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Abstract

This paper makes two linked contributions. First, we
argue that planning systems, instead of being cor-
rect (every plan returned achieves the goal) a~Ld com-
plete (all such plans are returned), should bc approx-
imately correct and complete, in that most plans re-
turned achieve the goal and that most such plans are
returned. Our first contribution is to formalize this
notion.
Our second aim is to demonstrate the practical im-
portance of these ideas. We argue that the cached
plans used by case-based planners are best thought of
as approximate as opposed to exact, and also show
that we can use our approach to plan for subgoals gl
and g2 separately and to combine the plans generated
to produce a plan for the conjoined goal gl A g~. The
computational benefits of working with subgoals sep-
arately have long been recognized, but attempts to do
so using correct and complete planners have failed.

1 Introduction
When we talk about a plan for achieving a goal, we typ-
ically mean not one plan but many. As an example,
if I say on Thanksgiving that my plan for preparing a
turkey involves stuffing and roasting it, I hardly mean
that these are the only actions I will take between now
and when the turkey is done. I may ’also plan on mak-
ing sweet potatoes and pumpkin pie, buying a bottle
of wine, and other actions even further removed from
my stated goal of turkey preparation.

In fact, my plan "stuff the turkey and then roast it"
might be represented something like this:

[... stuff.., roast...] (1)

where the ellipses denote currently undetermined ac-
tion sequences that I might intersperse into the above
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plazl. If I need to roast the turkey immediately after
stuffing it: I might write that as

[... StUff roast... ] (2)

where the second set of ellipses has been dropped.
Note that many instances of (1) are unsatisfactory.

Perhaps I run the turkey through a paper shredder at
the outset, or unstuff it after stuffing it. In what sense
is (1) our plan when so many things can go wrong?

The conventional approach to this problem is to deal
not with plans such as that appearing in (1), but with
far more specific plans such ms

[stuff yams wine roast eat] (3)

where there are guaranteed to be no extraneous actions
that might interfere with our achieving our goal. But
this is hardly likely to be practical, since it is almost
inconceivable that we execute such plans exactly as
written.

There are many other examples of this phenomenon.
If we intend to construct plans by retrieving them from
a library of known solutions to similar problems (so-
called case-based planning [Hammond,1990]), it is im-
portant that the plans in the library include some mea-
sure of flexibility. After all, it is unlikely that the situ-
ation in which we find ourselves will be an exact match
for the situation in which the plan was constructed.

Our ability to plan for conjunctive goals rests on sim-
ilar ideas. When possible, it is important that we plan
for conjuncts separately and then merge the results;
this appears to require that the solutions to the indi-
vidual conjuncts be plan schemas such as (1). Planning
for conjuncts separately enables us to take computa-
tional advantage of the benevolence of our environment
as reflected in the frame assumption- we can typically
achieve one subgoal and then not worry about it while
we work on other things.

Another example of a conjunctive planxfing problem
appears in Figure 1. The goal is to get A on B and B
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Figure 1: Get A on B on C without building a
4-block tower

on C, but there is a restriction to the effect that one
cannot build a four-block tower.

For a human planner, the problem is easy. We realize
that the general plan for getting/3 onto C is simply to
move it there, and similarly for getting A on B. When
we combine these two plans, however, we encounter a
problem - the action of moving A to B will fail. We
therefore modify the plan for getting/3 onto C, adding
the additional action of moving C to the table.

I presented this problem to the authors of the gen-
erative planning systems PRODIGY [Minton et al.,1989]
and sIV~. [Wilkins,1988]. Both reported (personal com-
munication) the problem to pose no significant difficul-
ties for them; they could solve it by adding an addi-
tional precondition to the action move(z, y) to the ef-
fect that y had to be either on the table or on a block
z that was on the table.

The problem with this approach is that it doubles
the branching factor for all planning problems. This
will lead to prohibitive computational difficulties as the
problems involved get larger; imagine having to move
a block prior to constructing a 13-block tower in a do-
main that prohibits 14-block ones.

Worse still is the fact that the branching factor is
being increased on all problems, not just those involv-
ing tall towers. Imagine, for example, that we can only
put a blue block on a red one if the red block is on the
table. The branching factor will still be doubled even
if we are working in a domain without blue blocks!

Explicit control rules provide potential ways around
these particular difficulties, but their use is problem-
atic. What control rule are we to use if the previous
domain includes painting actions, so that the colors
of blocks can change? What control rule would allow
us to efficiently solve the problem in Figure 1 if the
constraint were changed so that only fire-block towers
were prohibited?

Related problems appear in plan debugging. If a hu-
man planner discovers a bug in one portion of a plan
to achieve a complex goal, the typical response is to
restrict the impact of the bug to a small portion of the
analysis and to then plan around the problem. That we
can make modifications that address the bug without
destroying the effect of the original plan depends on
our commonsense ability to construct and manipulate

plans like (1) - plans that, while not holding univer-
sally, do hold in general.

My intention in this paper is to develop a formaliza-
tion of the ideas that are implicit in the plan (1), and
to describe the use of these constructs in conjunctive
planning. Please bear with me while we work through
the mathematics, since there are a variety of new ideas
that we need to formalize.

We begin by describing plans that can have new ac-
tions added to them but that can still include the im-
mediacy requirements of a plan such as (2). We go 
in Section 3 to define conditions under which a plan
approximately achieves a goal. The basic idea here
is that a plan P is approximately correct if most in-
stances of P that could actually be executed do indeed
achieve the goal. Section 4 discusses the theoretical
issues involved in the construction of a planner based
on these ideas, showing that it is indeed possible to
plan for conjuncts separately in this setting. Section
5 discusses a preliminary implementation of our work.
Concluding remarks are contained in Section 6.

2 Plans
I will adopt the view that a plan involves a collection of
actions, where an action is a functional expression such
as move(a, b). By the action move(a, ?) we will 
the action of moving a to the location ? where ? will
presumably be determined by other considerations.

We cannot now simply define a plan to be a partially
ordered sequence of actions, since we need to be able
to distinguish between (1) and (2). In some cases, 
will want the action a to precede b immediately, while
in others, there may be many actions interspersed be-
tween the two.

Definition 2.1 A plan is a triple (A, <, *) where A 
a finite collection of actions and <_ is a partial order
on A; by a <_ b for actions a,b E A we mean that a
must precede b. * is another binary relation on A udth
. C_ <, so that whenever a * b, a < b as well. We mill
take a * b to mean that b is a successor of a for which
no intermediate actions are permitted.

Plans are bounded by initial and terminal actions d~
and dt respectively, with d~ <_ a <_ d~ for any action a.

The general turkey-roasting plan (1) corresponds 
the partial order di < stuff < roast < dr, while the
plan that roasts the turkey immediately after stuffing
it corresponds to di < stuff * roast < d~. The second
inequality has been made an instance of *.

Before proceeding, let me spend a moment dis-
cussing the difference between *, our annotation for
the links in a partially-ordered plan, and the causal
annotations introduced by McAliester and Rosenblitt
[McAUester and Rosenblitt,1991].
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McAllester and Rosenblitt’s links serve more a book-
keeping function than anything else; the information
they contain (which action is intended to achieve which
precondition) could be recovered, if need be, from the
plan being constructed. Recording the information on
the arcs serves the computational purpose of making
the plans more efficient to work with.

Our * annotation is different. Annotating an arc
with ¯ makes the associated plan a semantically dif-
ferent object, in the sense that we have added a new
constraint to the set of linearizations of the given plan.
Note also that our language is fundamentally more flex-
ible than McAllester’s - we allow the addition of arbi-
trary new actions to plans, while he does not.. This is
important, since it enables us to work with the flexible
plan (1) instead of the far more restrictive (3).

Definition 2.2 A plan Pt = (Al,<_t,*l) is an in-
stance of another plan P2 = (.4.2, <_.2, *’2) if there, 
a binding list a that maps A.2 into AI while p~eseT"oing
< and *. We will denote this by Pt C_ B2.

If stuff and roast accept an argument but eat
doesn t,

[... stuff(turkey) roast(turkey).., eat] 

is an instance of

[...stuff(?) ... roast(?)...] (5)

The required injection binds ? to turkey. This clearly
maps the partial orders of (5) into those in (4).

Proposition 2.3 The instance relation of Definition
2.’2 is a partial order.

We have been careful in our definitions not to re-
strict the mlmber of new actions that can be inserted
between any two actions of a plan. When it comes time
to actually execute the plan, however, we will need to
select a specific action sequence.

Definition 2.4 A plan P = (A, <, ,) will be called
linear if every action in A is ground and < is the tran-
sitive closure of *. A linear plan that is an instance of
a plan P will be caUed a linearization of P.

A linearization replaces all of the variables with ob-
ject constants and selects aa1 action ordering that can
be derived solely from the immediacy conditions of ,.
This latter condition implies that no additional actions
can be added to the plan. (3) is a linear plan.

Proposition 2.5 P1 C_ P2 if and only if the set of lin-
earizations of PI is a subset of the set of linearizations
o/P2.

Given the above result, it makes sense to think of a
plan in terms of its linearizations; each linearization is
a way in which we might actually go about executing
the actions in the plan.

Definition 2.6 A plan set is a set of linear plans.

3 Approximate correctness
Flawed executions of a plan suc~ ms (1) now correspond
to linearizatioxm that do not achieve the intended re-
suit. To formalize the idea that the plan (1) is correct
"in general", we will use an extension of an idea in
[Ginsberg,1991].

As an example, suppose that. I am trying to get A
onto B in the blocks world. A is clear, but C is cur-
rently on top of B and a variety of other blocks are
scattered around the table. Here is one plan:

[move(C, ?) move(A, (6)

I plan to move C out of the way, and then mow~, A onto
B. Our interest here invoh, es the variable ? in (6).

The one location to which we should not move the
block currently on top of B is A - if we move it there,
B will become clear but A no longer will be. The plan
(6) is a solution to our problem in that of the many
places to which we can nmve C, only oim fails; the set
of exceptions is somehow "sinall" relative to the set
of possibilities. Since the exception involves a specific
binding for the variable ?, we are led to:

Definition 3.1 Given a binding list a and a plan
P : (A, <, *), by P[~ we will mean that plan where
the actions in A have had the binding list applied to
them but the plan is otherwise unchanged.

We can, for example, bind ? to A in (6) to obtain
[move(C, A) move(A, B)].

Wc can now describe conditions under which one set
of plans is small relative to another. We need to be
careful, since plans gencrally have infinitely many lin-
carizations and we can’t simply s~v that Q is small
relative to P if Q has many fewer linearizations tha~l
P does. Instead, we require that Q = PIo but Q ~ P.
The motivation for this is that there are generally many
ways to bind any particular variable and Q is commit-
ted to a specific choice.

Definition 3.2 A plan Q will be said to be small in a
plan P if Q ~ P but Q = PI~ for some binding list a.
A plan or plan set Q will also be said to be small in a
plan or plan set P if any of the following conditions is
satisfied:

1. Q is the finite union of small subsets of P.

’2. Q is a subset of a small subset of P.
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3. Q is a small subset of a subset of P.

The requirement that Q ~ P ensures that the binding
list a is not trivial.

Thus [... move(a, b)...] is small in [... move(a, ?)...]
because the variable ? has been bound to a constant.
(2) is not small in (1), since the difference between
the two plans is only that stuff has been made an
immediate predecessor of roast. For similar reasons,
a plan where two actions al and a2 are sequential is
not small in the plan where the actions are unordered.

What about adding new actions to a plan? If we
add variable actions, the result will in general not be
small in the original plan; we are only committing to
doing "something" and most of the linearizations of the
original plan include additional actions of one form or
another in any event. But if we add a specific action,
the story is different:

Proposition 3.3 If Q is the result of adding a new
action to a plan P, Q is small in P.

Definition 3.4 We uJill call Q large in P if P - Q is
small in P. Two plans sets will be called approximately
equal if each is large in the other.

Proposition 3.5 Approximate equality is an equiva-
lence relation.

Proposition 3.6 If our language includes infinitely
many object and action constants and P ~ 0, there
is no plan set that is both large and small in P.

It is this result that gives teeth to the ideas we are
proposing; if there were a plan both large and small in
P, we would be able to return as "generally correct"
plans that in fact failed for large fractions of their lin-
earizations.

The requirement that there be infinitely many con-
stants is a necessary one. If, for example, there were
only 37 places to which an object could be moved, we
could use the fact that each specific choice is small in
the overall plan to conclude that the union of all of
them was - thereby violating Proposition 3.6. Simi-
larly, if the set of actions were circumscribed in some
way, we could use Proposition 3.3 to find a counterex-
ample to the above proposition.

4 Planning

Having introduced these notions, we need to use them
to construct a planner. Let me be clear, however, that
our focus is on planning itself, as opposed to reason-
ing about action or simulation. We will assume that
the semantics of actions are somehow provided to us;
given a goal g, we will denote by L(g) the set of all
linear plans that achieve g. The analysis we are about

to present is independent of the specific semantics of
action underlying the L function.

In the examples, we will take this semantics to cor-
respond to the usual STRIPS description. We will need
some way to interpret actions that are attempted even
though their preconditions are not satisfied, and will
take the view that such actions simply have no effect
on the domain in question.

Definition 4.1 A planning system 7~ accepts as input
a goal g and a plan set P. It returns a plan set 7~(g, P)
that is approximately equal to L(g) f3 

The plan set P can be used to focus the planner’s
attention on plans of a particular form. The condition
that 7~(g, P) be large in L(g) n means that al most
all - but not necessarily all - of the plans in P that
would achieve g are actually returned by the planner.
In more picturesque terms, the planner is "approxi-
mately complete."

The condition that L(g) N belar ge in 7~(g, P)
means that almost all the plans returned by the plan-
ner achieve the goal; in other words, the planner is
approximately correct. In a situation like this, where
L(g) is large in a plan set P, we will often say that P
"generally achieves" g.

In the remainder of this section, we will begin by
discussing planning systems in general, describing im-
plementation concerns that are likely to arise in their
construction. There are then two technical issues that
we will address. First, we will show that a planning
system can be used to produce answers to planning
problems that actually are correct and complete, at
least in the limit. Second, we will show how a plan-
ning system can respond to a conjunctive goal gl A g2
by invoking itself on the subgoals gl and g2 separately
and then combining the results.

We begin by discussing ~v itself. Given a goal g,
can be implemented by first ~lding the actions a

that might establish g. If the preconditions to these
actions are in general satisfied, we can take P(g) 
be the union of plan sets of the form [... a...]. If the
preconditions of a are not in general satisfied, we can
invoke ~ recursively on each precondition, merge the
results to obtain plans that enable a, and then append
a to the end of such plans.

We will see in what follows that w~e are often inter-
ested not only in "Pg, which constructs plans for achiev-
ing g, but also in 7~-,g, which identifies elements of a
particular plan set that .fail to achieve g. This has obvi-
ous analogs in existing planners, corresponding to what
other authors have called clobberers [Chapman,1987] or
threats [McAllester and Rosenblitt,1991].

Let us look at an example in a bit more detail.
The problem we will consider is the Sussman anomaly
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m
Figure 2: The Sussman anomaly

[Sussman,1975], shown in Figure 2. The goal is to get
A on B and B ou C. At this point, we consider the
subgoals separately.

The first of these invoh, es simply getting B on C.
This is generally achieved by the plan

[... move(B, C)...] (7)

Although there are instances of (7) that do not succeed
in getting B on C, there are only a finite nurnbcr of
ways for this to happen - something must be put on
B or on C, or B has to be moved away from C at
the end of the plan. Each of these exceptions is small
in (7), which is why the plan (7) generally achieves
on(B, C). Furthermore, move(B, C) is tile only action
with on(B, C) in its add list, and the preconditions 
this action hold in the initial situation. This implies
that the plan set (7) is approximately equal to the
set of all plans for getting B onto C and wc can take
P(on(B, C), [...]) to be [...move(B, C)...]. The 
conditions of approximatc equality are satisfied: Most
plans that achieve the goal are instances of the above
plan (in fact, they all are), and the exceptions are 
small set relative to the plan itself.

To continue the analysis, we compute

79(-~on(B, C), [... move(B, C)...])

to find elements of (7) that are exceptions to the plan.
There are two ways in which such exceptions might
arise: One of the preconditions to the move action
might fail, or something might clobber the fact that
B is on C after the action is executed.

The most general plan that clobbers the precondi-
tion that B be clear is [...move(?, B)...]. It follows
that the plan (7) will fail for the instance

e, = [...move(?,B)...move(B,C)...] 

There are still more specific plans that do manage to
get B on C, but (8) is one general failure possibil-
ity. (Recall that once we move something onto B, the
failed action of moving B to C has no effect on the
locations of the blocks.) Another way for (7) to fail 
given by e2 = [... move(?, C)... move(B, C)...], where
something is moved onto the top of C.

The only remaining possibility is where B is not on
C at the end of the plan becmme it is moved away. If

we set e3 = [...move(B,C)...move(B,?)...], we 
that we can take P(-~on(B, C), [... move(B, C)...]) 
be the union of the three e~. Since each e~ is small in
(7) by virtue of Proposition 3.3, so is their union.

We can continue the process, next comp,ting those
elements of the exception set that achieve the goal after
all, and so on. As we will see shortly, this sequence
converges on the set of all plans that achieve the goal
of getting B on C.

The second goal on(A, B) is more complicated, but
only slightly so. It is generally achieved by

[... move(C, ?)... move(A, B)...] (9)

Once again, there are only finitely many ways for (9) 
fail - the binding for ? could be chosen poorly (A and 
are bad choices), or additional actions could be added
as in the previous case. (In keeping with Proposition
3.6, we are assuming that there arc an infinite number
of distinct locations on the table to which C could be
moved.) The only exception of interest in this problem
is

[...move(?l,C)...move(C,?)...move(A,B)...]

where we have blocked C before attempting to move it
out of the way. As before, this and the other exceptions
are small in (9).

The general version of this construction is similar.
At cach odd-numbered step (including the first), 
look for plans that achieve the goal but that we have
not yet identified. At even-numbered steps, we look
for exceptions to the plans found thus far:

Definition 4.2 Given a planning system 79 and a goal
g, the planning sequence generated by" 79 for g is given
by 79o(g) = and then

f 79i-,(g) U79(.q,P- 79i-l(g)), i/ i is 
79i(@) = 79i--I (g) -- "T) (-ng,79i--I (g) i/~ is even.

Theorem 4.3 The planning sequence 79i(g) converges
to L(g).

This result shows us how to construct a planner that is
correct and complete from one that is approximately
correct and approximately complete.

Our remaining goal is that of showing how to corn-
bine the planner’s results for 91 and for 92 to obtain a
plan for gx A g2. Presumably, the semantics underly-
ing L is such that a plan achieves the conjunctive goal
gl Ag2 if and only if it achieves both gl and g2, so that
L(g, Ag2) = L(gl)f3L(.q2). The following result is 
obvious:

Lemma 4.4 If Pt achieves gl and P2 achieves g2,
P1 f’l P2 achieves gt A g2.
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The problem, of course, is that P1 n P2 may well be
empty if P1 and P~ are specific linear plans that achieve
the goals. If we could weaken Lemma 4.4 to require
only that the plans generally achieve their goals, we
could use the fact that (7) generally achieves on(B, 
and that (9) generally achieves on(A, B) to conclude
that a general solution to the Sussman anomaly is1

[...move(B, C) & [move(C, ?)...move(A, B)]...] 

This plan involves three actions - moving B to C,
moving C out of the way, and moving A to B. C must
be moved before A is put on B, but there are no other
ordering constraints involved. Unfortunately, (10) 
not a solution to the Sussman anomaly, since it allows
the action of moving B to C to precede the action of
moving C out of the way.

We do, however, have the following:

Corollary 4.5 Given a planning system P and goals
gl and g2, denote by 7~i(g) the planning sequence gen-
erated by P for g. Then the sequence 7~i(gx) N 7~i(g2)
converges to L(g, Ag2), the plan for achieving the con-
junction of gl and g2.

Conjuncts can indeed be planned for separately in our
setting. The full paper contains results regarding the
speed with which this sequence converges and showing
our techniques in use, both completing the analysis
of the Sussman anomaly and considering the toe, r-
construction problem of Figure 1.

5 Implementation considerations

If we are to build a planning system based on the ideas
that we have described, there are a variety of problems
that need to be addressed. Here we discuss two of
them: the intersection of plan sets and the construction
of a system that can produce these sets in the first
place.

Plan intersection

Plan intersection is often known as plan merging and
has been discussed by a variety of authors; typical
is the treatment of Foulser et.al [Fouiser et al.,1992].
These authors deal with conventional plan semantics,
assuming that no new actions can be added when a
plan is executed. Nevertheless, their ideas can be used
to implement our more general notions. The method
continues to be that of treating sequences of consecu-
tive actions as atomic units, and then merging larger
structures made up of these units.

1We have extended our notation here somewhat, ~riting
a & b for the plan of taking actions a and b without there
being an ordering constraint between them.

Any implementation of our ideas will be fundamen-
tally dependent on this plan intersection operation.
Existing planners work with global data structures,
gradually accumulating actions into an overall plan.
This makes their plans somewhat brittle, since they
will need to discard a great deal of existing work when
a portion of the plan changes. A system such as we
have described plans for subgoals separately but must
frequently merge the plans involved in order to under-
stand possible subgoal interactions.

The upshot of this is that the speed of a planner
built on our ideas will be crucially dependent on the
speed of the underlying mechanism for plan merging;
as Foulser et.al point out, plan merging can be expo-
nentially expensive. They also point out, however, that
this exponential expense appears not to be incurred
in practice because the plans being merged consist of
small numbers of linear segments. This matches our
experience. Finally, since specific plan segments tend
to appear many times in the analysis, the overall com-
putation can be speeded substantially by caching the
results of the merging computation in some way.

Constructing plan sets

Given an implementation that manipulates plan sets,
from where are we to obtain these sets in the first
place?

One possibility involves the initial situation. In the
tower-construction example, we know that on(C, D)
is achieved by the plan [ ] corresponding to the initial
situation. It follows that on(C, D) is generally achieved
by the universal plan [...].

Information can also be obtained from the occur-
rence of actions. For any action a, the statement "a
has just occurred" is true for the plan [... a]. And
finally, there are operations that transform plan sets
into new plan sets. We have already seen one of these
in the form of plan intersection; another corresponds
to the frame axiom in our setting. Additional details
are in the full paper.

6 Conclusion
My aim in this paper has been to describe a single idea:
Planners should manipulate not specialized plans that
are guaranteed to achieve their goals, but more general
plans that can only be expected to. We have presented
a formalization of this idea of "expecting" a plan to
achieve a goal in terms of the plan failing for a small
subset of its possible executions.

Building a planner around this idea introduces pos-
sibilities that existing planners lack; most important
among these is that it is possible to combine approx-
imate plans for each of two subgoals to obtain an ap-
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proximate plan for their conjunction. Our main tech-
nical results are Theorem 4.3 and Corollary 4.5, which
confirm this observation. An approximate planner will
have advantages over a conventional one in that it will
debug plans constructed using independence assump-
tions as opposed to catering to all possible plval inter-
actions at the outset.

A preliminary implementation of our ideas has been
built using the bilattice-based theorem prover MVL
[Ginsberg,1993], but many implementation issues re-
main to be addressed. Dealing with these is the topic
of ongoing research.
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