is more
expressive than the latter, and the former can also ac-
commodate projection and abstraction techniques that
the latter cannot. Within the interval mass assignment
representation, we present a correct projection rule and
a method for computing a plan’s expected utility. We
compare our approach with the existing probability-
interval approaches, provide bounds on the complexity
of plan evaluation, and show empirical evidence that
the action model is applicable in solving real world
problems.

Since our framework is a generalization of the SPD
framework, we start in the next section by briefly re-
viewing the BURIDAN representation. We then intro-
duce our world and action model, together with a pro-
jection rule and proof of correctness. We show that
the projection rule is also correct in projecting plans,
and suggests an efficient algorithm to compute the ex-
pected utility of a plan given the final world resulting
from plan projection. We briefly show how the model
has been implemented in the DRIPS decision-theoretic
planner (Haddawy, Doan, & Goodwin 1995) and how
DRIPS imposes practical requirements to improve the
efficiency of computing with the model. We conclude
with related work and discussion of practical applica-
bility issues.

The BURIDAN Representation
In this section we briefly review the BURIDAN represen-
tation. In the subsequent sections our representation
will be developed as a natural generalization of the
BURIDAN model.
World and Action A state contains all relevant in-
formation about the world at a particular moment.
The set of all possible states will be denoted by f~. Un-
certainty about the state of the world is represented
with a probability distribution over the state space.
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Figure 1: Action and world descriptions.

Figure 1.b shows, for example, a world in which the
block is not held (HB) and the probability of its being
dry (BD) is 0.5.

An action is represented with a finite set of mu-
tually exclusive and jointly exhaustive conditions
{el, c2,..., c,} on f~, each of which is associated with a
probability distribution over f/. We shall interpret the
c+ as sets or as logical sentences, depending on the con-
text. An action can be depicted with a tree structure
as shown in Figure 1.a, where the Pij are probabilities
summing to 1 for each index i, and the eij are the ef-
fects. Each effect e0 is a function mapping a state into
a state: for a state b, the resulting state is denoted by
eij (b). Semantically, when an action a is executed on 
state b where the condition ci holds (b Eci), the effect
eit, k = 1, 2, ..., will be realized with the specified
probability Pit, that is, P(e+t(b)[a,b) = 1. So the
result of executing action a on state b will be a prob-
ability distribution in which each state e~k(b), k = 
2,..., is assigned the probability P/k, respectively, and
all the remaining states receive the probability zero.
We denote this probability distribution with Pib-

Figures 1.c and 1.d show two slightly modified
sample action descriptions taken from (Kushmerick,
Hanks, & Weld 1993). The "dry-block" action states
that if the block is not dry (B-’D) prior to executing the
action then with probability 0.8 it will be dry after the
action (BD) and with probability 0.2 it will remain not
dry (the action changes nothing; the effect is denoted
with U). The "pick-up-block" action states that if the
block is not dry previously then with probability 0.7 it
will be held after the action (HB) and with probability
0.3 the action changes nothing.

Projecting Actions Projecting an action on a world

1 Naturally if two or more effects produce the same state,
e.g., e~k(b) ---- ei~(b), then the conditional probability of that
state is the sum of all probabilities associated with those
effects.
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Figure 2: Projecting the plan "dry-block" "pick-up-
block".

is the problem of computing the probability of any sub-
set of the state space conditioned on the action being
executed in that world. Based on the action seman-
tics, the probability of a set A C_ fl conditioned on an
action a being executed on a state b can be computed
as P(Ala, b) ~"]~i P( ci]b)- Pib(A), where P(cdb) is1
if b Eci and 0 otherwise, and Pib(A) is the probability
of A in the distribution Pib (i.e., ~’~’~e,h(b)eA P~k). 
the above equation we have the following projection
rule to compute the probability of a set A conditioned
on an action a being executed on a world represented
by a probability distribution Ppre over the states

(I)

Projecting Plans A plan is a finite sequence of ac-
tions. Computing a plan’s expected utility can be done
by first sequentially projecting the actions in the plan
on the initial world to compute the probability distri-
bution over the plan’s outcomes. Figure 2 shows how
the plan "dry-block" "pick-up-block" is projected by
BURIDAN on the initial world depicted in Figure 1.b.
This projection is called forward projection and is sanc-
tioned by the projection rule described in (1). The
probability of each final state is computed by multi-
plying all the probabilities along the path leading to
that state. The probability that the agent is holding
the block after executing the plan is 0.88. (Using the
utility function assigning 1 to any state in which HB
is true and 0 to all other states, we would get this
probability as the plan’s expected utility.)

Forward projection is the most frequently executed
operation in many planners (Kushmerick, Hanks, 
Weld 1993; Haddawy, Doan, & Goodwin 1995). Since
projection time grows exponentially with the number
of actions in a plan and the number of branches in each
action, an efficient projection algorithm is necessary.
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Figure 3: (a)-(c) A mass assignment and two probabil-
ity distributions it represents (d)-(e) An interval 
assignment and an equivalent mass assignment.

World Model
Arguments about the restrictiveness of the SPD world
and action model in the introduction suggest that un-
certainty about the world should be represented with
a set of probability distributions instead of an exactly
specified distribution. Mass assignments, which assign
a probability mass to each set of states, have typi-
cally been used to represent sets of probability dis-
tributions (Shafer 1981; DeRobertis & Hartigan 1981;
Chrisman 1992). Since an understanding of the mass
assignment representation facilitates an understanding
of interval mass assignments, we start this section with
a brief revicw of the mass assignment representation.

Let f~ denote the state space; a mass assignment
m : 2a --* [0, 1] assigns to each subset of f2 a portion
of the probability mass. We have >-’]sCf2 re(B) = 

and m(0) = 0. The set BC_~ is called focal el ement
of m if re(B) > 0; and we will say the pair (B, re(B))
forms a branch of m. A probability distribution P
is said to be consistent with a mass assignment m iff
P(B) ~’ ~beB P(b) >_>"] ~cCs re(C) for all B C ft .
The intuition behind such consistency is that given P
consistent with m, for any BC_.f2 such that re(B) ~ 
there is a way to divide up the probability mass re(B)
among b E B such that the total mass assigned to a
state b is P(b) (Chrisman 1992). The set of the prob-
ability distributions consistent with m will be denoted
as

A mass assignment m can be interpreted as bound-
ing the true probability of any subset of f~ with a prob-
ability interval (Shafer 1981). It can also be inter-
preted as representing the uncertainty concerning the
true probability distribution over f] with a set of prob-
ability distributions, namely p(m). Figure 3.a shows
a mass assignment, the first (second) focal element 
which consists of "all the worlds in which fuel is be-
tween 6 and 8 (2 and 4). Examples of the probability
distributions consistent with this mass assignment are
shown in Figures 3.b and 3.c.

We now define the concept of interval mass assign-
ment. Denote the set of all intervals in [0, 1] as I,
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an inter~al mass assignment (IMA) M : 2n --* I as-
signs to each subset of f] a probability interval in I.
M can be understood as a set of mass assignments
{re]m: 2n ---, [0, 1] such that VBC_~ re(B) E M(B)}2
and sometimes will be interpreted as such. We de-
fine the set of all probability distributions consistent
with M to be [J,n~M p(m), and denote this set with
p(M). The concepts of focal elements and branches
for interval mass assignments are straightforward gen-
eralizations of the definitions for mass assignments.

Adopting the IMA rather than the mass assignment
representation to model the world offers several theo-
retical and practical advantages. First, the IMA rep-
resentation is more expressive than the mass assign-
ment representation. It is not difficult to see that
any set of probability distributions that can be rep-
resented with a mass assignment can also be repre-
sented with an IMA. The converse, however, is not
true. For example, the set of probability distribu-
tions represented by the IMA with three branches
{l[0, 0.5], bl), ([0, 0.5], b2), ([0, 0.5], bs)}, where the 
are distinct states, cannot be represented with any
mass assignments.

Second, even in those cases where theoretically one
can use either an IMA or a mass assignment to repre-
sent the same set of probability distributions, limits on
the expressiveness of the implementation language may
not allow such use of mass assignments. For example,
we can convert the IMAM shown in Figure 3.d into
the mass assignment shown in Figure 3.e; the union of
M’s focal elements is taken to be the second focal ele-
ment of the resulting mass assignment. However, in the
language of the DRIPS planner (see the section on an
implementation) this union can not be represented di-
rectly and must be replaced by the set {fuel = [2, 8]},
which clearly contains more states than the original
union. The resulting mass assignment now contains
more probability distributions than the original IMA.

Finally, the IMA representation can accommodate
projection rules and abstraction operators that are not
closed under the mass assignment representation. An
example of such projection rules is the one we shall in-
troduce in the next section¯ An example of abstraction
operators that cannot be used within the mass assign-
ment framework is the intra-action abstraction oper-
ator used in the DRIPS planner (Doan 1996). When
we use this abstraction operator to abstract away the
conditions in the action "pick-up-block" shown in Fig-
ure 1.d and group together similar outcomes, we end
up with the abstract action "abs-pick-up" shown in

2Actually a IMA M needs the
condition ~’~Ac_f~minM(A) <_ 1 <_ ~’~Acf~maxM(A) to
contain any mass assignment, where min ~’max) denote the
lower (upper) endpoint of the interval M(A). Checking
this condition can be done in a manner similar to checking
whether the probabilities in a probability distribution sum
to 1.

~We thank Vu Ha for supplying this example.
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Figure 4: Examples of action description, sets Mib and
Mis, action projection, and the post-projection IMA.

Figure 1.e, whose branches are characterized by prob-
ability intervals.

Because of all the above theoretical and practical
advantages, we adopt the IMA instead of the mass as-
signment representation to model uncertainty about
the state of the world. A world is modeled with an
IMA; the true probability distribution representing the
world is among those represented by the IMA.

Action Model
Action Syntax We retain the action syntax discussed
in the section on the BURIDAN representation and de-
picted in Figure 1.a, but replace the Pij with probabil-
ity intervals Iij, and the effects eij with Eij mapping
states into sets of states. Figure 4.a shows an example
action description in which the amount of goods de-
livered varies, depending on fuel being greater or less
than 3. An assignment such as ton = ton + [2, 3] states
that ton after executing the action will be increased
by an unknown amount between 2 and 3. Since metric
effects such as fuel = fuel + [2, 3] can map a state
(fuel = 2) into a set of states (fuel = [4,5]) we define
each effect Eij to be a mapping from states into sets of
states eij: f2 ~ 2n. Abusing notation, for a set B C_ f~
we will use Eij(B) to denote the set Ub e Eij(b)

¯ o . ~ . ¯ .
We can say that each condition e~ is associated with

a IMA Mi whose branches are {Iij, E/j); but to be more
precise, Mi should be called a functional IMA because
its focal elements, effects Eij, are functions instead of
sets. For a state b and a condition ci we write Mi~
to denote the instantiated IMA computed from Mi by
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Figure 5: Illustrations on action semantics: pre-
execution and post-execution sets.

replacing each focal element Ei/in Mi with the set of
states Eij(b). Note the similarity between the defini-
tion of Mib and that of Pib in the section on the BUm-
DAN representation. For a set B C f~ we also define
MIB similar to Mib but with each Eij being replaced
by the set of states E0 (B). Figure 4.b shows the com-
puted IMAs Mxb and MxB for the state b, set B, and
the condition el = (fuel > 3) of the action a depicted
in Figure 4.a.

Action Semantics In contrast to the SPD model,
in which executing an action s on a state b Ecl
yields the probability distribution Pib, in our model
executing an action a on a state b Eci yields a set
of probability distributions represented by the IMA
Mib. This means that the true post-execution prob-
ability distribution is in the set p(Mib). Denote the
set of all possible probability distributions over f2 that
can result from executing a on b as ezee(a, b); we have
ezec(a, b) = p(Mib) (Figure 5.a). We define ezec(a, 
and ezee(a, p), where P is a probability distribution
and p is a set of probability distributions, in a similar
manner below.

Based on the above semantics the set of all possible
probability distributions over ~ that can result from
executing action a on a probability distribution Ppre
can be computed as

e.ecCa, Pp..) = {Ppo.,l
V AC_f2 Pm,(A) ~"~b Pp,,(b).Pb(A); Pb E ezec(a, b)}

where Ppo,,(A) and Pb(A) are the probabilities of thd
set A in the probability distributions Ppo, and Pb, re-
spectively. This is illustrated in Figure 5.b; for a state
b, if Pb E ezec(a, b) is the true probability distribu-
tion resulting from executing a on b then the proba-
bility of set A along the branch of b is Ppre(b) ̄  Pb(A);
Ppo, t(A), the total probability of set A in the post-
execution probability distribution Ppo,,, is the sum of
the probabilities of A along all the branches. The dis-
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tribution Ppo,, is a possible distribution resulting from
executing a on Pp,.e; the set ezec(a, Pp,e) thus is the
set of all such Ppo,t.

When the world is represented with a set of prob-
ability distributions Ppre, executing action a on this
world yields the set

= U pp,o) (2)
Pp,-,¢pp,,

which is illustrated in Figure 5.c

Projecting Actions When an action a is executed
on the world represented by an IMA Mp,e the set
of all possible post-execution distributions will be
ezec(a,p(Mp,.e)). Projecting action a on Mpre by
computing this set explicitly based on action seman-
tics is computationally infeasible in all but small do-
mains. Instead, we will develop a computationally ef-
ficient projection rule that when given Mp~, and ac-
tion a will return an IMA Mpo,t such that p(Mpo, ) 
etec(a, p(Mpre))- The IMA Mpo, t will be our best es-
timation of the post-execution set e,ec(a, p(Mp,.e)).

An intuitive way of developing the projection rule is
to generalize the rule used in the SPD model and simwn
in (1). One of the advantages of such a rule will be 
forward projection algorithm which works in a man-
ner similar to the forward projection algorithm of the
BURIDAN representation. In Equation 1, P(Aia,Ppr,)
can be replaced by btpo,(A), Ppre(b) by Mrr,(B),
P(cilb) by P(ciIB), and Pib(A) by M;(Bn,,)(A); 
set B runs over all the subsets of fl. There is a prob-
lem with this generalization, however, because P(cilB)
is the sum of the probability masses (taken from the
probability mass of B) of those elements in B which
satisfy ci, and this sum cannot be determined uniquely
because it may vary depending on how the probability
mass of B is distributed among its elements. Our so-
lution is to bound P(cilB) with a probability interval
Pl(cilB). Observe that P(cilB) is zero if ci n B = 
1 if ci N B = B, and a value between 0 and 1 oth-
erwise. So we can define the "conditional probability
interval of ci given B" PI(c~IB) as follows: Pl(cilB) is
0 if ci N B = $, 1 if ci N B = B, and [0,1] otherwise.
We have the following projection rule

Projection Rule 1 Given an action a and an IMA
Mp~, Mpo, t is calculated such that for all A E 2n

Mpo. ( A ) 

BC_f~

Note the similarity between this projection rule and
Equation 1. Intuitively, Projection Rule 1 states that
the probability of any set A_~ after "executing" ac-
tion a is the sum over conditions ci of thc probabil-
ity of A given that ci is realized; for any set BC_f~,
the probability that condition c~ is realized is P(cilB),
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which is bounded by PI(c~]B). Figure 4.c shows 
example of how the rule is used to project the action a
depicted in Figure 4.a on an IMA Mpre. Here the for-
ward projection algorithm is almost exactly the same
as that of the BURIDAN model (compare the two pro-
jection trees of Figures 2 and 4.c). Figure 4.d shows
the post-projection IMA Mpost, the focal elements of
which are the leaves of the projection tree in Figure 4.c
and the probability intervals of which are obtained by
multiplying the intervals along the paths.

The following theorem states that the set of proba-
bility distributions represented by the post-projection
IMA Mpo,~ subsumes the set of distributions result-
ing from executing the action on the pre-projection
IMA Mpre, thus proving the correctness of Projection
Rule 1.

Theorem 1 Given Ppre e p(Mpre), action a, and
Ppo,, e c .ec(a, there e ists a mass assignment
mpost E Mpost, where Mpoat is calculated using (3),
such that Ppost E p(r%os~). This, together with (~),
implies that e ec(a.
For a proof of this theorem, see (Doan 1996).

Plan Model
Projecting Plans We define a plan to be a fi-
nite sequence of actions. Semantically, when a plan
p = ala2...an (the ai are actions 5 is executed on
a world represented by a set of probability distri-
butions Ppre the result will be a world represented
by a set of distributions Vpost and can be computed
as ppo, = e cc(a,, ezec(an-1,..-, exec(sl,
This set will be denoted as ezec(p, Ppre).

Since the set ezec(p, Ppre) cannot be computed di-
rectly, we approximate it by projecting actions in plan
p sequentially using Projection Rule 1. Let Mvoet be
the post-projection IMA resulting from projecting plan
p on the initial world Mp~; we can easily prove that
p(M~’os~) D_ ezec(p, p(Mpre)). So Projection Rule 1 is
also correct with respect to projecting plans.

Computing a Plan’s Expected Utility Given a
utility function U: f/--* R, which assigns to each state
a number indicating its relative desirability, the ex-
pected utility of a probability distribution P over f/
is computed as the sum of the utility of each state,
weighted by the state’s probability. So for the set of
probability distributions Ppo,~ representing the result
of executing a plan p we have a corresponding set of
expected utility values. Determining this set is usually
infeasible in practice, so we shall approximate the set
by computing an interval that includes all values in
the set. Observe that by projecting plan p using Pro-
jection Rule 1 we obtain a IMA Mpo,~ which satisfies
p(Mvos~) D_. Ppo,~. So if we denote the maximum (min-
imum) of the expected utilities of the distributions in
the set p(Mpo,) with EUma~(Mpost) (EUmin(MpostS)
then the interval [EU, nin(Mvo~t),EUmaz(Mpo,t)] in-
cludes all utility values in the set corresponding to

Ppo,t; this interval is therefore an approximation of
the expected utility of plan p.

The following theorem shows that it is easy to com-
pute EUma= and EUmin for IMAs, using the frac-
tional knapsack greedy algorithm (Cormen, Leiserson,
& Rivest 19905.

Theorem 2 For an IMAM with n branches (Ii, Bi)
let

= maxb E B, U(b) and
Uminj = minb E B, U(b) i = 1, 2,..., n. We have

max Ep,. Um~=j (4)EUm,,(M) = .p.=Lp,eh

EUmin(M) = min Epi" Umin,i. (5)
Ei pl--l’p’Eli i

According to (Cormen, Leiserson, & Rivest 19905,
the greedy algorithm to compute EU, naz(M) and
EU, n~n(M) runs in O(n log n) time.

An Implementation
Projection Rule 1 provides an algorithm to project
plans, but if it is to be used efficiently in practice,
computing the terms M/~Bnc~) in (3) must be done
in an effective way. Similarly, efficient computing of
a plan’s expected utility requires that computing the
terms U, na~,~ end Um~n,~ in Theorem 2 be done ef-
ficiently. This section describes an implementation
where these requirements are met without overly re-
stricting the representation language. It briefly dis-
cusses how the action model is implemented in DRIPS, a
decision-theoretic planner that works with metric and
temporal domains (Haddawy, Doan, & Goodwin 1995).

In DRIPS, a planning domain is modeled with a finite
set of features called attributes. Each attribute takes a
value from a totally ordered set called its domain. A
state is represented with an assignment of a value to ev-
ery attribute. Since worlds are represented with IMAs,
we need a language to represent the focal elements,
that is, sets of states. In DRIPS a set of states is rep-
resented by a set of constraints of the form attri = Vi,
where l~ is a value interval in the domain of the at-
tribute aftra. The set {fuel = [4,6],time = [3,5]}
thus represent the set of all states in which fuel takes
a value in the interval [4,6], and time takes a value in
the interval [3,5]. Figure 3.d shows a world as repre-
sented in DRIPS.

Action conditions are logical expressions such as
(and (fuel > 55 (time = 6)5, (fuel = time), etc.
Each action effect Ei~ is a set of assignments in the
form atte~ = fi, where each f~ is a function involving
domain attributes, such as fl~ - fuel+ [2, 3], f~o, -
price ¯ ton, fb~o~-a,~ -- 1, etc. Figure 4.a shows an
action description with action effects as represented in
DRIPS.

Efficient computing of the term Mi(vn~.) in (3) 
quires that for any set of states C (represented by a set
of constraints of the form attri -- ~) the sets Eo(C)
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defined as Ubf.C Eij (b) be computed in an effective way.
This requirement in turn is satisfied if for any func-
tion f~ and set of states C as defined above the set
fi(C) = Ub~c fi(b) can be computed or approximated
efficiently. Observe that this is satisfied iffi changes its
monotonicity at a small finite number of points4 with
respect to any attribute appearing in fi. For example,
assume fi = fuel + 2 and C contains the constraint
fuel = [4, 7], then since fi is monotonically increasing
with respect to fuel, the bounds on the values of fuel
in fi(C) will be the fi(b)-s with b-s being the minimal
and maximal values of fuel in C. We have, therefore,
fi (C) _C [4 + 2, ? + 2] = [6, 9]. All functions fi imple-
mented so far in DltZPS have countable changes in their
monotonicity.

The utility function U (see the section on plan
model) is implemented as a procedure that takes as
input a state and provides as output the state’s utility.
The requirement imposed on the utility function is that
computing the minimum and maximum of the utilities
of the states in a set be done efficiently. Since at-
tributes in such a set take on value intervals, if the util-
ity function changes its monotonicity at a small num-
ber of points with respect to every attribute appearing
in the function, then computing the utility bounds of
a set of states does not pose a practical problem. All
domains implemented so far in DRIPS (see the next sec-
tion) have utility functions with the above property.

Related Work and Discussion
Our framework is similar to Chrisman’s (Chrisman
1992). He used mass assignments to represent uncer-
tainty about the state of the world. A rule for pro-
jecting actions was presented, but its correctness in
projecting plans and its run-time complexity were not
discussed. The action model was not implemented.

Chrisman’s projection rule returns the convex hull
of the post-execution probability distributions. Since
mass assignments represent convex sets of probabil-
ity distributions, and the post-projection result must
be represented with a mass assignment, the projection
rule seems to be as tight as one can hope for. Unfor-
tunately, the projection rule is not closed with respect
to the mass assignment representation: there are cases
where the post-projection set of probability distribu-
tions cannot be represented with a mass assignment.
Kecently the author has communicated (Chrisman)
that if lower envelopes, an instance of lower probabili-
ties and a generalization of mass assignments, are used
instead of mass assignments to represent the uncer-
tainty about the world then the projection rule is valid
and in special cases it produces tight bounds. However,
even when this is the case, the rule requires iterating
over all subsets of the state space to compute their
mass assignments. With a state space of cardinality n
the rule would require considering 2’~ cases, and thus

4 From the point of view of asymptotic complexity, finite-

ness is sufficient.
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is infeasible in practice in all but small domains.
Most of the work in extending the restrictiveness of

the single probability distribution have been placed in
the context of belief network and influence diagram
(Breese & Fertig 1991; Ramoni 1995). Some deal di-
rectly with building action models and rules for pro-
jecting actions (Chrisman 1992). The restrictiveness
of these models is that they all assume a finite state
space; the inference algorithm (marginalization in be-
lief net and forward projection in action model) takes
advantage of this fact and usually requires some sort
of iteration over all the states, thus rendering the tech-
niques unapplicable for problems with large or infinite
state space.

In our framework, Projection Rule 1 (Equation 3)
sanctions a forward projection procedure similar to
that in the BURIDAN framework. The complexity of
our projection procedure does not depend on the car-
dinality of the state space, but grows exponentially
with the number of actions in the plan. The previ-
ous section shows that computing terms in (3) can 
assumed to take constant time. So the complexity of
the projection rule is linear with the size of the projec-
tion tree. Assume that the action to be projected has p
conditions and the IMA associated with each condition
has q branches. Assume further that in projecting the
action only z conditions yield the "conditional proba-
bility interval" other than zero. Then projecting the
action on a set B would yield a tree with qz branches.
For a plan of n actions the final projection tree has
(qz)"~ branches. In the best case the projection tree
has qn branches and the projection algorithm has the
same complexity as that of forward projection in the
BURIDAN framework; in the worst case the tree will
have (qp)’~ branches.

While the complexity of our projection rule can be
bounded and shown to be manageable, the precision
of the rule is difficult to evaluate analytically. When
the factor z in the above paragraph is 1, the rule can
be shown to return the tightest possible bounds; in the
remaining cases we have been unable to obtain analyt-
ical results. On the first inspection, the projection rule
in (3) seems to generate a "diluted" probability model
over time because on each projection the probability
intervals of a number of paths in the projection tree
are multiplied with the vacuous interval [0, 1]. So the
probability intervals of the paths in the projection tree
seem to approach [0, 1]. This, however, is not the case.
When a probability interval is multiplied with [0, 1],
only its lower bound is "widened" to zero, its upper
bound remains the same. This shows that in apply-
ing our projection rule, only the lower bounds of the
probability intervals might be "ruined" (being equal
zero). In the case the lower bounds are zero, we can
still obtain fairly tight expected utility bounds because
the intact upper probability bounds and the constraint
that the probabilities of the paths sum to one eliminate
a large number of "illegitimate" probability distribu-
tions. Our experiments with the DRXPS planner, which
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are reported below, support this hypothesis and thus
suggest that the projection rule is effective in practice.

Conceptually, DRIPS uses a divide-and-conquer tech-
nique to do planning. It constructs abstract actions
from the provided actions, then uses abstract actions
to builds abstract plans. Each abstract plan represents
a set of concrete plans; the abstract plan’s expected
utility interval can be computed by projecting the plan
using Projection Rule 1 and then evaluating the plan
using Theorem 2; this interval subsumes all utility in-
tervals of the concrete plans in the set. So when the
utility intervals of two abstract plans do not overlap,
no concrete plan in the set represented by the abstract
plan with the "lower" utility interval can be the opti-
mal plan, thus that abstract plan and all its instances
can be eliminated from further consideration. Since
the concrete plans in the set being eliminated are not
projected and their utility values computed, we realize
computational savings.

We have applied DRIPS to two real world medi-
cal planning problems (Doan 1996) These problems
involve choosing the best plan (combination of test,
treat, and other options) from a set of plans according
to a utility function modeling the physician’s and the
patient’s preferences. In (Haddawy, Doan, & Goodwin
1995) we showed that the branch-and-bound technique
frequently used in decision tree analysis cannot handle
one of these problems efficiently, while DRIPS yielded
very good running results, taking in some cases only
15% as much running time as the branch-and-bound al-
gorithm. In one problem with the plan space of 6,206
plans DRIPS eliminates 5,551 plans without explicitly
computing their expected utilities, yielding a pruning
rate of 89%. Such a good pruning rate indicates not
only that the abstractions provide useful heuristic in-
formation but also that the projection rule yields ex-
pected utility bounds tight enough to allow the elim-
ination of those abstract plans that represent a large
number of concrete plans. In the second problem the
plan space contains 258 plans. We spent very little
efforts building good abstractions, and still obtained
a high pruning rate of 48%. The projection rule thus
appears to provide a good balance in trade-off between
projection complexity and precision. We are currently
testing DRIPS and thus the action model on more real-
world planning problems, developing techniques to es-
timate the loss in expected utility due to using our
projection rule, and developing alternative projection
rules.
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