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Abstract

Recent high-density microarray technologies al-
low, in principle, the determination of all k-mers
that appear along a DNA sequence, for k = 8 - 10
in a single experiment on a standard chip. The
k-mer contents, also called the spectrum of the se-
quence, is not sufficient to uniquely reconstruct a
sequence longer than a few hundred bases. We
have devised a polynomial algorithm that recon-
structs the sequence, given the spectrum and a
homologous sequence. This situation occurs, for
example, in the identification of single nucleotide
polymorphisms (SNPs), and whenever a homo-
logue of the target sequence is known. The algo-
rithm is robust, can handle errors in the spectrum
and assumes no knowledge of the k-mer multiplic-
ities. Our simulations show that with realistic lev-
els of SNPs, the algorithm correctly reconstructs
a target sequence of length up to 2000 nucleotides
when a polymorphic sequence is known. The tech-
nique is generalized to handle profiles and HMMs
as input instead of a single homologous sequence.

Keywords: Sequencing by Hybridization, Mutation
Detection, SNP genotyping, Hidden Markov Models,
DNA Microarrays.

Introduction

In this paper we propose a new method to reconstruct
a DNA target sequence. The method combines spec-
trum data (obtainable from a universal DNA chip), 
known homologous reference sequence, and novel com-
putational techniques, similar to those used for analy-
sis of sequence homology. This introduction gives brief
background on each of the three ingredients, and ex-
plains how they are used together to achieve the new
method.

Sequencing by Hybridization

Sequencing by Hybridization (SBH) was proposed and
patented in the late eighties as an alternative to gel-
based sequencing (Bain.q & Smith 1988; Lysov et al.
1988; Southern 1988; Drmanac & Crkvenjakov 1987;
Macevics 1989). This method makes use of a DNA
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chip, or microarray (cf. Southern 1996) which includes
all oligonucleotides of length k (called k-mers). These
oligonucleotides are hybridized to an unknown DNA
fragment, whose sequence we would like to read. Under
ideal conditions, this target molecule would hybridize
to all k-mers whose Watson-Crick complementary se-
quences occur somewhere along its sequence. Thus, in
principle, one could experimentally determine the set of
all k-long substrings of the target, and try to infer the
sequence from the hybridization data. Practical values
of k are 8 to 10.

The fundamental computational problem in SBH is
the reconstruction of a sequence from its spectrum -
the set (or, in some models, multi-set) of all k-reefs
occurring along the sequence. Pevzner (1989) reduced
the reconstruction problem to the polynomial task of
finding an Eulerian path in a particular directed graph.

The main weakness of SBH is ambiguous solutions.
Alternative solutions are manifested as bifurcations in
the graph, and unless the number of such forks is very
small, there is no good way to determine the true se-
quence. Theoretical analysis and simulations (South-
ern, Maskos, gz Elder 1992; Pevzner & Lipshutz 1994)
have shown that even when the spectrum is errorless
and contains the correct multiplicity of each k-mer, the
average length of a uniquely reconstructible sequence
using an 8-mer chip is only about two hundred base
pairs, far below a single read length on a commercial
gel-lane machine.

While an effective and competitive sequencing solu-
tion using SBH has yet to be demonstrated, this math-
ematically elegant strategy continues to attract atten-
tion. It is still believed that SBH holds promise to con-
siderably economize on the task of sequencing, one of
the major efforts in modern biotechnology. Alternative
chip designs (Bains & Smith 1988; Khrapko et al. 1989;
Pevzner et al. 1991; Preparata, Frieze, & Upfal 1999;
Ben-Dor et al. 1999; Preparata & Upfal 2000) as
well as interactive protocols (Skiena & Sundaram 1995)
were suggested, often assuming additional informa-
tion sources, in order to resolve ambiguity of the
hybridization-based reconstruction.
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Similar Sequences are Ubiquitous

The understanding that many DNA sequences resemble
each other is fundamental to biology. This similarity is
due to the process of evolution: numerous contempo-
rary sequences have evolved by mutations from a sin-
gle ancestral molecule. Such related (homologous) se-
quences exhibit similarity to their unique ancestor, and
thus to each other. This general scenario is routinely
encountered in genome analysis:

¯ The genomic sequences of all individual organisms of
the same species are almost identical. Current esti-
mates of the variability rate among all humans, for
instance, amount to one Single Nucleotide Polymor-
phism (SNP) per 100 - 300 base psj_rs (National Cen-
ter for Biotechnology Information 2000). Of course,
when comparing DNA of a specific individual to the
genomic reference, these two sequences would share
the same allele in many of the polymorphic sites.
Hence, the fraction of their base pairs on which they
differ would be considerably smaller.

¯ Much of the eukaryotic genome is composed of repet-
itive elements - sequences which recur in thousands
or millions of copies. Different repeats are usually
90 - 95% identical.

¯ Various duplications of large genomic segments oc-
curred during the course of evolution. In some cases,
the whole genome was duplicated. This process cre-
ated many homology relationships. In particular, du-
plications which include coding regions gave rise to
several gene copies. At a later stage, these genes di-
verged and mutated, forming a gene family.

¯ The genomes of different, phylogenetically related
species have homologous segments. The rate of se-
quence identity may approach 100% identity when
comparing highly conserved genomic regions of
closely related species, but may also drop to the twi-
light zone of near-random expected resemblance, for
more divergent segments, and more distant taxa.

As sequence data accumulates in an accelerated rate,
an increasing number of sequencing targets have a
known homologous sequence. This motivates the de-
velopment of new sequencing strategies which utilize
homology information. Hybridization has been suc-
cessfully used for sequencing SNPs given the refer-
ence genomic sequence, using custom made microar-
rays (Cargill et al. 1999; Hacia et al. ; Hacia 1999). To
the best of our knowledge, this study is the first pro-
posal to use standard, universal chips and homology
information for sequencing.

Exploiting Homology Computationally
Sequence similarity is perhaps the most studied issue
in bio-informatics (cf. Durbin et al. 1998). The evo-
lution of homologous sequences from a common an-
cestral origin is mainly due to nucleotide substitution:
a stochastic process which can be described by a nu-
cleotide substitution matrix (Jukes & Cantor 1969;

Kimura 1980). This description facilitates calculating
the likelihood that one sequences is homologous to an-
other.

Insertions and deletions of nucleotides also occur dur-
ing evolution of homologous sequences, though at lower
rates. This calls for aligning the two sequences, i.e.,
matching pairs of their loci according to the common
origin of the paired nucleotides. The well known Smith-
Waterman dynamic programming algorithm (Smith 
Waterman 1981) computes the alignment score with
affme gap penalties. Such a score can be formu-
lated as the log-likelihood of the data using Hidden
Markov Models (HMMs) (Durbin et al. 1998, chap-
ter 4). The latter are often explicitly used to gener-
alize the homology concept, and to model alignment
against a family of sequences (Krogh et al. 1994;
Eddy 1996).

Our Contribution

We describe here a new method for reconstructing the
target sequence, by combining information on a refer-
ence sequence with experimental spectrum data obtain-
able from a standard chip. We call the technique rese-
quencing by hybridization, or spectrum alignment since
the algorithm attempts to find the best "alignment"
of the reference sequence with the spectrum. Techni-
cally, this is done by developing a dynamic program-
ming algorithm which runs on the de-Bruijn graph and
the reference sequence simultaneously. The algorithm is
polynomial, and can handle inexact, probabilistic infor-
mation on the spectrum, which is common in hybridiza-
tion results. Unlike other algorithms proposed for SBH
and its extensions, it does not assume knowledge of the
multiplicities of the k-mers in the sequence. We also
show how to extend our results to handle profiles and
HMMs as homology information, instead of a particular
reference sequence,

The paper is organized as follows: We first give back-
ground on SBH and on homology, and necessary termi-
nology is presented. We then provide an algorithm for
resequencing by hybridization, allowing mismatches but
no insertions or deletions in the target with respect the
reference sequence. We then extend the methods to deal
with the general case allowing insertions, deletions and
substitutions . Finally, we present preliminary results
on simulated data.

Preliminaries

Scoring by the Hybridization Data

Let ~ = {A,C,G,T} be our alphabet, with M = 4
being the alphabet size. We denote sequences by a
string over ~ between angle brackets (0). k-spectrum
of a sequence T = (tlt2""tL) is the set of all
k-long substrings k(k-mers) of 7". For each k-met ~ ----

(xlx2..’xk) ~., we define T(~ ) to be 1 i f ~ i s 
substring of 7-, and 0 otherwise. We denote K -- Mk.

A hybridization experiment measures, for each k-mer
E ~k, the intensity of ots hybridization signal. For
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our puspose, the relevant information in such a signal
is the probabilities P0(£), P1(£) of this observed inten-
sity assuming T(£") = 0, and T(£) = 1, respectively.
We therefore define a probabilistic spectrum (PS) to 
a pair (P0, P1) of functions P, : k H[0 ,1]. PS is
assumed to be the result of the hybridization experi-
ment, which we analyse. If the experiment were per-
fect, i.e., if the probabilities were M1 zero or one (with
P0(~) + P1 (~) ~ 1), then the hybridization data 
be translated into a k-spectrum. In such a case we
could perfectly determine the occurrence of a k-mer in
the sequence by examining the hybridization signal. In
practice, though, both Po(£),PI(~) positive, and
any deterministic binarization of the hybridization sig-
nal will contain errors. Our algorithms will therefore
use the probabilistic data. We assume knowledge of
these error parameters even prior to sequence recon-
struction.

Many suggested combinatorial models for SBH as-
sume, for theoretical convenience, that the multiplic-
ities of k-mer occurrences are known (Pevzner 1989;
Preparata, Frieze, & Upfal 1999). This assumption is
impractical using current technology and our algorithm
does not rely on it (In fact, when all multiplicities are 
our performance improves.)

The de-Bruijn graph is a directed graph Gk(V,E)
whose vertices are labeled by all the (k-1)-mers
V = Ek-1, and its edges are labeled by k-mers, E = Ek.

The edge labeled (XlX2...xk) connects the vertex
(XlX2".. Xk-~) to the vertex (x2".-Xk). Whenever k 
clear from context we omit it, referring to the De-Bruijn
graph as G. There is a 1-1 correspondence between can-
didate L-long target sequences and (L - k + 1)-long
paths in G, whose edge labels comprise the target spec-
trum. In case the spectrum data-set is perfect and the
multiplicities are known, omitting all zero probability
edges from G one gets one gets Pevzner’s formulation,
i.e., every solution is an Eulerian path (Pevzner 1989).
For our more general formulation we devise a scoring
scheme for paths, and search for the best scoring path
in G. Hereafter, we interchangeably refer to edges and
their labels, and also to sequences and their correspond-
ing paths. Observe that since k-mers may re-occur,
paths do not have to be simple.

We assume that hybridization results of different oli-
gos are mutually independent (see discussion). Hence,
the experimental likelihood Le (~’) of a candidate target
sequence 7- is

Le(~~) = Prob(PS]7") = H P~’(z) (£) (1)
ZEIEk

Taking (base 2) logarithm, define w(Z) = 
Po <x-~ "

Throughout, when handling probabilities, some of
which are perfect, problems of division by zero might
occur. We get around those by implicitly perturbing
perfect probabilities to 5 and 1 - 5. We can thus write:

l°gLe(T) = E logP0(~) + E w(x~) 

ZE~k 7-(x-’) = 
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The first term is a constant, independent of T, and is
omitted hereafter.

Let p = e0,... , eL-k be the path in G corresponding
to ~r. Then

L-k

log L~(7") = E w(e,) (3)
4=0

is an approximate likelihood score, deviating from the
true likelihood whenever an edge is revisited along p.
L"g(~F) has the advantage of being easily computable 
a recursive manner:

log Le( eo, . . . , el) = log Le(eo, . . . , el-l) -}- ~o(el)
(a)

Pevzner assumes perfect hybridization data (Pevzner
1989). In this case, every path in G whose likelihood
score equals one is a possible solution to the SBH prob-
lem, while all other paths have probability zero. Indeed,
Pevzner simply discards improbable k-mers from G.
One can handle imperfect data in an analogous man-
ner, by discarding edges with probability smaller than e.
After this procedure, isolated vertices correspond to
highly improbable (k- 1)-reefs, and can be discarded 
well. We denote the resulting graph [Gle =([Vle, [Ele),
and call its size, [K]e, the effective size of the data-
set. Observe that ][V]~[ = o([g]e), [E]E = o([g]~). 
course, [K]0 = K, but for e > 0, usually [K]e << K, so
working with [G]~ consideraMy reduces complexity. We
omit the e subscript in the sequel.

Scoring by the Homology Information

In this section we show how to use homology informa-
tion in order to obtain a prior distribution on the space
of candidate target sequences. Assume that the un-
known target sequence T = <ta". tl) has a known, ho-
mologous reference 7-/ = (hi’--hi), without insertions
or deletions (indels). This is the case, for instance, when
the target T is a specimen from a population whose ref-
erence wild type 7/has already been sequenced, and one
expects that SNPs will be the only cause of difference
between 7-/ and T (statistically, SNPs are much more
prevalent than indels (Wang et al. 1998)). We assume
a set of M x M position specific substitution matrices
JM(x),... ,Ad(l) axe known, where for each position j
along the sequence:

AA(J)[i,i ’] = Prob(tj = i[hj = i’) (5)

This is a very general setting. Standard literature
discussing nucleotide substitution matrices (Jukes 
Cantor 1969; Kimura 1980) assumes all substitution
matrices to be the same, i.e., ADO) = A/[ for all j.
More recent studies support difference between sites
for DNA (Yang 1993) and protein (Eddy 1996) 
quences.

The setting just presented implies a distribution on
the space of possible target sequences. This prior dis-
tribution for ungapped homology, Du, is explicitly given



for each candidate target sequence 9 by:

l

D~ (9) = Prob(91~) = H Ad(J)[tJ’ hj]
j=l

One may recursively compute:

D~((tl... tj)) D~’((tl --. tj -1}) ¯ .M(j) [t j, hj ]

(6)

(7)
We denote/:U) Ix, y] -- log A4U)Ix, y].

Spectrum Alignment
In this section we show how to combine our two sources
of information on the target sequence, i.e., the result,
PS , of the hybridization experiment, and the reference
sequence 7-/. We formalize a Bayesian score, which is
a composition of the scores discussed in the previous
sections, and present a fast dynamic programming al-
gorithm to compute this score.

The probability of a candidate solution sequence 9,
given the information we have is:

Prob(917-l, PS) = Pr°b(7-l)’Pr°b(91?-l)’Pr°b(PSIT-l’ Prob( , Ps) (8)
Given T, the hybridization signal is independent of ~/:

Prob(PS[7-l, T) = Prob(PSI9)

prob(n)Thus, omitting the constant Prob(~,PS) we Can write:

Prob(91~, PS) TM D"(:F) . ne(q") (9)

We shall use the approximated likelihood, L’~(9),
and after taking logarithms we obtain the following un-
gapped score of a candidate target:

Score"(~F) = log L"~(9) + log D~(9) 

We can compute the highest scoring target sequence
by dynamic programming. For each vertex ~ =
<Yl"’Yk-1) 6 k-l, and i nteger j = k- 1,k ,k +
1,... , l, let S~[~, j] be the maximum score of a j-long
sequence ending with ~7 aligned to (hi--. hi). Initialize,
for each g:

k-1

S~[g, k - 1] --= E £(J)[yj, hj] (11)
j=l

Loop over j = k,...,1, and for each vertex g =
(Yl "" ¯ yk- 1) recursively update:

S~[g,j] = L(~)[yk_l, hj] + max {SU[Z,j 1]+w(e)}
e=(7.,y")6_E (12)

Finally, return:

MAXScore" = maxS~[~, l] (13)
~Tev

As in the Smith-Waterman algorithm (Smith & W~-
terman 1981), a sequence T* atto.ining the optimal
score can be reconstructed by standard means from the
matrix S~, saving trace-back pointers to follow the op-
timally scoring path. The time complexity is O(lK),
since the maximization in (12) is over a set of constant
size 4. Note that although the complexity is exponential
in k, it is constant for a given microarray (currently fea-
sible values are k = 8, 9). Working with [G], with high
probability the correct solution will not be missed, but
the time complexity will drop sharply to O(l[K]).

A crucial issue for the practicality of this algorithm
is its space requirement. Computing the optimal score
alone requires space which is linear in the (effective)
size of the hybridization experimental data, that is
O([K]) space. However, in order to reconstruct the
optimal path, we need to record trace back pointers
for the full l x [K] matrix. By following the paradigm
of Hirschberg (1975) for linear-space pairwise align-
ment, we provide an algorithm which requires only lin-
ear space. The reduced space complexity is traded for
time complexity, which increases by an O(log l) factor.

For each position j = 1,1 - 1,... ,k,k - 1, we can
decompose the score of the entire sequence. We present
the total score as a sum of two expressions: the con-
tribution of its (j - k + 1)-prefix, which equals the
score of this prefix computed by S~, plus the contri-
bution of the corresponding suffix. Formally, for each
vertex ~ = (Yl"" "Yk-1} E [Y] let R~’[~,j] be the max-
imum contribution to the score of a (l-j+k-1)-long
sequence beginning with g aligned to <hi-k+2... hi}.
Initialize, for each ~:

= 0 (14)

Loop over j = l - 1, l - 2,... , k - 1, and for each vertex
= (Yl "’" Yk-1) recursively update:

(15)

Observe that, for all k - 1 _< j < l

MAXScore~’ = m_ax{S~ [g, j] + RU[~,j]}
y~v (16)

One can use Equation 16 to decompose the problem
into two similar problems, of half its size. Recursively
solving these sub-problems gives a a divide-and-conquer
approach for finding the optimal sequence. The linear
space algorithm is therefore as follows:
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1. If l is smaller than some constant C:
solve the problem directly, according to
the dynamic program of Equation 7.
Otherwise:

l+k-12. Set m = 2 ¯

3. For each j = k- 1,k,... ,m:
Compute S~ [~7, j] for all ~, re-using space.

4. For eachj=l,l-1,...,m:
Compute R~ [~7, j] for all ~7, re-using space.

5. Find ~7m = argm_a!F{S~[~7, m] + RU[~7, m]},
~Tev

thereby computing: MAXScore~’, by (16).

6. Recursively compute:

(a) The optimal sequence aligned to (hi... hm)
ending with ~m.

(b) The optimal sequence aligned to (h~-.-hz)
beginning with ~Tm.

Observe, that for each ~7, j, the values of Su [?7, J] md
RUin7, j] are computed a total of log I times. Thus the
algorithm takes O([K]I log l) time and O([K]) space 
ing the effective spectrum.

Handling Gaps

Deletions
In this section we assume that the unknown target se-
quence T = (tl"-tv) is obtained from its reference
7-I = (hi... hi), by substitutions and deletions only,
and base insertions do not occur. Insertions in the tar-
get are, of course, equivalent to deletions in the refer-
ence and vice versa, but since the reference is known we
consider all sequence editing operations (mutations) 
have occurred in the target sequence.

Although a model of homology without insertions is
unrealistic, we include discussion of this case due to the
simplicity and efficiency in which deletions fit into our
model. The general case, allowing insertions, will be
described in the next subsection.

We begin with a few notations. Denote the proba-
bility of initiating a gap right before hj (aligning hj
to space) is ~. Similarly, f ~j i s t he l ogarithm of
the probability for gap extension at hi. Also define

= log(1 - = log(1 - To overcome
boundary problems at the ends of the sequence, we
extend the alphabet by including left and right space
characters: 2E = E u {>, <}. We augment the refer-
ence sequence by the string >~ on its left and ~k on
the right. We extend the substitution matrix by us-
ing probabilities that force alignment of each of ~, ~ to
itself. Formally, we define:

Ek-~=E k-I U {~=~,ZEEk- x-~}

(17)

We arbitrarily set w(y-’) to 0 for each/7 E ~k-1 \ Ek-l.
Thus, the weighted de-Bruijn graph is naturally ex-
tended over Ek-l, and so is [G] = (iV], iF]), its el-
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fective subgraph. Hereafter, we use the notation [G] for
the extended graph.

For each ~7 = (Yl"’Yk-1) e iV], j = k - 1,k,k 
1,... ,/, let sa[~,j] be the maximum score of align-
ing a sequence ending with ~7 to (hi ... hi/where hj is
aligned to a gap (and yk-1 is aligned to some hi, i < j).
Further let Td(~, j] be the maximum score of aligning 
sequence ending with (Yl"" Yk-1), to (hi-.. hi> where
hj is aligned to Yk-1. Initialize, for each ~7:

sd[~7, k - 1] = -co; (18)

Tail, k - 1] = ( 0_co otherwiseY = t>k--1 (19)

Loop over j -- k,... , l, and for each ~ = (Yl "’" Yk-ll 
iV], recnrsively update:

Sa[ff, j] = max {Td [~7, j - 1] + aj, Sd [~7, j - 1] + ~3~ }
(20)

j] =
+ max

e=(zT, y’) 

j- 1] +
+ max tSd[F, J _ 11 + ~) (21)

}
Finally, return:

MAXScored = T4[~k-l, l] (22)

The complexity of this algorithm is still O(l[K]) and
a linear space variant can be obtained, similarly to the
one presented previously.

Insertions and Deletions

In this subsection, and in the following one, we present
two distinct algorithms for sequence reconstruction as-
suming both insertions and deletions with respect to
the reference sequence. The algorithm we present in
this section is a relatively simple extension of the dy-
namic programs we have presented thus far. The only
change is that a different weighted graph is used, forc-
ing higher complexity. In the next section we will also
present a faster algorithm.

The algorithm presented in the previous section com-
putes a maximum-likelihood target sequence, when
the log-likelihood is a sum of edge weights along the
weighted de-Bruijn graph (G, w), and log-probabilities
derived from homology. In this section, we compute a
different weighted graph, (G’, w’). Substituting (G, w)
for (G~, w’), the algorithm described in the previous sec-
tion solves the problem variant with both deletions and
insertions.

We introduce some more notation. Denote by Tj
the target prefix whose last nucleotide is aligned to
h~ in the reference sequence. Further denote by a~
(respectively, bj) the log-probability of initiating (ex-
tending) an insertion in the target after T~, and define

= 1-aj,ffj=l-b3.



Consider the weighted graph (G,w). Define the
K x K matrix W as follows:

[" 2~(~ The (k-1)-suffix of£
W[£, y-]

=/
is the (k- 1)-prefix of ft.

0 Otherwise. (23)

W~[£, y-] is thus the probability of moving from
to ff along i edges. The probability of an insertion of

length i after Tj is aib~. Suppose that the prefix Tj

ends with ~. Then ajb~.-l~w’[£,y~ is the probability of
Tj+I ending with ff and being i nucleotides longer than
Tj. We are now ready to compute the matrix W’, that
governs the stochastic progression from Tj to Tj+I:

wr = W+asb W2 +a b W3 ... (24)
= W+asbs W2Zb - W - (25)

i>2

= + bsw) (26)
We define a new weighted graph (G’, w’). The vertex

set of G is also the vertex set of G’. The edge set E~

of G’ is the set of all pairs (£, ~ with W’[Z, y-] > O.
Each such edge e = (~, y-’) is associated with a weight
w’(e) -- log W’[Z, y~]. One can apply the algorithm for
deletions only, but use (G’, w’) instead of (G, w). This
solves the problem for insertions and deletions.

Note that in contrast to G, degrees in G’ are not
bounded by 4. Therefore, computing each dynamic pro-
gram cell has complexity O(K) in the worst case, with
the total complexity of the algorithm being O(l[E’[).
Again, considering only the effective size of the graph al-
lows more efficient computation, taking O(l[ [E’][). Un-
fortunately, this is may be ~(/[K] 2) in the worst case.

A Faster Algorithm

A general probabilistic model of homology can facilitate
a more efficient algorithm that allows both insertions
and deletions. Hidden Markov Models (HMMs) were
proved useful for profiling protein families (Krogh et
al. 1994). We use a similar formulation to describe
homology between nucleotide sequences. The reference,
along with the statistical assumptions, actually creates
a profile.

Below, we briefly sketch the model. The reader is
referred to (Durbin et al. 1998, chapter 5) for de-
tails. The model assumes a set Q of Markov chain
states with a predefined set of allowed transitions be-
tween them. For each level (position along the profile)
j -- 1,... ,IQ, Q includes three states: Mj (match), s
(insert), and s ( delete). M s and Ds can be r eached
from the three (j-1)-th level states. Ij can be reached
from the three j-th level states (including a self-loop).
Transition probabilities are as described in previous
sections, e.g., a3 = Prob(Mj H Ij). Additionally,
each insert or match state, q, induces a vector of emis-
sion probabilities J~4q, where J~4q[i] is the probability
that the target nucleotide is i. We denote Lq[i] =- 0

for q = DS, £q[i] - logA/fq[i] otherwise. We write
lpb(2d) _-- log Prob(X) for short.

The dynamic programming scheme we use for un-
gapped homology cannot be directly modified to han-
dle the HMM because of the insertion loops. To wit,
we generalize this scheme by an additional dimension,
which denotes the position along the target sequence.

Define a three dimensional array S, where for each
q ¯ Q,y= (yl""yk-1) ¯ [Y],r = k,... ,LletS[q,g,r]
be the maximum score of an r-long sequence ending
with (Yl"’" Yk-1), whose alignment to the profile ends
in q. Initialize:

S[qs~a~,~k-l,k- 1] -- 0 (27)
for otherS[q,g,k-1] = -co values ofg, q (28)

Loop over r = k,... l, and for each ~7 = (Yl"’" Yk-1) 
IV], r < IQ, recursively update:

S[q,g,r] = T.q[yk_,]
-k max

e=(~,y-~EE
q¢[q¢~q

{s[q’, s, r - 1]

+Ipb(q’ ~-* q) (29)

Finally, return:

MAXScore = m~x{S[qe,d, ~-~,/]} (30)

Let L be some known bound on the size of the tar-
get sequence. Naive implementation of this algorithm
requires O(IQ. [/~.L) time and space. By the means pre-
sented earlier, the complexity of this algorithm can be
reduced to O(lQ. [g]. L log L) time and O(IQ. [g]) mem-
ory. Furthermore, one can consider the dynamic pro-
gram as filling a lQ x L matrix, with a [K]-long vector
in each matrix cell. Since all values far from the main
diagonal of this matrix should be negligible, we can
settle for computing only values with distance smaller
than R to the main diagonal, reducing the complexity
to O(R(IQ + n). [g]. log L) time and O(R(l~ +L). [g])
space.

Computational Results

The algorithm was implemented and tested on simu-
lated data. As a reference, we used prefixes of real
genomic DNA sequences: the gene-rich human mito-
chondrial sequence, accession number J01415 (Table 
and Table 2), and the longest single-exon gene on the X-
chromosome of C. elegans, F20B4.7 (Tables 3-5), which
is located at positions 17620436..17623111 along this
chromosome. Each simulated run randomly generates:

1. A target sequence according to a prescribed proba-
bility q of substitution.

2. A probabilistic 8-spectrum according to a prescribed
hybridization error.

For simplicity, insertions and deletions were not al-
lowed, substitutions were equiprobable, and we used
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a single parameter p to fix the hybridization error, set-
ting P~(E) = 1 - p if T(E) = i. Furthermore, all prob-
abilistic parameters were constant, i.e., position/k-mer
independent. For each parameter set, several simulated
data sets were generated and the algorithm was applied
to each.

We quantified the performance by the following fig-
ures of merit:

1. Full success rate - The fraction of runs for which the
target sequence was perfectly reconstructed.

2. A-success rate - The fraction of runs for which the
target sequence of length l was reconstructed with
fewer than A. l base-calling errors.

3. Average sequencing error - The fraction of base-
calling errors made by our algorithm.

Table 1 and Table 3 present results for a scenario
of distinct, but closely related sequences, e.g., orthol-
ogous genes in a pair of primates. We assume perfect
hybridization data, with 97% sequence identity. The
results show that sequences of length up to 2000 can be
reconstructed almost perfectly. The non-monotonicity
of the figures of merit with respect to the target length
is probably due to sequence content.

Tables 2,4, and 5 present results for a scenario of
SNP-genotyping. We assume the rate of SNPs to be
1 : 700 (Wang et al. 1998), and simulate an error of
p = 2% (Table 2 and Table 4) or p = 5% (Table 
in the hybridization data. The results show that high
success rate is achievable even in the presence of spec-
trum errors. Obviously, further simulations are needed
to explore the limits of the method.

length ?~runs % full % A-SUCCeSS %avg.
Success A:10 -3 A:2.10-3 error

500 10 100 lo0 lo0 0.000
1000 10 100 lo0 100 0.000
1500 10 i00 100 100 0.000
2O00 17 94 94 94 0.003
2500 13 46 53 69 0.295
3000 14 71 78 78 0.488
3500 5 0 20 20 4.091
4OO0 13 76 84 84 2.173
4500 ll 9 18 45 0.091
5000 15 0 13 53 4.149
5500 7 14 28 71 0.119

Table 1: Results on simulations with Human mitochon-
drial sequence as reference. The target was generated
with q = 3% difference from the reference, and the spec-
trum was then generated from the target with no hy-
bridization errors (perfect data).

The algorithm was implemented in C + + and exe-
cuted on Linux and SGI machines. Running times, on
a Pentium 3,600MHz machine, were roughly 0.12l log 1
seconds for an/-long reference sequence (ranging from
roughly 7 minutes for a 500bp-long sequence to 2.5
hours for 6Kb). Only the main memory was used, with

length ~runs % full A-SUCCeS.s %avg.
SUCC~S A=10-3 A_--2.10-3 error

250 10 100 100 100 0.000
500 10 100 100 100 0.000
750 10 90 90 100 0.013
1000 10 90 90 9O 0.010
1250 10 90 100 100 0.032
1500 12 91 100 100 0.033
1750 10 60 80 80 0.109
2000 10 60 90 90 4.965
2500 10 0 80 100 10.312
3000 10 30 70 9O 0.230

Table 2: Results on simulations with Human mito-
chondrial sequence as reference. The target was gen-
erated with q -- 1 : 700 difference from the reference,
and the spectrum was then generated from the target
with p -- 2% hybridization errors.

length :ff~UllS % full ~0 A-SUCCeSS %avg.
SUCCESS A=10 -3 A=2.10-3 error

1000 10 100 100 100 0.0O0
1250 10 100 100 100 0.000
1500 10 100 100 100 0.000
1750 10 100 100 100 0.000
2000 10 100 100 100 0.000
2250 10 70 90 90 0.049
2500 10 50 70 lo0 0.056
2676 10 100 100 100 0.000

Table 3: Results of simulations with C. elegans genomic
sequence as reference. Simulation parameters were as
in Table1: q=3%,p--0.

length :~lrls % hill %A-success %avg.
Success A=10 .3 A=2.10-3 error

lo00 10 100 lo0 100 0.O00
1250 10 50 50 50 0.304
1500 10 100 100 100 0.000
1750 10 90 90 100 0.011
2O00 10 90 90 100 0.020
2250 10 40 60 60 7.333
2500 10 20 30 60 0.232
2676 10 20 30 60 0.175

Table 4: Results of simulations with C. elegans genomic
sequence as reference. Simulation parameters were as
in Table2: q=l:700, p=2%.
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length #ruIls % fun ~0 A-SllCEeSs %avg.
Success A----10-3 A_--2.10-3 el’Tot

1000 10 100 100 100 0.000
1250 10 20 20 20 0.720
150o 10 7o 7o 7O 0.120
1750 10 100 100 100 0.00o
2000 10 8o 90 100 0.025
2250 10 0 0 0 0.573
2500 10 30 30 30 0.340
2676 10 30 30 50 5.724

Table 5: Results of simulations with C. elegans genomic
sequence as reference. Simulation parameters were q =
1 : 700, p = 5%.

the application consuming at most 40Mb. As a first
implementation, we did not reduce the graph to its ef-
fective size. This would of course reduce both space
and time dramatically, at the expense of possibly miss-
ing the truely maximal scoring sequence.

Discussion
We have developed a new method that combines spec-
trum data and homology information in order to algo-
rithmically reconstruct a target sequence. The method
is general enough to allow for insertions and deletions,
hybridization errors, and a profile or a HMM instead
of a single reference sequence. As the spectrum data
needed originates from standard chips that can easily be
mass produced, the cost of generating the hybridization
data can potentially be reduced to a very small fraction
in comparison to current special-purpose chips.

The algorithm was implemented and tested, and very
preliminary simulation results are reported here. Rese-
quencing a target of up to 2000 nucleotides was demon-
strated with good success rate, when a reference se-
quence with realistic SNP level is known, even in the
presence of 2% or 5% spectrum errors. For homology
detection, with 3% mismatches, up to 2000 nucleotides
were shown to be resequenced almost perfectly assum-
ing no spectrum errors. As expected, the results demon-
strate the tradeoff between the target sequence length,
the quality of the hybridization data, and the homology
distance required.

This paper constitutes a proof of concept, and there
is much room for further work. Modifications and im-
provements are possible both in the theoretical analysis,
and in the implementation details, especially in view of
some of the practical considerations.

On the algorithmic side, there are several promising
possible refinements and future developments:

¯ It is clear that one can do better using the exact likeli-
hood score, instead of the approximate score that we
give. Refined examination of the errors made by our
application, suggests that post-processing the output
sequence, locally modifying it in search for the opti-
mum point of the exact score, may correct many of
these errors.

¯ For simplicity, we imposed on the problem the in-
dependence assumption leading to Equation 1. This
obviously oversimplifies the problem. For instance,
oligonucleotides corresponding to k-substrings which
occur proximally along the target sequence would
have correlated hybridization results. Thus, replac-
ing the independence assumption by a more realistic
one will render the results more practical.

¯ Another promising direction is sequence profiles,
which have been extensively used for protein se-
quences (Krogh et al. 1994). Our method can be
applied, as is, also for sequencing a target whose ref-
erence is not a single related sequence, but rather
an HMM profile (for nucleotides, instead of amino
acids).

Practical aspects suggest several extensions to the
basic procedure, in order to render it applicative to real-
life data:

¯ Though the algorithm is polynomial for fixed k, its
dependence on k is exponential (4k), which makes 
rather slow in practice. Using the effective size of the
graph instead, as suggested, would economize on time
and space considerably. This may be necessary for
incrementing k, as microarray technology progresses.

¯ Since the target is usually a PCR product, its primer
sequences are known. This information can and
should be used when initializing and terminating our
dynamic program.

¯ The target is usually diploid DNA, and might be a
heterozygote. The algorithm should thus be extended
to handle a hybridization signal from two sequences.

¯ When searching for mutations in many candidate
genes, or exons, one could use pooling of hybridiza-
tion targets. The algorithm can be easily modified to
re-sequence several short targets in one experiment,
instead of a single long one.

¯ Despite their mathematical elegance, all-k-mer chips
have practical problems. Oligonucleotides with dif-
ferent GC-content impose conflicting constraints on
the experiment temperature, and some are unusable
due to self loops. Our algorithm can be modified
to work with a collection of equi-temperature oligos,
instead of equal-length ones, and to compensate for
defunct k-mers.
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