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Abstract

One of the main problems in DNA and protein se-
quence comparisons is to decide whether observed sim-
ilarity of two sequences should be explained by their
relatedness or by mere presence of some shared in-
ternal structure, e.g., shared internM tandem repeats.
The standard methods that are based on statistics or
classical information theory can be used to discover ei-
ther internal structure or mutual sequence similarity,
but cannot take into account both. Consequently, cur-
rently used methods for sequence comparison employ
"masking" techniques that simply eliminate sequences
that exhibit internal repetitive structttre prior to se-
quence comparisons. The "masking" approach pre-
cludes discovery of homologous sequences of moder-
ate or low complexity, which abound at both DNA
and protein levels. As a solution to this problem, we
propose a general method that is based on algorithmic
information theory and minimal length encoding. We
show that algorithmic mutual information factors out
the sequence similarity that is due to shared internal
structure and thus enables discovery of truly related
sequences. We extend the recently developed algorith-
mic significance method (Milosavljevi5 & Jttrka 1993)
to show that significance depends exponentially on al-
gorithmic mutual information.

Introduction
Consider an experiment in which two short (say,
200bp) genomic DNA fragments are picked at random
from a database that contains all the human genomic
DNA and then mutually aligned. If the two fragments
exhibit statistically significant similarity measured by
their local alignment score and if they do not contain
Alu repeats, then it is very likely that the compared
sequences both contain simple repetitive patterns that
consist of repetitions of a single letter (e.g. "A" or "T")
or that mostly consist of a few short "words" that are
frequently repeated, as illustrated in Figure 1.

To avoid the spurious similarities, "masking" proce-
dures are proposed (Claverie & States 1993; Wootton
Federhen 1993; Altschul et al. 1994) where sequences
of low complexity are eliminated prior to database sim-
ilarity searches. The "masking" approach precludes

discovery of homologous sequences of lower complex-
ity that still share significant information about their
common ancestry. Such homologies abound at both
DNA and protein levels (Wootton & Federhen 1993;
Altschul et al. 1994). As a hypothetical example, con-
sider two imperfect poly-A sequences of length 100 that
both have base T at positions 17, 28, 35, 37, 76, and
87 and have only a few mutual base differences; should
we conclude that they are homologous, or that the two
patterns have arisen independently?

While the standard methods that are based on the
concept of statistical significance (Karlin & Brendel
1992) may help in either discovering sequences of low
complexity or in discovering sequence similality, it is
not obvious how could they be extended to simul-
taneously take into account both effects. The same
holds for Shannon’s ilfformation theory. In this paper
we show that algorithmic mutual information, a cen-
tral concept in algorithmic information theory (Chaltin
1982; Li & Vitanyi 1993), provides a satisfying solu-
tion. It may be interesting to note that algorithnfic
mutual information has been used as a central concept
in Chaitin’s fascinating mathematical definition of life
(Chaitin 1979); in particular, Theorem 5 in (Chaltin
1979) deals with hierarchical structures that are sim-
ilar to the DNA structures that are studied in this
paper.

Algorithmic mutual information can roughly be de-
fined as the difference between the sum of complex-
ities of the compared sequences and the joint com-
plexity of the two sequences. The complexities are
measured by the minimal number of bits that ,are
necessary to encode the sequences. Since lower joint
complexity indicates similarity, algorithmic mutual in-
formation simultaneously takes into account both the
complexity of the compared sequences and their mu-
tual shnilarity. We show that significance of se-
quence similarity depends approximately exponentially
on their mutual info,-~nation; this result represents
a direct extension of the newly proposed algorith-
mic significance method (Milosavljevid ~z Jurka 1993;
Milosavljevid 1993).

While we restrict our presentation to DNA se-.
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quences, the approach presented in this paper can also
be applied in the context of protein sequences.

Minimal Length Encoding and
Algorithmic Mutual Information

Let s aald t denote finite-length sequences in the four-
letter alphabet {A, G, C,T} of DNA. We will be in-
terested in the relatedness of s, which we call source ,
with t, which we call target .

Algorithmic mutual information is measured by en-
coding length. Basic idea is that a target t that con-
tains repetitions of words can be encoded concisely
by replacing the repeated occurrences of words by
pointers to their earlier occurrences in the samc sc-
quence. Similarly, if t shares words with s, it may
be encoded concisely by replacing the occurrences of
shared words in t by pointers to their occurrences
in s. Mutual information is estimated as the dif-
ference between the self-encoding of t and its en-
coding relative to s. Details of encoding sctlemes
are discussed elsewhere (MUosavljevid & Jurka 1993;
Milosavljevid 1993)) and are reviewed in the Appendix.

In order to be more precise, we now introduce addi-
tional notation. Let IAo (t) denote the encoding length,
in bits, of the target by itself and let IA(tls) denote the
encoding length of the target t relative to the source
sequence s. Subscripts A0 and A denote decoding algo-
rit~ns that define the encoding schemes, as described
in the Appendix. Both Iao(t) and IA(tls) are com-
puted in linear time, as described in the Appendix.

We estimate conditional algorithmic information
I(tls ) by IA(tls ) and algorithmic information I(t) by
IAo (t). This is only an approximation because we do
not use powerful enough algorithms A0 and A (for the
discussion of exact measurements of I(tls ) asld I(t), see
(Chaitin 1982; Li & Vitanyi 1993)). The approxima-
tion can be partly justified by the fact that A and A0
indeed capture the kinds of structure that are expected
to occur in the sequences.

Joint algorithmic information I(s,t) denotes the
minimal encoding length of the pair of sequences s and
t. Mutual algorithmic information I(s; t) is the differ-
ence between I(s) + I(t) and I(s, By substituting
I(s) + I(tls ) for I(s, t), we obtain I(s; t) = I(t) -I(tls).
In practical applications we approximate I(s; t) by
IAo (t) - IA(tls).

Note that IAo(t) measures complexity of t, while
IA(t]s) measures its complexity relative to s. The
smaller the relative complexity IA(tls), the more simi-
lar the sequences. Thus, mutual information, which is
the difference between the two complexities, factors out
the similarity that is due to shared repetitive structure
and thus enables recognition of true homologies.

Significance of Algorithmic Mutual
Information

The probability that nlutual information of I(s; t) oc-
curs by chance is approximately 2-1(~;t). To prove this,
we extend the earlier derivations (Milosavljevi(: & Ju-
rka 1993; Milosavljevid 1993), which we now partially
repeat (in an improved form) for the sake of complete-
ness of argument.

Let P0 be a null hypothesis that assigns a probabil-
ity po(t) to a target t under asstm~ption that t is not
related to s. The alternative hypothesis PA assigns a
probability pA(tlS) to the, target t under assumptions
that it is related to s. The following lemma is a direct
consequence of the Markov inequality applied to the

likelihood ratio ~.

Lemma 1 For any null hypothesis Po such that
po(t) > 0 and for every alternative hypothesis PA,

P0{log pA(tIs------~} > d} < 2-d.
po(t) - 

In the next step we express the alternative hypothe-
sis pA(tls) using a decoding algorithm A (e.g., the one
described in (Milosavljevi5 & Jurka 1993)). By Kraft-
McMillaal inequality we define pA(t]s) as b 2-1~(tl~)

for some b > 1. By applying Lemma 1, we obtain the
following.

Theorem 1 For any distribution of probabilities Po
over target sequences, decoding algorithm A, and
source sequence s,

Po{-log po(t)-- IA(tls) d} < 2-d

In other words, target t is unlikely to have an en-
coding much shorter than -log P0 (t). Thus, Theorem
1 ca~l be used to prove relatedness of sequences that
cazl be concisely encoded relative to each other. Since
the alternative hypothesis is expressed in terms of an
algorithm, we refer to this as the basic algorithmic sig-
nificance method. Theorem 1 can also be derived from
the theory of testing (Li & Vitanyi 1993); similar the-
orems have been proven in the context of competitive
encoding (Cover & Thomas 1991).

The algorithmic significance method has been ap-
plied to discover sequence similarity (Milosavljevid
1993), as well as to discover sinlple DNA segments
(Milosavljevi~ & Jurka 1993) (for the latter applica-
tion IA (t]s) should b e replaced by IA (t) in Tl morem 1 
We axe now interested in a method that would shnul-
taneously take into account both the complexity of the
compared sequences a~ld their mutual similarity when
deciding whether they are related. In the following we
propose an approximate solution to this problem by
applying the concept of mutual information.

Note that the null hypothesis has been specified by a
probability distribution. We now redefine it in terms of
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TAAAATGAAGAT--ATTAACAGTAACTGCCTTCATAGATAGA-AGATAGATAGATTAGATAGATAGATAG
**:*..**.*** ~*. :**:***:.** ,.*.*:***~*** **** *****:* *********** *

TAGATAGATGATAAATAGACGGTAGATG-GATGACAGATAGACAGAT-GATAGGT--GATAGATAGAT-G

Figure 1: Sequence similarity due to shared repetitive structure

encoding length. For that purpose we assuine that al-
gorithm A0 satisfies the following two conditions (cor-
rectness of these assumptions will be discussed later):

¯ A0 halts and outputs a sequence for all inputs.

¯ Every sequence has a unique encoding.

Under the assumptions above, the null hypothesis
P0 caaa now be defined as po(t) = 2-IAo(t). Based on
Theorem 1 and the definition of mutual information.
we can now conclude that the following theorem holds:

Theorem 2

P0{I(t;s) > d} __ -d

In other words, significance of sequence similarity is
exponentially related to the mutual information of two
sequences.

We should note that the two assumptions that were
used to derive Theorem 2 are not satisfied by algorithm
A0 that is used in practice (as described in (Milosavl-
jevid 1993)). However, if powerful enough algorithm
A0 was used, the assumptions would be approximatelly
satisfied in the sense of the universal source coding the-
orem (Theorem 4.2 in (Li & Vitanyi 1993))~ unfortu-
nately, the encoding lengths would not be computable
in this case. Since the algorithm A0 that is used in
practice compresses based on patterns that are indeed
expected to occur in t, we assume that A0 is a good ap-
proximation to the more powerful algorithm and that
the use of Theorem 2 is justified in this approximate
sense.

Theorem 2 defines the extended algorithmic signif-
icance method. A more general version of the theo-
rem can be derived for universal algorithms A and A0,
analogously to the derivation of Theorem 4.2 in (Li 
Vitanyi 1993).

Experiments
The algorithm for pairwise comparison,s using mu-
tual information was implemented in C++ on a Sun
Sparcstation under U-NIX. The algorithm may be
tested through an electronic mall server and the ex-
ecutable progrmn for Sun workstations can be ob-
tained via anonymous ftp (for detailed instructions,
send "help" (for running the algorithm on your data) 
"software~ (for obtaining the software) in Subject-line
to the Internet address pythia@anl.gov). In the foUow-
ing, we present an experhnent that indicates that the

similarity due to shared repetitive patterns can indeed
be factored out while the sensitivity to true homologies
is retained.

The program was applied to identify occurrences of
dispersed repeats in the 66,495bp human genomic lo-
cus that contains growth hormone and chorionic so-
matoma~nmotropin genes (Chen et al. 1989), Gen-
Bank (Benson, Lipman, & Ostell 1993) entry under
accession number J03071. We will fllrther refer to this
locus as GHCS. The occurrences of genes in the locus
are schematically represented in Figure 2.

The goal was to identify segments that exhibit in-
ternal repetitive structure and yet are homologous to
other segments in the same locus. This was achieved
in two steps: all the segments in the locus that ex-
hibit significant similarity (large enough I(s; t)) to 
least one other segment’ were first collected, and then
the simplest such segments (largest I(t)) were selected.
The matches of the selected segments were exhamined
to confirm homology. We now turn to the details.

The locus was split into consecutive windows of
length 200 with an overlap of 100 basepairs. Every
nonoverlapping pair of windows was compared using
mutual information I(s; t) in order to detect homolo-
gies. An encoding length threshold of 35 > 7 + 2 *
log 66495 bits was chosen so that the probability of any
pair of windows having mutual information beyond the
threshold would be guaranteed not to exceed the value
of 0.01. The computation took about 15 mhmtes on a
Stm Sparc 10.

All the windows that occur in at least one of the
matching pairs were first collected and then sorted ac-
cording to their internal structure, as measured by I(t).
The following is the top of the list, consisting of all the
matching windows with I(t) > 100:

segment I(t) window

C 293 48301-48500
B 225 25801-26000
A 217 11101-11300
B 200 25701-25900
A 198 11001-11200
C 197 48401-48600
C 179 48201-48400
A 115 11201-11400

All the windows above fall into one of three seg-
ments, denoted by A (11,001 - 11,400), B (25,700 -
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GH1 A CS5 B CS1 GH2 C CS2

I - ,-- i - 7- I
1 11,000 25,700 48,200 66,495

Figure 2: Schematic representation of the 66,495bp GHCS locus. Segments of similarity A, B, and C (discussed in
text} occur between growth hormone (GH1,GH2) and chorionic somatomaa~mlotropin (CS1,CS2,CS5) genes.

26,000), and C (48.200 - 48,600) in the first colmnn.
The segqnents are schematically represented in Figure
2. An inspection of all the window pairs revealed that
segments A, B, and C exhibit significant similarity (
I(s; t) > 35 ) with each other and .also with four nmre
segments in the intergenic regions ( not represented
in Figure 2 ). The four additional segnnents are more
complex, so they do not show up on the list above. In-
spection of the alignments of all the matching pairs in-
dicates homology: there were no false positive matches
involving segments A, B. and C, despite their low com-
plexity.

Figure 3 contains an example of true homology of
two simple sequences. The parsing of window 25,801 -
26,000 from segment B reveals its internal structure
(for a precise definition of parsing, see (Milosavljevi6
& Jurka 1993)), while its alignment with the match-
ing window 11,201 - 11,400 from segment A reveals
homology.

Notice that segment A has internal structure that
can be approximated by fornmla (GAAA) * (GA) 
(GAAA) ¯ (CTAAAATA) , (C/A) ¯ (a/A) ¯ 
Both B and C follow the s~mm fornmla except that they
lack the (GA)* repeat, which appears to be unique to
A. One may note that due to the instability of repet-
itive regions the evolutionary relationships of simple
sequences may in many cases be easier to resolve than
the relationships of complex sequences: tandem repe-
titions like (GA)* may provide a source of derived ho-
mologies that can help resolve evolutionary branching
order.

It is natural to ask if the same results could have
been obtained without using mutual information. To
test this, we have done the same ezcperiinent with a sin-
gle difference: similarity of two windows was measured
via I(tls) (as proposed before (Milosavljevid 1993)), 
stead by I(s;t). In addition to true homologies that
were identified before, many false matches were now
exceeding the significance level. The false matches
were in many cases due to the A-rich and A/G-rich
sequences that had high scores with the (GAAA)* frag-
ment, but were not tmfly related.

As an additional test. a sequence consisting of 50

tandemly repeated tetramers GAAA was compared
agalst all the windows covering the locus. By applying
mutual information I( s; t), no significa~lt matches were
obtained, while the application of conditional informa-
tion I(tlS ) resulted in segments A, B, C, and some
others being declared significant.

Discussion
In contrast to "masking" approaches that simply elim-
inate sequences of low complexity prior to sequence
comparisons (Wootton & Federhen 1993; Claverie 
States 1993; Altschul et al. 1994), the approach based
on algorithmic nmtual information takes into account
both the complexity of the compaa’ed sequences and
their mutual similarity. Experiments indicate that
mutual information enables detection of truly homol-
ogous regions despite their internal repetitive struc-
ture. This enables the study of the evolution of in-
herently unstable genetic regions that contain simple
sequences, possibly providing insights into molecular
mechanisms that shape the genomes of complex organ-
isms. The method proposed in this paper .also enables
the study of nmre recently evolved protein sequences,
where "mediunl-complexity" sequences abound (Woot-
ton & Federtmn 1993).

In contrast to the standard sequence conlparison
methods that are based on heuristic scoring functions
(Altschul et al. 1994), significance of high mutual in-
formation Call be established without any empirical es-
timations of probabilistic parameters. Research on this
is still in progress; in particular, the assumptions that
are built into our encoding scheme need to be revised
in order to aclficve more realistic estilnates of encoding
length, aaM thus a better estimate of significance. De-
spite these cun’ent limitations, the approach ’already
shows potential for wide application.

The concept of algorithnfic significance is indepen-
dent of the particular encoding schemes that are em-
ployed. For exanlple, instead of the subword-based
encoding scheme that was used in this paper, the
alignment-based encoding scheme (Allison & Yee 1990;
Allison, Wallace, & Yee 1992; Yee & Allison 1993)
could have been used instead. In fact, the alignment-
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parsed window 25,801-26,000 (segment B):

A-G-A-A-AGAAAGAAAGA-GAGAGAGAGAGAGAGAGAGAGA-A-AGAAAGAAAGAAAGAAAGAAAGAAA
GAAAGAAAGAAAGAAAGAAAGAAAGAAAGAA-G-GAAAGAAAGAAAG-GAAA-C-T-A-A-A-A-T-AAC
TAAA-TAACT-G-A-G-T-A-G-C-A-C-C-A-CACCAC-C-T-G-C-T-C-T-G-G-AGAAAGGA-C-T
-T-T-T-G-TTGTTGTTGTTGTTGTTGTTGT-C-GTTGTT1

local alignment of windows 25,801-26,000 (segment B, top) and 11,201-11,400
(segment A, bottom):

~10 ©20 ~30 ~40 @50 ©60
GAAAGAAAGAAAGAGAGAGAGAGAGAGAGAGAGAGAAAGAAAGA-AAGAAAGAAAGAAAGAAAGAAAG-A
¯ ~:~:~:~:~:~:~:~:~~ ~: :~:~:~.~

GAAGGAAGGAAAGAAAGAAAGAAAGAAAAAGAAAGAAAGAAAGAGAAAGAAAAAGGAAAGCAAGAAAGAA
@10 ~20 ~30 @40 ~50 ©60 @70

©70 ©80 ~90 ©100 ~ii0 ©120 ©130
AAGAAAGAAAGAAAGAAAGAAAGAAGGAAAGAAAGAAAGGAAACTAAAATAACTAAATAACTGAGTAGCA

AAGAAAGAAAGAAAGAA--AAAGAAAGAAGGAAAGAAAAGAAACTAAAATAACTAAATAACTGAGTAGCA
©80 @90 @100 ~110 @120 ~130

@140 @150 ©160 @170 ¢180 ¢190
CCACACCACCTGCTCTGGAGAAAGGACTTTTGTTGTTGTTGTTGTTGTTGTTGTCGTTGT

CCACACCACCTGCTCTGGAGAAAGGACTTTTGTTGTTGTTGTTGTTGTTGTCGTTGTTGT
©140 ©150 ©160 ©170 ©180 ©190

Figure 3: GHCS genomic region: parsing of window 25,801-26, 000 from segment B and its local
alignment with window 11,201-11,400 from segment A. (A parsing consists of a sequence with dashes
inserted so that every word that is not interrupted by a dash occurs somewhere to the left in the
same sequence; the two occurrences may overlap.)

based encoding scheme may have given a better es-
timate of algorithmic mutual information and sig~fifi-
cance in some cases, but the computational cost would
be much higher.

In conclusion, we may say that in this paper we
have considered comparison of sequences of variable
complexity, which is an acute practical problem in se-
quence analysis. The discrepancy between statistical
and biological significance is in this case huge (Claverie
& States 1993). We have demostrated that in this im-
portant case algorithmic significance bridges the gap
and much better approximates biological significance
than the concept of statistical significance. This indi-
cates that a wider variety of inference problems in se-
quence analysis may be approached by considering the
concepts developed in algorithmic information theory.
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Appendix
The encoding algorithms used in this paper use the
Original Pointer Textual Substitution data compres-
sion scheme (Storer 1988). Two distinct but similar
kinds of encoding are applied: encoding of sequence
t by itself (when computing IAo(t)), and encoding of
sequence t relative to sequence s (when computing
I~(tls)). An encoding of a sequence can in either case
represented by a parsing. For the sake of completeness,
we here review the details that were ah.eady presented
in two earlier papers (Milosavljevid & Jurka 1993;
Milosavljevid 1993).

When encoding a sequence by itself, a repeated oc-
currence of a word is replaced by a pointer to its previ-
ons occurrence within the same sequence. We assume
that a pointer consists of two positive integers: the first
integer indicates the begimfing position of a previous
occurrence of the word while the second integer indi-
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cates the length of the word. For example, sequence

AGTCAGTTTT

may be encoded as

AGTC (1,3) (7,3),
where (1,3) points to the occurrence of AGT from posi-
tion 1 to position 3, and (7, 3) points to the occurrence
of TTT from position 7 to position 9 in the original
sequence.

The decoding algorithm A0 consists of the following
two steps:

1. replace each pointer by a sequence of pointers to
individual letters

2. replace the new pointers by their targets in the left-
to-right order

Continuing our example, the first step would yield

AGTC(1,1) (2,1) (3,1) (7,1) (8,1) 

and the second step would yield the original sequence.
Prom this decoding algorithm it should be obvious that
the original sequence can be obtained despite overlaps
of pointers and their targets, as is the case with the
pointer (7, 3) in our example.

When encoding a target sequence relative to a source
sequence, the pointers point to the occurrences of the
same words in the source. Consider an exanlple where
the target sequence is

GATTACCGATGAGCTAAT

and the source sequence is

ATTACATGAGCATAAT

The occurrences of some words in the target may be
replaced by pointers indicating the beginnhlg and the
length of the occurrences of the same words in the
source, as follows:

G(1,4) CCG (6,6) (13,4)

The decoding algorithm A is very simple: it only
needs to replace ponters by words.

In either kind of encoding, one can think of the en-
coded sequence as being parsed into words that are
replaced by pointers and into the letters that do not
belong to such words. One may then represent the en-
coding of a sequence by inserting dashes to indicate
the parsing. In the self-encoding example, the parsing
is

A-G-T-C-AGT-TTT

while in the relative-encoding example the parsing is

G-ATTA-C-C-G-ATGAGC-TAAT

Note that there are many possible encodings. We
will be particularly interested in the shortest ones. For
that purpose we need to count the number of bits that
are needed for a particular encoding. We may assume
that the encoding of a sequence consists of units, each
of which corresponds either to a letter or to a pointer.
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Every unit contains a (log 5)-bit field that either in-
dicates a letter or annotmces a pointer. A unit rep-
resenting a pointer contains two additional fields with
positive integers indicating the position amid length of
a word. These two integers do not exceed n, the length
of the source sequence. Thns, a unit can be encoded
in log 5 bits in case of a letter or in log 5 + 2 log n bits
in case of a pointer.

If it takes nmre bits to encode a pointer then to
encode the word letter by letter, then it does not pay
off to use the pointer. Thus, the encoding length of
a pointer deternfines the minimum length of common
words that are replaced by pointers in an encoding of
minimal length.

Note that we do not need to actually construct en-
codings - it suffices to estimate the encoding lengths.
Thus, we may assmne that we have even nmre pow-
erful decoding algorithms that would enable smaller
pointer sizes. For further details on pointer sizes, see
(Milosavljevi6 1993).

The encodings of nfinimal length can be computed
efficiently by a classical data compression algorithm
(Storer 1988). We here focus on the algorithm for en-
coding one sequence relative to the other. The case
when a sequence is self-encoded requires only a slight
modification.

The minimal length encoding algorithm takes as all
input a target sequence t and the encoding length p > 1
of a pointer a~td computes a nfinimai length encoding
of t for a given source s. Since it is only the ratio
between the pointer length and the encoding length
of a letter that matters, we assume, without loss of
generality, that the encoding length of a letter is 1.

Let n be the length of sequence t and let tk denote
the (n - k + 1)-letter suffix of t. that starts in the *h
position. Using a suffix notation, we can writc tl in-
stead of t. By IA(tkls) we denote the minin~al en-
coding length of the suffix t~. Finally, let l(i), where
1 < i <_ n, denote the length of the longest word that
starts at the i th position in target t and that also oc-
curs in the source s. If the letter at position i does not
occur in the sourcc, then l(i) = O. Using this notation,
we may now state the main recurrence:

IA(t, ls) = rain(1 + Ia(t~+ils),p + Ia(t,+,(~lls))

Proof of this recurrence, can be found in (Storer 1988).
Based on this recurrence, the minimal encoding

length ca~l now be computed in linear time by the fol-
lowing two-step algorithm. In the first step, the values
l(i), 1 < i < n m’e computed in linear time by using
a directed acyclic word gq’aph data structure that con-
tains the sottrce s (Blumer et al. 1985). In the second
step, the minimal encoding length IA(tls) = IA(hls}
is computed in linear time in a right-to left pass using
the recurrence above.
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