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Abstract

In this paper, | present the theoreticd results obtained for
Bentley’s genetic dgorithm, which is used in CAD system
to generate 3D-solids designs. The Vose-like-Markov-chain
model for the Bentley’s GA is proposed. The transition
matrices are foundand the egodty of the Markov chain and
the asymptotic corredness in the probabilistic sense ae
shown by wsing the model. The microscopic Exad Poli GP
Schema Theory for SubtreeSwapping Crossovers are
applied for the Bentley’'s GA to cdculate the dfedive
fitness and the total transmisson probability for a fixed-
size-and-shape schema under hierarchicd crosver.

Introduction

The GA based on herarchicd structures like tree based
genetic programming [3, 4], graphbased GA and
hierarchicd chromosome based GA [1, 5] are often used as
the representation in evolutionary algorithms. There ae
not known effedive methods of investigation o
asymptotic properties or convergence for that class of
algorithms. The paper deds with the two approaches and
introdwces two models for the Bentley’'s GA (with
hierarchicd chromosome and herarchicd crossover) [1] —
Vose-like Markov chain Moddl and Poli Schema Theory
based ore. Each approach models other aspeds of genetic
algorithms. The Markov chain model enables investigation
on asymptotic properties and transition matrices. The
second approach gves us posshility to cdculate the total
transmisson probability for a fixed-size-and-shape schema
under hierarchicd crosover andthe dfedive fitness

Markov chain model for Bentley’s GA

In this ®dion | will demonstrate aMarkov chain Model
for the Bentley’'s GA under the asuumptions, that
crosover points are numbers of primitives and that only
mutation o alelesis used.

The phenatype spaceFen is defined as a set of individuals
consisting d n/3 primitives of eah o three dasses: base,
seat, back. Each primitive is described by p genes
(sequences of q hits). The seach space X is defined as
X =(Z,)™. After defining the mding and ceading
functions, the mutation and crosover are defined as
genetic operators on the space X. The aossover operator
with two similarity paints can be replaced with crossover
with ore similarity pant by the asumption, that the
primitives are abitrary located within the chromosome
The probability distribution d the result of the @ossng of
the codes x, y is given bythe following formula:

cross y({7) = tDZX’7t+T’7f[(XD t) O (f O y) = z] where

O ptypeg fort 0
= Pc ~ Ptype, fort =0
where p, -crosover intensity, type -crosover type
o flgdy(u 0(O.npa):t =2 -1)0
typg = % (

Cu0(0,npg) : (L) = upq)
= Oin theothercase

The probability distribution o the result of the mutation o
the mde x isgiven bythe following formula:
mut, () = 5 &[x0 5= 7] where, = pp*(1- py) ™)

X

ne =

where p,, 0[0,] -mutation rate

There has been shown, that the probability distribution
m, , of mixing operation hes two esential symmetries:
Ox,y,zOXm, ,({7) =m, ,({2);

DX: yv zOX mxy({ Z}) = mez,yDz({O})

After defining o the genetic operator G there has been

shown that if the mutation and crosover parameters are

constant, then the transition matrix for the genetic

r-1 (G \HPj

dgorithm  can be written as Q, :u!r!((p)’).
1= /“lpj

There has been also shown that (1) every popdation hes a



norzero probability of being the next generation and (2)
the transition matrix Q, is grongdy pasitive definite.

From 2 it follows, that the Markov chain describing the
dynamics of the genetic dgorithm is ergodc. From the
Ergodc Theorem it foll ows that

« for the abitrary started probability measure 7'[2 on X,

. . . . O
exists r, : lim ¢, = lim Q'° =1t
s t - +oo H ta+ooQ H H

* the GA is asymptoticdly corred in the probabilistic
sense.

Exact Microscopic Schema Theory for
Bentley’s GA

Theoreticd results presented below are obtained on the
basis of Microscopic Schema Theory for GP with subtree
Swapping Crosover, introduwced in [3]. Hierarchicd
crosover used in Bentley's GA is modeled as drongy
typed crosover described by D.JMorntana in [2]. To
describe hierarchicd crosover by means of strongy typed

crosover, | have to reorganize the hierarchicd
chromosome structure in the foll owing way:
%
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Figure 1. Reorganizing of the hierarchical chromosome

A nocein the treeis coded in the Node Reference System

as a pair (d,i), where d is the layer number and i denotes

nocke index in the layer. The following dfinitions defines a

function aher the node reference system:

e The function 1B(d,i) returning 1 if the node with
coordinates (d,i) isabit and 0in the other case

e C(d,i,h) returning a dass of the noce with coordinates
(d,i) inthe treewith roat h

e Function CM returning 1 when nodes are in the same
classand 0in the other case.

For hierarchicd crossover probability of chocsing nodks

with coordinates(d, ,i;),(d,,i,) inh, h, respedively equals:

Pscgp (dy, i1, da i3 [y, hy) =

CM (dy,iy,dy,ip, . hy)
max_depth(hy) max_depth(hy) pg pq
ZCM (DlllllD21|21h11h2)
D;=0 D,=0  1;=01,=0
A variable aity hyperschemais defined as in [3].The only
one differenceisthat the function set F and the terminal set
T are defined as: F={base,seat,back}; T={0,1}. The total
transmisson probability for a fixed-size-and-shape schema
H under hierarchicd crossover and nomutationis:

a(H,t) =(@0-py)p(H.H+ pxo%hz Py, t) p(hy, 1) *
2 % P(i, J [, hp)* [y DU (H, D[R, OL(H, I, )]

where dl the variables are defined asin [3].
The dfedive fitness for fixed size ad shape schema F
with hierarchicd crossover and withou mutationis:

f(H,t)
fo(Ht)= *
(H:0 p(H,t)
HL-pg)p(H 1) + pxogz p(h,t) p(hy, t);Z PG, JTh,he)F
h OU(H,DI[h, OL(H,i, )] E
Conclusions

In the paper, | have presented theoreticd results obtained
for Bentley’s GA, which has been used in CAD system to
generate 3D-solids designs. To model several aspeds of
the genetic dgorithm, two approaches has been used.
Firstly, the Voselike-Markov-chain model for Bentley’s
GA has been introduwced. This theoreticd approach
provides an excdl ent framework for studying the dynamics
of genetic dgorithms based on herarchicd structures.
Presented model has been used for finding the transition
matrices and for investigation d asymptotic properties by
using the Markov transition functions. The egodty of the
Markov chain describing the Bentley's GA has also been
shown. Semndy, the microscopic Exaa Poli GP Shema
Theory for Subtree Swapping Crossovers has been applied
to Bentley’s GA to cdculate the dfedive fitness and the
total transmisson probahility for the fixed-size-and-shape
schema.
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