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Abstract

We present a new practical algorithm to resolve
the experimental data of restriction site analysis,
which is a common technique for mapping DNA.
Specifically, we assert that multiple digests with
a single restriction enzyme can provide sufficient
information to identify the positions of the restric-
tion sites with high probability. The motivation
for the new approach comes from combinatorial
results on the number of mutually homeometric
sets in one dimension, where two sets of n points

homeometric if the multiset of (;) distancesare

they determine are the same.
Since experimental data contains error, we pro-
pose algorithms for reconstructing sets from noisy
interpoint distances, including the possibility of
missing fragments. We analyze the performance
of these algorithms under a reasonable probability
distribution, establishing a relative error limit of
r = O(1/n2) beyond which our technique becomes
infeasible. Through simulations, we establish that
our technique is robust enough to reconstruct data
with relative errors of up to 7.0% in the measured
fragment lengths for typical problems, which ap-
pears sufficient for certain biological apphcations.

"This work was partially supported by NSF Research
Initiation Award CCR-9109289 and by New York Science
and Technology Fotmdation grant RDG-90171.

Introduction

The genetic code of an organism defines a string on
the alphabet {A, C, G, T}, representing the amino
acids adenine, cytosine, guanine, and thymine.
Restriction enzymes are chemicals which recog-
nize and cut DNA molecules at particular pat-
terns. For example, the enzyme EcoRI cuts at the
pattern GAATTC. Exposing a DNA molecule to
a particular restriction enzyme may cut it in one
or more places, and measuring the length of the
fragments provides information about where the
restriction sites are located on the molecule. Re-
constructing this information is called restriction
site analysis and is a common laboratory tech-
nique.

Reconstruction can be difficult whenever an en-
zyme cuts the molecule in more than one place,
which is usually the case for sufficiently long
molecules. If we expose a hnear molecule to an en-
zyme and wait for the reaction to complete, each
of the n restriction sites are cut and so we obtain
n + 1 fragments. Such an experiment is known
as a full or complete digest. Any permutation of
the fragments resulting from a complete digest is
a possible interpretation of the molecule, and so
further data is necessary to position the sites. To
get additional information, typically multiple en-
zymes are used. Unfortunately, there is no way to
guarantee that some constant number of enzymes
k will be sufficient for unique reconstruction, since
any unbroken run of three or more sites for a par-
titular enzyme cannot be resolved.

If our sample contains a large number of identical
linear molecules, as is obtainable by cloning, and
we reduce the time of exposure so that not every
site is cut, we would obtain instances of each of the

(;) fragments, correspond to fragmentsbetween

every pair of sites. Such an experiment is called
a partial digest. Finding the sites from the inter-
point distances between pairs of sites, is known in
the literature as the turnpike reconstruction prob-
lem. The combinatorial results of Skiena, Smith,
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and Lemke [12], presented in Section suggest that
only caxefully constructed examples permit multi-
pie reconstructions consistent with the results of a
single partial digest. Thus only one partial digest
should usually suffice for reconstruction.

The combinatorial results of [12] assume that the
exact length of each fragment is presented, an
entirely unrealistic assumption for experimental
data. In practice, the lengths of DNA fragments
axe measured by means of differing forced diffu-
sion speeds in gel electrophoresis. The observed
length of each fragmentmay have significant rel-
ative error. Currently, 2% to 5% relative error is
achievable [3]. Further, two fragments of approx-
imately equal length are unlikely to be discrimi-
nated on the gel, so the multiplicities of distances
are almost certain to be lost. Additional compli-
cations arise with smnll fragments, which can run
off the end of the gel, and so be lost. Finally,
on any paxticulax molecule certain sites are less
likely to be cut than other sites, so certain frag-
ments might not occur with sufficient frequency
to be measured.

Despite these complications, we believe that the
combinatorial constraints inherent in partial di-
gest data are sufficiently strong to facilitate re-
construction. To explore this idea, we have gen-
erali’zed the backtracking algorithm of [12] to deal
with noisy data, both imprecise measurements
as well as missing fragments. In this paper, we
present our generalized algorithm for noisy data,
analyze its performance, as well as results of ex-
periments to assess its behavior.

We emphasize that the practical instances of this
problem are quite small. With more than 5-10
restriction sites, it becomes increasing difficult
to distinguish the resulting fragments with dec-
trophoresis. The time complexity of an algorithm
is much less important than mi.nimizing the num-
ber of possible interpretations for the molecule, as
a function of the number of experiments. By using
partial digests, even with missing fragments, our
methods perform extremely well.

We first discuss related work, both previous algo-
rithms for restriction site analysis and the com-
binatorial results which support the partial digest
approach. Then we present a backtracking algo-
rithm for reconstructing sets from noisy data and
missing fragments. Later, we analyze the perfor-
mance of this algorithm on noisy data establishing
the relative error limit of ~" = O(1/n2) where our
technique becomes infeasible. Finally, we present
the results of experiments with an implementation
of this algorithm.

Previous Work
Determining the location of the sites from restric-
tion site data is a difficult algorithmic problem,
which has been extensively studied [1, 2, 4, 5, 11,
9, 14, 16]. These approaches attempt reconstruc-
tion by using multiple complete digests, as op-
posed to the single enzyme method proposed in
this paper. Fragment lengths from incomplete di-
gests have been exploited by Sutherland and Par-
tis [15] for the related problem of mapping anti-
body binding sites on a protein. They use linear
programming techniques as opposed to our com-
binatorial search methods.
Our approach is based on the theory of home-
ometric sets [10]. The problem of reconstruct-
ing sets from interpoint distances dates back
to the origins of X-ray crystallography in the
1930% [8, 7]. Two noncongruent n-point sets

homeometric if the multisets of (:) distancesaxe

they determine are the same. Let the func-
tion H(n) denote the maximum possible num-
ber of mutually noncongruent and homeometri¢
n-point sets which can exist in one dimension. For
example, {0,2,3,5,7,9,10,13,16,17,18,22,28} and
{0,2,7,9,13,14,15,17,18,19,22,25,28} are two home-
ometric sets on 13 points. Skiena, Smith and
Lemke [12] show that

.... 1 n0.8107144 < H(rt) < 1 nl.2324827.
2 - -2

This fact demonstrates that incomplete digests
dramatically reduce the number of interpretations
of a complete digest.

The Reconstruction Algorithm

The polynomial factorization approach does not
generalize to noisy data, since it would require
a concept analogous to an approximate factoriza-
tion. However, Skiena, Smith, and Lemke [12] pre-
sented a backtracking algorithm which, although
it takes 0(2’~. n log n) time in the worst-case, gen-
eralizes readily into a practical algorithm for noisy
data.
Here we review the backtracking algorithm. Let
dij represent the distance between the ith and jth
points on a line, ordered" from left to right. The
complete set of distances and their initially un-
known assignments can be represented as a trian-
gulax matrix or lyyramid. The set of distances dij
such that j - i = I defines row l of the pyramid.
For convenience, we shall represent the input dis-
tances or fragments by a vector v sorted in increas-

ing order, so that v[i] < v[j], 1 < i < j <_ (~). A

solution is an satisfactory assignment of the input
distances to the positions of the pyramid. For a
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Figure 1: The Effect of Choosing dl(,,-l+l).

solution, an input fragment is called a base frag-
ment if it goes into the first row of the pyramid,
and is called an intermediate fragment otherwise.
The positions du, 1 < i _< n are called the left
hand side of the pyramid and the positions din,
1 _< j < n are called right hand side of the pyra-
mid.

The backtracking procedure repeatedly position
the largest remaining unpositioned distance. Be-
cause we axe placing the largest available distance
in the pyramid, there will be only two possible lo-
cations to choose from. The key to making this
procedure efficient is to immediately fill in the
pyramid any values which axe determined by our
previous (non-determlnistic) selections.

Assume that we have thus fax placed l elements
along the left-hand side of the pyramid and 1" on
the right, as shown in Figure 1. All the positions
in the shaded regions are determined by the l+~’-1
distances dlj and d~,, (n - l + 1) < j _< n, 1 <__
i < 1". The largest remaining distance must be
associated with either dl(,~-0 or d(,+l)n.
Suppose that the backtrack procedure selects the
left side to receive the next element. Thus dl(,,-:)
is assigned the largest remaining distance. This
determines d/(,,_:), 2 _< i ~ ~., since d/(~_l) 
dl(,,-l~,- dll, which axe already in the pyramid,
as weu as d(n-I+l)(n-~;), <: j <I - 2, si nce

d(,,-i+l)(,,-.O =dl,, - d1(,~-t+l) - d(~,_j),,. If 
of these l + ~" - 1 determined values is not an avail-
able distance, the partial reconstruction cannot
be extended into a pyramid and so we backtrack.
If all correspond to unused distances, we mark
them as used and advance to the next level. Since
the ith choice determines i values, n- 1 choices
are sufficient to determine any pyramid. On the
ith choice, we will perform i binary searches in
a sorted list of the distances to test whether the

ones we need are available.

and d(,,-1). = d1,, - all(.-1), the search is initial-
ized with l = 2 and ~’ = 1.

Example: Suppose the input fragment set is
{1, 2, 3, 4, 4, 5, 5, 6, 8, 10}. Then n = 5, and dxs =
10. The largest remaining segment 8, must be
placed in either d14 or d2s. If d14 : 8, then
d45 : 10-8 = 2. The next largest segment 6 must
be assinged to either dis or d25. If we choose dts,
thend2s=10-6=4andda4=8-6=2. But,
there is only one fragment of length 2, which we
assigned to d45. Hence, given d14 = 8, we must
choose d25 = 6. This implies dx2 : 4. The next
largest element is 5, which we assign to dla, and
subsequenctly place dss = 5, d2s : 1, ds4 = 3
and d24 = 4. The pyramid corresponding to this
solution is

lo
8 6

5 4 5
4 1 3 2

When the data contains noise, we must use inter-
val arithmetic to correctly handle fragments sub-
ject to a given relative error ~. Now each fragment

defines an interval If. (1-1’), f. (1 + ~’)]. An 
terval is also associated with each position in the
pyramid, which gives upper and lower bounds on
the length of any fragment which can be placed in
this slot, Specifically,

max(d~h) + max(d~j) > d~ > min(d~)+ min(d~)

and
max(d~n)-min(du)+max(dj,,) > min( d~n)
- max(d~,) + m;n(d~.)
for all appropriate i, ~, h. Here, the max and min
functions axe defined as follows: max(dq~+t)) 

d/(,+t)(l+e), max(dl,) E~-~ max(d~o+t)), i <
h < j and the rain function defined analogously.
An assignment A of the pyramid positions to the
input fragments is said to be globally consistent if
there exists a set of values for d/~ such that d/$
[A(d~) (1- , ), A(#~) ¯ (1+ ,)] an

k-1

j=i

for i < i < h _< n. Our implementation checks
only local interval constraints, namely

max(d~u_U) + max(d0_~)~) >_ 
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>_ min(di(j_l)) + min(d(j_Dj)

and

max(di(i+1)) + max(d(i+l)j) > dlj
> min(d~(~+1)) + min(d(i+1)j)

during search, but then verifies the global consis-
tency of any completed pyramid in O(n~) time.
Although there still exist only two possible posi-
tions for the largest fragment, the derived pyramid
values are no longer unique, since multiple input
fragments may lie in any given interval. To ensure
that no solution is missed, we must continue the
search with every possible combination of candi-
date fragments. Thus the nodes of the backtrack
tree may have exponentially large outdegree, and
the worst-case behavior of the algorithm may be-
come significantly worse than ®(T’ ¯ nln n). This
suggests using a heuristic to select the fragment
when there are multiple choices in a given interval,
such as using the smallest or median fragment. Al-
though this eliminates a potentially vast amount
of redundant computation, often no solution will
be found even though one exists.

Another approach to reducing redundant compu-
tation is grouping. The input data typically con-
talns several pairs of fragments of such similar
length that they are essentially interchangable.
Since k pairs of interchangable elements increases
the number of solutions (and execution time) 
2h, in practice the data is preprocessed by re-
placing all fragments whose length axe within a
given grouping percentage of each other with their
mean. Again, grouping provides a significant
speedup, at the cost of potential missed solutions.

Analysis

Although the backtracking algorithm takes expo-
nential time in the worst case, we expect better be-
havior in practice. When distance set, measured
without error, arises from n real points in general
position, i.e., no two points coincide, the incorrect
position for the largest distance will (with proba-
bility 1) be pruned immediately, and so the proce-
dure uses ®(n~ log n) operations. In this section,
we analyze the sensitivity of this algorithm to the
relative error in the input.
To analyze the behavior of our reconstruction al-
gorithm, we assume that inputs are generated ac-
cording to the following probabilistic model. Let
[a, b] denote the closed interval from a to b. In the
interval [1, M] a set of integer points S are cho-
sen according to a binomial distribution B(M, p),
where p -- n/M. Thus the expected number of
points in S is n. If we assume that DNA molecules
are random strings, then p ~ 1/4s for a restriction

enzyme which cuts at a pattern of length k.
In the backtracking procedure, the act of placing
the kth largest fragment defines an interval for
the value of k - 1 positions in pyramid. If any
one of these intervals does not contain an avail-
able element of the input distance set, we imme-
diately backtrack. If an interval contains multi-
ple fragments, we must continue the search with
all combinations of the multiple fragments. Thus
there axe two critical points in the algorithm; first,
where the probability of a false match becomes
high enough that the procedure backtracks infre-
quently, and second where intervals contain mul-
tiple fragments often enough that each tree node
has high outdegree. By arbitrarily selecting one of
the multiple fragments in the interval, using a pze-
selection rule, such as the median, we avoid the
effects of this second phenomenon. The follow-
ing theorem gives the expected time of the pre-
selection rule algorithm. For the details of the
proof, refer to [13].

Theorem 1 Let I be the set of fragments result-
ing from selecting points from the interval [1, M]
according to a binomial distribution, with p =
n/M, where M >> n. Assume that all base frag-
ments in I are identified, and that each fragment
in I is measured with a relative error of at most
r. Then the ezpected time of the median selection
algorithm on I is O(nz) when v < In 2/(2n).

The heuristic algorithm analyzed in Theorem 1
avoids the effects of multiple fragments per in-
terval, at the cost of possibly missing solutions.
For a more complete analysis of the backtracking
algorithm, we need two quantities: the probabil-
ity that an interval is devoid of fragments, and
the expected number of fragments per interval.
The following theorem states, when r = o(1/n2),
the expected time of the backtracking algorithm
is O(nS).

Theorem 2 Let I be the set of fragments result-
ing from selecting points from an interval of length
M according to a binomial distribution, with p =
n/M, where M >> n. Assume that all base frag-
ments in I are identified, and that each fragment
in I measured with a relative error of at most v.
Then the ezpected time of the backtracking algo-
rithm on I is O(nz) when r = o(1/n~).

Experimental Results
We conducted our experiments on the bacterio-
phage A [6], a common cloning vehicle with seven
restriction sites for the enzyme HindIII. The dis-
tances between adjacent sites for this molecule
are {23130, 2027, 2322, 9416, 564, 125, 6557, 4361}
which leads to the following set of 36 paizwise dis-
tances:
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12B, 564, 689, 2027, 2322, 4349, 4361,
6557, 6682, 7246, 9416, 9980, 10106, 10918,
11043, 11607, 11738, 12302, 12427, 13765,
14329, 14454, 16662, 18984, 21011, 21023,
23130, 23345, 2SLS7, 26372, 27479, 36895,
37459, 37584, 44141, 48S02

We perturbed the length of each of these frag-
ments to simulate the effects of experimental error
on the performance of our algorithm. Specifically,
to simulate a relative error r, each fragment of
length f was replaced with a random integer se-
lected uniformly from the interval [f. (1 - ~), 
(1 + 7’)].
Thus each problem instance has an associated rel-
ative error r, and was run under a variety of dif-
ferent grouping factors. Increasing the grouping
factor has the effect of dramatically reducing the
search time while less dramatically reducing the
number of solutions. For each pair of ~" and g,
the execution time and number of solutions have
been reported. An ’cx~’ denotes pairs where the
program was not run to completion.
By performing both a complete and an incomplete
digest on clones of a given molecule, the base frag-
ments of our pyramid can be instantly identified,
reducing the search times substantially for a given
problem instance. In Table 1, the base fragments
have been identified to reduce the search. Under
this model, problem instances with relative errors
of up to 7.0% can be solved.

Missing fragments present a significant challenge
to our algorithm. The most common cause of
missing fragments occurs when two fragments of
similar length are not resolved on the gel. In such
a case, the approximate length of the fragments
are known, but not the multiplicity. For the ex-
periments reported in Table 2, all fragments clus-
tered together within the given grouping percent-
age were replaced by one instance of the mean
length of these fragments. Thus, the problems get
harder with increased grouping. The number of
missing fragments is reported within parentheses
in Table 2. Problems with as many as eight miss-
ing fragments are successfully handled, and the
number of satisfying solutions remains extremely
small. Indeed, none of our experiments to date
have resulted in two significantly different inter-
pretations of the same data. The full paper [13]
contains a more thorough presentation of our ex-
periments.

The Implementation

In this section, we describe the current implemen-
tation of our algorithm, turnpike.c. The program
is available by contacting either of the authors of
this paper.
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¯ Since each fragment represents a distance be-
tween two sites, the expected number of frag-

(~) for some By the default,ments is

¢t is taken as the smallest integer such that

(;) > m, where m is the number of input frag-
ments. The default number of wildcard entries

is (;) -m. This can be overridden by the ~n

option.
¯ As discussed below, each input segment can

be annotated to signify if it should always be
treated as either a base or intermediate frag-
ment. By default, any fragment is free to oc-
cupy any position in the solution.

¯ In order to speed up the program and mini-
mize the number of isomorphic solutions, the
-g (or grouping) option permits the user 
specify a grouping percentage g. This prepro-
eesses the input segments, and replaces all frag-
ments within a window of g% with mean of their
lengths.

¯ Some rudimentary facilities exist to assess the
relative quality of multiple solutions. The -r (or
ranking) option computes two statistics for each
solution. The mi~timum relative error gives the
smallest relative error under which this solution
would be generated. The stable segments sums
over all positions in a pyramid the number of
other solutions which place the same fragment
in the same position. The -b option suppresses
output of the pyramids.

¯ The implementation provides two ways to deal
with missing fragments. The -W option treats
all missing fragments as wildcards, meaning
that they can take any value. The -M option
assumes that all missing fragments are multi-
plicities of the input fragments, and so restricts
their possible values to the given input. These
options are mutually exclusive.

¯ To avoid the combinatorial effects of multiple
fragments per interval, the -m, -s, and -h op-
tions implement heuristics which always select
the median, smallest, and maximum overlap
fragments (respectively). Of these, the -h op-
tion appears to give the best performance, al-
though it still misses too many solutions to jus-
tify its use.

Example

To compile the program turnpike.c, do:
ce -O -o turnpike turnpike.c -Ira
The usage string is echoed if no arguments are
provided:

7. turnpike
Usage: turnpike -g[grouping_pct] -r -m
-n -s -h -b -lq -W data_file pet_err



k6723
k11609
k14357
k21160
k27531
&48737

Each line of the input file contains the length of
one fragment, possibly starting with an annota-
tion character. Fragments beginning with a ’*’
are associated with a complete digest, and hence
will be placed only on the base level of a pyramid.
Fragments beginning with a ’&’ denote intermedi-
ate fragments, which cannot be placed on the base
level of a pyramid. Unannotated fragments may
be placed on any level. The following example
file derno.input contains 7 ’*’ fragments, 3 unan-
notated segments, and 23 ’&’ segments. Since 36

is the smallest value of (~) > 33, by default three

wildcards are added.

¯ 126 *570 *2339 ~4332 *4385 .6616
¯ 9414 9950 10193 10818 k10933
~11883 ~12261 ~12512 &13832
~14506 ~16645 &18815 ~20818
¯ 23096 ~23237 ~24931 &25196
t37170 ~37283 k37648 ~44460

Executing the command turnpike -gO.5 - W -r
demo-daZa ~.0 runs the program using a relative
error of 2.0%, a grouping factor of 0.5%, a default
number of wildcards, and produces statistics to
rank the relative quality of the solutions.

Number of Wild Card Entries: 3
Relative Error(Percent) : 2.000000

Groupin 8 Percent : 0.500000
INPUT DISTANCES:
126 570 2339 4332 4385 6616
6723 9414 9950 10193 10818 10933
11609 11853 12261 12512 13832 14357
14506 16645 18815 20818 21160 23096
23237 24931 28196 27531 37170 37283
37648 44460 48737

GROUPED INPUT
126 570 2339 4332 4385 6616
6723 9414 9950 10193 10818 10933
11609 11853 12261 12512 13832 14357
14506 16645 18815 20818 21160 23166
23166 24931 25198 27531 37367 37367
37367 44460 48737

SOLUTIONS & STATISTICS

Min. Pct. Rel. Error : 1.507813
Stable Segments 24

48737

44460 25196

37648 21160 23237

37283 14506 18815 20818

37170 14357 12512 16645 11853

27531 13832 12261 10193 WCARD 10933

24931 4332 11609 9950 WCARD 6723 10818

23096 2339 WCARI) 9414 570 126 6616

Time Taken for the 1 solution: 13.940000

Hin. Pct. Re1. Error : 0.929688
Stable Segments 24

48737

".~80 25196

37648 20818 23237

37283 14506 18815 21160

37170 14357 12512 16645 11609

27531 13832 12261 10193 WC/.RD 10933

24931 4332 11853 9950 WCIRD 6723 10818

23096 ~/CAItD 2339 9414 570 126 6616

Time Taken for the 2 solution: 0.000000

Total Time :29.100000 secs

Conclusion

We presented a new practical combinatorial algo-
rithm to resolve the experimental data of restric-
tion site analysis. We analyzed the performance of
our algorithm under a reasonable probability dis-
tribution and established a relative error limit of
o(1/n 2) upto which our technique is feasible. The
conclusion to be drawn is that our technique of
restriction site analysis via partial digests success-
fully reconstructed simulated data under realistic
error tolerances. For typical problems, the algo-
rithm can handle upto a relative error of 7%. The
next phase of this work will involve reconstructing
actual laboratory data.
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Reconstruction Time in Seconds

grouping percentage
tel. error 0.0% 0.5% 1.0% I 1.5% I 2.0% 2.5% 3.0%

0.0% 0.05
0.5% 0.03
1.0% 0.04 0.06
1.5% 0.35 0.05
2.0% 0.53 0.22 0.03
2.5% 1.81 0.63 0.07
3.0% 5.55 3.03 1.51 1.47
3.5% 7.66 2.18 0.73 0.38
4.0% 24.17 7.0 1.39 0.24 0.16
4.5% 67.31 35.76 ¯ 20:62 1:27 0.27
5.0% CO 172.41 30.3 7.01 0.88 0.38
5.5% OO CO 108.72 5.42 5.41 0.86
6.0% O0 O0 114.45 109.74 32.51 11.63 4.87
6.5% O0 O0 (3O 161.19 99.1 14.76
7.0% O0 O0 C~ O0 265.12 266.83 78.58

Nnmber of Solutions

grouping percentage
rel. error 0.0%I 0.5%I 1.0%I 1.5%12.0% 12.5%13.0%

0.0% 1
0.5% 1
1.0% 1 1
1.5% 1 1
2.0% 1 1 0
2.5% 1 1 0
3.0% 2 1 1 1
3.5% 2 2 2 1
4.0% 2 2 2 1 1
4.5% 2 2 2 2 0
5.0% O0 3 2 2 0 0
5.5% O0 3 1 1 0
6.0% O0 O0 2 2 0 0
6.5% O0 O0 CO 0 0 0
7.0% O0 O0 CO CO 3 3 0

Table I: Performance when provided with 36 of 36 fragments, and with all of the base fragments identified.
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Reconstruction Time in Seconds

grouping percentage
~z. e,~or 0.0% I 0.5% l 1.o% I 1.5%

0.0%
0.5%
1.0%
1.5%
2.0%
2.5%
3.0%
3.5%
4.0%
4.5%

0.04
0.05

0.32
1.08

4.04
13.34 (0)
37.Ol (o)

0.1 (3)

3.130"13 /55/ O0 2:7 (~:))

14.52 (3)
oo(4) 239.41 661

23.59 /2) 240.63
85.59 (2) ~ (6

133.01 (1) ~ (4)

Number of Solutions

grouping percentage
tel. error 0.0%10.5%] 1.0%11.5%

0.0% 1
0.5% 1
1.0% 1 1
1.5% 1 1
2.0% 1 1 0
2.5% 1 2 1
3.0% 2 CO 3 0
3.5% 2 2 2 C~3

4.0% 2 2 OO

4.5% 2 2 CO

Table 2: Performance when provided with single copies of multiple fragments.
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