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Abstract

Awareness has been shown to be a useful addition to stan-
dard epistemic logic for many applications. However, stan-
dard propositional logics for knowledge and awareness can-
not express the fact that an agent knows that there are facts
of which he is unaware without there being an explicit fact
that the agent knows he is unaware of. We propose a logic
for reasoning about knowledge of unawareness, by extending
Fagin and Halpern'sogic of General Awarenesdhe logic
allows quantification over variables, so that there is a formula
in the language that can express the fact that “an agent explic-
itly knows that there exists a fact of which he is unaware”.
Moreover, that formula can be true without the agent explic-
itly knowing that he is unaware of any particular formula. We
provide a sound and complete axiomatization of the logic, us-
ing standard axioms from the literature to capture the quan-
tification operator. Finally, we show that the validity problem
for the logic is recursively enumerable, but not decidable.

1 Introduction

As is well known, standard models of epistemic logic suf-
fer from thelogical omniscienceroblem (first observed and
named by Hintikka 1962): agents know all tautologies and
all the logical consequences of their knowledge. This seems
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Since this approach was first introduced by FH, there has
been a stream of papers on awareness in the economics liter-
ature (see, for example, (Dekel, Lipman, & Rustichini 1998;
Halpern 2001; Heifetz, Meier, & Schipper 2003; Modica &
Rustichini 1994; 1999)). The logics used in these papers
cannot express the fact that an agent may (explicitly) know
that he is unaware of some facts. Indeed, in the language
of (Halpern 2001), all of these models are special cases of
the original awareness model where awarenegsrnerated
by primitive propositionsthat is, an agent is aware of a for-
mula iff the agent is aware of all primitive propositions that
appear in the formula. If awareness is generated by primi-
tive propositions, then it is impossible for an agent to know
that he is unaware of a specific fact.

Nevertheless, knowledge of unawareness comes up often
in real-life situations. For example, when a primary physi-
cian sends a patient to an expert on oncology, he knows that
an oncologist is aware of things that could help the patient’s
treatment of which he is not aware. Moreover, the physi-
cian is unlikely to know which specific thing he is unaware
of that would improve the patient’s condition (if he knew
which one it was, he would not be unaware of it!). Simi-
larly, when an investor decides to let his money be managed
by an investment fund company, he knows the company is

inappropriate for resource-bounded agents and agents whoa@ware of more issues involving the financial market than he

are unaware of various concepts (and thus do not know logi-
cal tautologies involving those concepts). Many approaches
to avoiding this problem have been suggested. One of the
best-known is due to Fagin and Halpern 1988 (FH from
now on). It involves distinguishingxplicit knowledgdrom
implicit knowledge, using a syntactic awareness operator.
Roughly speaking, implicit knowledge is the standard (S5)
notion of knowledge; explicit knowledge amounts to im-
plicit knowledge ancdwareness.

*This work was supported in part by NSF under grants CTC-
0208535, ITR-0325453, and 11S-0534064, by ONR under grants
N00014-00-1-03-41 and N0O0014-01-10-511, and by the DoD Mul-
tidisciplinary University Research Initiative (MURI) program ad-
ministered by the ONR under grant NO0014-01-1-0795. The sec-
ond author was also supported in part by a scholarship from the
Brazilian Government through the Conselho Nacional de Desen-
volvimento Cienifico e Tecnabgico (CNPQ).

Copyright © 2006, American Association for Artificial Intelli-
gence (www.aaai.org). All rights reserved.

is (and is thus likely to get better results with his money),
but again, the investor is unlikely to be aware of the specific
relevant issues. Ghirardato 2001 pointed out the importance
of dealing with unawareness and knowledge of unawareness
in the context of decision-making, but did not give a formal
model.

To model knowledge of unawareness, we extend the syn-
tax of the logic of general awareness considered by FH to
allow for quantification over variables. Thus, we allow for-
mulas such asX;(3z—A;z), which says that agerit (ex-
plicitly) knows that there exists a formula of which he is not
aware. The idea of adding propositional quantification to
modal logic is well known in the literature (see, for example,
(Bull 1969; Engelhardt, van der Meyden, & Moses 1998;
Fine 1970; Kaplan 1970; Kripke 1959)). However, as we
explain in Section 3, becausé; is a syntactic operator,
we are forced to give somewhat nonstandard semantics to
the existential operator. Nevertheless, we are able to pro-
vide a sound and complete axiomatization of the resulting



logic, using standard axioms from the literature to capture
the quantification operator. Using the logic, we can easily
characterize the knowledge of the relevant agents in all the
examples we consider.

The rest of the paper is organized as follows. In Section 2,

we review the standard semantics for knowledge and aware-

ness. In Section 3, we introduce our logic for reasoning
about knowledge of unawareness. In Section 4 we axiom-
atize the logic, and in Section 5, we consider the complexity
of the decision problem for the logic. We conclude in Sec-
tion 6.

2 The FH model

We briefly review the FH Logic of General Awareness here,
before generalizing it to allow quantification over proposi-
tional variables. The syntax of the logic is as follows: given
a set{l,...,n} of agents, formulas are formed by starting
with a set® = {p,q,...} of primitive propositions, and
then closing off under conjunction (A), negation){ and
the modal operator&’;, A;, X;, ¢ = 1,...,n. Call the re-
sulting languagecS-X-4(®). As usual, we defing \ ¢ and
© = 1 as abbreviations of(—¢o A —1) and—p V1, respec-
tively. The intended interpretation of;y is “i is aware of
©". The power of this approach comes from the flexibility of
the notion of awareness. For example, “ageistaware of
" may be interpreted as “agents familiar with all primi-
tive propositions inp” or as “agent; can compute the truth
value ofp in timet”.

Having awareness in the language allows us to distinguish
two notions of knowledge: implicit knowledge and explicit
knowledge. Implicit knowledge, denoted By;, is defined

as truth in all states that the agent considers possible, as

usual. Explicit knowledge, denoted B;, is defined as the
conjunction of implicit knowledge and awareness.

We give semantics to formulas inCXKX4()
in awareness structures. A tupleM
(S, m K1y, Kpy A1, ..., Ay) IS an awareness  struc-
ture for n agents (over®) if S is a set of states,
™ : S x ® — {true,false} is an interpretation that
determines which primitive propositions are true at
each state/C; is a binary relation onS for each agent
i = 1,...,n, and 4; is a function associating a set of
formulas with each state il, fori = 1, ..., n. Intuitively, if
(s,t) € K;, then agent considers staté possible at state
s, while A4;(s) is the set of formulas that agehis aware
of at states. The set of formulas the agent is aware of can
be arbitrary. Depending on the interpretation of awareness
one has in mind, certain restrictions gip may apply. (We
discuss some interesting restrictions in the next section.)

Let M,,(®) denote the class of all awareness structures
for n agents ovem, with no restrictions on thé&; relations
and on the functiongl;. We use the superscripts e, and
t to indicate that theC; relations are restricted to being re-
flexive, Euclideart, and transitive, respectively. Thus, for
example M"t(®) is the class of all reflexive and transitive
awareness structures foragents.

'Recall that a binary relatioki; is Euclidean if(s, t), (s,u) €
KC; implies that(t, u) € KC;.

We write (M, s) = ¢ if ¢ is true at state in the aware-
ness structurd/. The truth relation is defined inductively
as follows:

(M, s) = p,forp € o, if n(s,p) = true

= eif (M, s) [~ ¢
= o AVt (M,s) £ pand(M, s) [ ¢
= Kipif (M, t) =
for all ¢ such that(s, t) € K;

(M, ) £ Aspif o € Ai(s)

(M, s) E X;pif (M,s) E Ajpand(M,s) = K;p.

A formula ¢ is said to bevalid in awareness structurd,

written M = o, if (M,s) = pforalls € S. Aformulais
valid in a classV of awareness structures, writt&f = ¢, if
itis valid for all awareness structuresi, that is, if N = ¢
forall N e V.

Consider the following set of well-known axioms and in-
ference rules:

(M, s
(M, s
(M

, S

—_ — — —

Prop. All substitution instances of valid formulas of propo-
sitional logic.

K. (Kip A Ki(p = ) = Kt

T. Ko = .

4. K, = K; K;p.

5. =Ko = K;—~K;p.

AD. X0 & Kip A Ajp.

MP. Fromp andy = v infer ¢ (modus ponens).
Genk. Fromeyp infer K;p.

It is well known that the axioms T, 4, and 5 correspond
to the requirements that tHé; relations are reflexive, tran-
sitive, and Euclidean, respectively. LKt, be the axiom
system consisting of the axioms Prop, K and rules MP, and
Genk. The following resultis well known (see, for example,
(Faginet al. 1995) for proofs).

Theorem 2.1: Let C be a (possibly empty) subset of
{T, 4,5} and letC be the corresponding subset{of ¢, e}.
ThenK,,U{A0}UC is a sound and complete axiomatization
of the languageC-X+4 (&) with respect taM & (®).

3 Alogic for reasoning about knowledge of
unawareness

To allow reasoning about knowledge of unawareness, we ex-
tend the languag€’-*-4(®) by adding a countable set of
propositional variableg’ = {xz,y, z, .. .} and allowing uni-
versal quantification over these variables. Thuspils a
formula, then so i$/zp. As usual, we takelzp to be an
abbreviation for-vz—y. Let £7-%X:4(® X) denote this
extended language.

We assume that’ is countably infinite for essentially the
same reason that the set of variables is always taken to be
infinite in first-order logic. Without it, we seriously limit the
expressive power of the language. For example, a formula
such aslz3y(—(z < y)AA2AAy) says that there are two
distinct formulas that agent 1 is aware of. We can similarly



define formulas saying that there ardistinct formulas that cation. To achieve this, we usgntactic valuations, rather

agent 1 is aware of. However, to do this we néedistinct thansemantic valuations. Ayntactic valuatioris a func-

primitive propositions. tionV : X — LEX4(d), which assigns to each variable a
Essentially as in first-order logic, we can define induc- sentence ilC*4 (@),

tively what it means for a variable to befreein a formula We give semantics to formulas &-%-X-4(®, x) by by

. If ¢ does not contain the universal operatothen every induction on the total number of free and bound variables,

occurrence ofc in ¢ is free; an occurrence of is free in with a subinduction on the length of the formula. The defi-

- (or K;0, X, 0, A;¢) iff the corresponding occurrence of  nitions for the constructs that already appeatjf4(®)

x is free iny; an occurrence aof in o, A - is free iff the are the same. To deal with universal quantification, we just

corresponding occurrence ofn ¢, or ¢s is free; and an oc- consider all possible replacements of the quantified variable

currence of: is free invy iff the corresponding occurrence by a sentence i %-X-4 ().

of z is free inp andz is different fromy. Intuitively, an oc- elf ¢ is a formula whose free variables are

currence of a variable is free in a formula if it is not bound T1,...,z5 then (M,s,V) E ¢ if (M,s,V) E

by a quantifier. A formula that contains no free variables is o[z, /V(xy),. .., x5/ V()]

called asentence.
Let SY-K:-XA(d x) denote the set of sentences in
LYEXA(D X)), If ¢ is a formula, letp[x/y] denote the

o (M,s,V) EVaypif (M,s,V') = ¢ for all syntactic val-
uationsy’ ~, V.

formula that results by replacing all free occurrences of the Note that althoughg[z1/V(x1), ..., V(xx)] may be a
variablez in ¢ by +. (If there is no free occurrence ofin ¢, longer formula than, it involves fewer variables, since
theny[x /1] = ».) We extend this notion of substitution to V(z1),...,V(zx) do not mention variables. This is why
sequences of variables, writingz, /11, . . ., zn /tn]. We it Il(leTportant that we quantlfy. only over sentences in
say thaty is substitutable for: in ¢ if, for all propositional EQ’K % gq)), if we were to quantify over all sentences in
variablesy, if an occurrence of; is free iny, then the cor- 5,77 (@, X), then the semantics would not be well de-
responding occurrence gfis free inp[z /). fined. For example, to determine the truthvatr, we would

We want to give semantics to formulasaij*- X4 (@, x) have to determine the truth ofz/Vzz] = Vzz. This circu-

in awareness structures (where now we alldy(s) to be larity would makef= undefined. In any case, given our re-
an arbitrary subset o§7-%-X:4(®, X)). The standard ap- strictions, it is easy to show that is well defined. Since the
proach for giving semantics to propositional quantification [TUth of & sentence is independent of a valuation, for a sen-
((Engelhardt, van der Meyden, & Moses 1998: Kripke 1959; €NCep, we write (M, s) = ¢ rather thar(M, s, V) = ¢.

Bull 1969; Kaplan 1970; Fine 1970)) usesmantic valua- Under our semantics, the formul (3z(A;x/\—A;x)) is
tions much like in first-order logic. Aemantic valuation’ consistent and that it can be true at staéven though there

- in £K.X.A (A
associates with each propositional variable and state a truth mfht be _rll_(r)].forr.rtmul?./) in L, o (@) SL.;Ch ttthI'fot((tAﬂ/J A .
value, just as an interpretatianassociates with each primi- iw.))' IS Sttuation can happen 1, at al stales agen
tive proposition and state a truth value. THed, s, V) = = considers possible, agents aware of something agents

: _ . t, but there is no one formulasuch that agent is aware

if V(z) = true and (M, s,V) E Vzp if (M,s,V') E ¢ not, b . . .
for all valuations)”’ that agree with on all propositional of ¥ in all states agent considers possible and agenis :
variables other than.2 We writeV ~, V' if V(y) = V'(y) not aware ofy in all such states. By way of contrast, if

Jz K, (Ajx A—A;z) is true at stat, then there is a formula
¥ such thatK; (A ;¢ A ~A;¢) holds ats. The difference
betweenkK;3z(A;jz A —A;x) and3zK;(A;x A ~A;zx) is
essentially the same as the difference betw&eR;p and
K;(3zy) in first-order modal logic (see, for example, (Fagin
et al. 1995) for a discussion).

The next example illustrates how the logic of knowledge
of awareness can be used to capture some interesting situa-
tions.

for all variablesy # x.

Using semantic valuations does not work in the presence
of awareness. I#;(s) consists only of sentences, then a for-
mula such a§'z A;x is guaranteed to be false since, no mat-
ter what the valuation is; ¢ A;(s). The valuation plays no
role in determining the truth of a formulas of the forfix).

On the other hand, if we allow4;(s) to include any formula

in the language, theWM, s, V) | VaA;(z) iff x € A;(s).

But then it is easy to check th&l/, s, V) = JzA;(x) iff . _ .
x € A;(s), which certainly does not seem to capture our Example 3.1: Consider an investor (agent 1) and an invest-

intuition. ment fund broker (agent 2). Suppose that we have two facts

We want to interpretvzA;(z) as saying “for all sen- that are relevant for describing the situation: the NASDAQ
tencesp € SYXA(®, X), A;(p) holds”. For techni- index is more likely to increase than to decrease tomorrow
cal reasons (which we explain shortly), we instead inter- (0), and Amazon will announce a huge increase in earnings
pret this it as “for all formulasy € LEXA(®), A;(p) tomorrow (9. LetS = {s}, 7(s,p) = 7(s,q) = true,

holds”. That is, we consider only sentences with no quantifi- Ki = {(s,8)}, Ai(s) = {p,Jz(Ad2z A ~A12)}, and
Az (s) = {p, q, A2q, —A1q, A2gA—A1q}. Thus, both agents

2\We remark that the standard approach does not use separate?Xp“C'tly know that the NASDAQ index is more likely to
propositional variables, but quantifies over primitive propositions. Increase than to decrease tomorrow. However, the broker
This makes it unnecessary to use valuations. It is easy to see that @S0 explicitly knows that Amazon will announce a huge in-
the definition we have given is equivalent to the standard definition. Crease in earnings tomorrow. Furthermore, the broker ex-
Using propositional variables is more convenient in our extension. plicitly knows that he (broker) is aware of this fact and the



investor is not. On the other hand, the investor explicitly e if p[z/y] € A;(s) for some formulay € £XXA4(P),
knows that there is something that the broker is aware of but  then3zp € A4;(s).

he is not. That s, If the language does not have quantification, then awareness
(M,s,V) = X1p A Xop A Xog A =X1q is weakly generated by primitive propositions iff it is gener-

ated by primitive propositions. However, with quantification
AXo(A2q A 2A1g) A X1 (F(Agz A A ). in the language, while it is still true that if awareness is gen-

SinceXs(Azg A —A1q) implies3x X5 (Asx A —Ajx), there erated by primitive propositions then it is weakly generated
is some formular such that the broker knows that the in- by primitive propositions, the converse does not necessarily
vestor is unaware of although he is aware aof. However, hold. For example, if4; (s) = 0 for all s, then awareness is
since(M, s, V) &= —Ay(3x(Asz A —A;jx)), it follows that weakly generated by primitive propositions. Intuitively, not
(M,s,V) E = Xo(3x(Asz A —=Arz)). 1 being aware of any formulas is consistent with awareness be-

ing weakly generated by primitive propositions. However, if
agent 1's awareness is generated by primitive propositions,
then, for exampleziz A2 must be in4, (s) for all s and all
agentsj.

It may seem unreasonable that, in Example 3.1, the broker
is aware of the formulal,g A — A ¢, without being aware of
Jx(AsxN—A x). Of course, if the broker were aware of this
formula, thenXs((3z(Azz A —A;x)) would hold at stats.

This example suggests that we may want to require various 4 Axi tizati
properties of awareness. Here are some that are relevant in Xiomatizaton
this context: In this section, we provide a sound and complete axioma-
e Awareness isclosed under existential quantificatidh tization of the qu|c described in the previous section. We
, Y K, X,A show that, despite the fact that we have a different language
© € Ai(s), ¢ = ¢'lx/¢] andy € L (®), then . . o X
/ ] and used a different semantics for quantification, essentially
(3zy') € Ai(s). X . - o
) o o the same axioms characterize our definition of quantification
* Awareness igjenerated by primitive propositionif for as those that have been shown to characterize the more tradi-
all agentsi, ¢ € A;(s) iff all the primitive propositions  tjonal definition. Indeed, our axiomatization is very similar
thatappear i are inA;(s)N®. Thatis, an agentisaware  tg the multi-agent version of an axiomatization given by Fine
of ¢ iff she is aware of all the primitive propositions that 1970 for a variant of his logic where the range of quantifica-

appear inp. tion is restricted.
e Agents know what they are aware of for all agents Consider the following axioms for quantification:
i and all states, ¢ such that(s,t) € K; we have that 1, vz = o[z/y] if ¢ is a quantifier-free formula substi-
Ai(s) = Ai(D). tutable forz in .
Closure under existential quantification does hold in Ky. V2(p = ¥) = (Yap = Yau).

Example 3.1. It is easy to see that it is a consequence - .
of awareness being generated by primitive propositions. Nv- ¥ = Vg if 2 is not free ing.
As shown by Halpern 2001 and Halpern andgR 2005, Barcan.VzK,;p = K;Vxp.

a number of standard models of awareness in the eco- ;

nomics literature (e.g., (Heifetz, Meier, & Schipper 2003; Gery. Fromw infer V. , , )
Modica & Rustichini 1999)) can be viewed as instances of Th.ese axioms are almost |dent|cal to the one_s_conS|dered
the FH model where awareness is taken to be generated byby Fine 1970, except that we restribt to quantifier-free
primitive propositions and agents know what they are aware formglas; Fine allows arbltrgry formulas to be substituted
of. While assuming that awareness is generated by primi- (Provided that they are substitutable fr Ky and Gep are

tive propositions seems like quite a reasonable assumption if ahalogues to the axiom K and rule of inference @emK.,,.

there is no existential quantification in the language, it does The Barcan axiom, which is well-known in first-order modal
not seem quite so reasonable in the presence of quamiﬁca_logm, captures the relationship between quantification and
tion. For example, if awareness is generated by primitive Ki. v ) - ) )
propositions, then the formuld, (3z—A;z) is valid, which Let K, be the axiom system consisting of the axioms in
does not seem to be reasonable in many applications. For Kn together with{AO, 1, Ky, Ny, BarcanGeny }.

some applications it may be more reasonable to instead as-Theorem 4.1: Let C be a (possibly empty) subset of
sume only that awarenessvigakly generated by primitive {T,4,5} and letC be the corresponding subset{of ¢, e}.

propositions. This is the case if, for all stateand agents, If ® is countably infinite, thed” U C is a sound and com-
o —p € Ai(s)iff o € Ai(s); plete axiomatization of the languagd--*-4(®, X') with
, _ respect taM?:¢ (@, X).2
o o AP € Ay(s) iff p,1h € Ai(s); "
o Ko Ai(s)iff o € Ai(s): Proof: Showing that a provable formula is valid can be

) done by a straightforward induction on the length of the
o Ajp e Ai(s)iff o € Ai(s);

) ] ; ) 3We remark that Prior 1956 showed that, in the context of first-
¢ _X“O € Ai(s)Iff ¢ € Ai(s); o order modal logic, the Barcan axiom is not needed in the presence
o if Vzp € A;(s), thenp € A;(s) for each primitive propo- of the axioms 065(that isT', 4, and5). The same argument works

sition p that appears iz y; here.



proof of ¢, using the fact that all axioms are valid in the In this axiom, the empty conjunction is taken to be vac-
appropriate set of models and all inference rules preserve uously true, so thatl;p is vacuously true if no primitive
validity. propositions occur irp.

In the standard completeness proof for modal logic, a  We can axiomatize the fact that awareness is weakly gen-
canonical modeld/¢ is constructed where the states are erated by primitive propositions using the following axioms:
maximal consistent sets of formulas. It is then shown that a1 4;(p A ¥) & 4,0 A Ajih.
if sy is the state corresponding to the maximal consistent A2 A A
setV, then(M¢,sy) = ¢ iff ¢ € V. This will not quite - AT S Aip.
work in our logic. We would need to define a canonical valu- A3. A; X;¢ < Ajp.
ation function to give semantics for formulas containing free A4, 4,40 < A, .

. . . . . J T
variables. We deal with this problem by considering states AB. A K0 e A,
in the canonical model to consist of maximal consistent sets > “i/%7% _“0‘ )
of sentences. There is another problem in the presence of A6. A;p = A;pif p € ® occurs inp.
quantification since there may be a maximal consistent set A7. A;p[z /1] = A;3zp, wherey € LEXA4(®).

V' of sentences such thatvze € V, but plz/y)] for all As noted in (Fagi ot fi i

XA . ) . . giret al. 1995), the first five axioms capture
¢ € L7%A(®). Thatis, there is no witness to the falsity  ;yareness generated by primitive propositions in the lan-
of Vxp in V. We deal with this problem by restricting to guageC’-X:A(d); we need A6 and A7 to deal with quantifi-

maximal consistent sefs that areacceptabléin the sense  c4ti0n A7 captures the fact that awareness is closed under
that if -Vap € V, then—yplz/q] € V for some primitive existential quantification.

propositiong € ®. This argument required to be infinite.
The details can be found in the appendix. 5 Complexity

To understand why, in general, we need to assdnig Since the logic is axiomatizable, the validity problem is at
countably infinite, consider the case where there is only one worst recursively enumerable. As the next theorem shows,
agent andd = {p}. Let y be the formula that essentially  the validity problem is no better than r.e.

forces the S5 axioms to hold: Theorem 5.1: The problem of deciding if a formula in the
Vo(Kz = KKz) A (~Kz = K-Kz). language £ 5% A(®, x) is valid in MS (@, X) is re.-
As is well-known, the S5 axioms force every formuladff complete, foralC’ C {r,¢,e} andn > 1.

to be equivalent to a depth-one formula (i.e., one without proof: The fact that deciding validity is r.e. follows im-
nested K's). Thus, it is not hard to show that there exists mediately from Theorem 2.1. For the hardness result, we

a finite setr” of formulas inﬁf’X’A({p}) such that for all show that, for every formulg in first-order logic over a

formulasty with one free variablgy and no quantification, language with a single binary predicate can be translated to

we have forC' C {r,e,t} a formulag’ € £ (®, ) such thatp is valid over re-
M (@, X) = (p AVzAZ) = (Vg & Aoerty/v)). lational models iff! is valid in MY (®, X) (and hence in

Thus, if & has only one primitive proposition, then there M (2, X), forall C' C {r,t,e}. The result follows from
are circumstances under which universal quantification is the well-known fact that the validity problem for first-order
equivalent to a finite conjunction. We can construct simi- l0gic with one binary predicate isr.e. The details of the proof
lar examples if® is an arbitrary finite set of propositions of this the_orem and the remaining results in this section can
even if there is more than one agent. (In the latter case, Pe found in the full paper (Halpern &&yo 2006c)i

we add a formulay’ to the antecedent that says that agent
1 knows that all agents have the same knowledge that he
does: VoK) A, (K;z < Kijx).) Thus, if @ is finite,

we would need extra axioms to capture the fact univer-
sal quantification can sometimes be equivalent to a finite
conjunction. We remark that this phenomenon of need-

ing additional axioms ift is finite has been observed be- ean property). The fact that awareness gives undecidabilit
fore in the literature (cf. (Fagin, Halpern, & Vardi 1992; is thgcopntez% of Theorem 5.1; Theorem %.2 shows that hav)-/

Halpern & Lakemeyer 2001)). ingn > 2ore ¢ C suffices for undecidability as well.

If we make further assumptions about the awareness oper- o ha other hand. Theorem 5.3 shows that i 1 and
ator, these can also be captured axiomatically. For example, " C' then the proialem is decidable. Although, as we have
as shown by FH, the assumption that agents know what they observed, our semantics is slightly differently from that of

are aware of corresponds to the axioms Fine, we believe that corresponding results hold in his set-

Theorem 5.1 is somewhat surprising, since Fine 1970
shows that his logic (which is based on S5) is decidable. It
turns out that each of the following suffices to get undecid-
ability: (a) the presence of the awareness operator, (b) the
presence of more than one agent, or (c) not havirg C
(i.e., not assuming that th€ relation satisfies the Euclid-

Aip = K;A;pand ting. Thus, he gets decidability because he does not have
—Aip = KinAjp. awareness, restricts to a single agent, and considers S5 (as
It is not hard to check that awareness being generated by opposed to say, S4).
primitive propositions can be captured by the following ax- Let LVE(® X) consist of all formulas in
iom: LYKXA(P X) that do not mention thed; or X; op-
AiLP And /\{p€¢: p occurs in np}A'Lp erators.
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Theorem 5.2: The problem of deciding if a formula in the A Proof of Theorem 4.1

languageC), ™ (@) is valid in M (®) is r.e.-complete if > Theorem 4.1: Let C be a (possibly empty) subset of
20rife ¢ C. {T,4, 55 and letC be the corresponding subset{of, ¢, e}.
ThenK; UC is a sound and complete axiomatization of the

Theorem 5.3: The validity problem for the language languagel”-5X:4(®, ') with respect taM"-C (@, X).
LY (@, x) with respect to the structures i< (®, X) for " 7 v

C D {e} is decidable. Proof: We give the proof only for the cagsk= {); the other

cases follow using standard techniques (see, for example,
Interestingly, the role of the Euclidean property in these (Faginet al. 1995; Hughes & Cresswell 1996)). Showing

complexity results mirrors its role in complexity fat”, that a provable formule is valid can be done by a straight-

basic epistemic logic without awareness or quantification. forward induction on the length of the proof of using the

As we have shown (Halpern &&yo 2006a), the problem  fact that all axioms iKY, are valid inM%?(®, X') and all

of deciding if a formula in the languageé” (®) is valid in inference rules preserve validity im”.? (&, X).
M (®) is PSPACE complete it > 2 orn > 1 ande ¢ C; As we said in the main text, we prove completeness by
if n =1ande € C, itis co-NP-complete. modifying the standard canonical model construction, re-

stricting to acceptable maximal consistent sets of sentences.
Thus, the first step in the proof is to guarantee that every con-
sistent sentence is included in an acceptable maximal consis-

We have proposed a logic to model agents who are able to tent set of sentences. - _

reason about their lack of awareness. We have shown that If ¢ is a primitive proposition, we defing[g/z] and the

such reasoning arises in a number of situations. We have Notion of z being substitutable fog just as we did for the

provided a complete axiomatization for the logic, and exam- Ccase thay is a propositional variable.

ined the complexity of the validity problem. LemmaA.L If KY UC F ¢ andz is substitutable fog in
Our original motivation for considering knowledge of un- ¢, thenK?Y, U C + Vayp[q/z].

awareness came from game theory. Notions like Nash equi- proof: We first show by induction on the length of the proof
librium do not make sense in the presence of lack of aware- of , that if ~ is a variable that does not appear in any formula
ness. Intuitively, a set _of strategies is a Nash equilibrium n_c in the proof ofy, thenKY U C - ¢[q/z]. If there is a proof
each agent would continue playing the same strategy despiteof ¢, of length one, ther is an instance of an axiom. It is
knowing what strategies the other agents are using. Butif an easy to see that[q/z] is an instance of the same axiom. (We
agent is not aware of the moves available to other agents, remark that it is important in the case of axioms &hd 1y
then he cannot even contemplate the actions of other play- that » does not occur ino.) Suppose that the lemma holds
ers. In a companion paper (Halpern &b 2006b), we  for all ¢/ that have a proof of length no greater thiarand
show how to generalize the notion of Nash equilibrium so  syppose thap has a proof of length + 1 wherez does
that it applies in the presence of (knowledge of) unaware- not occur in any formula of the proof. If the last step of the
ness. FEIHberg 2004 haS already shown that awarene_ss Carp)roof Ong is an axiom, therzp is an instance of an axiom,
play a significant role in analyzing games. (In particu- and we have already dealt with this case. Otherwise, the last
lar, he shows that a small probability of an agent not be- step in the proof of, is an application of either MP, Ggn
ing aware of the possibility of defecting in finitely repeated  or Gen,. We consider these in turn.

prisoners dilemma can lead to COOperatlon.) It is not hard If MP is app“ed at the last step, then there exists Sm‘ne
to show that knowledge of unawareness can have a sim- sych thaty’ andy’ = ¢ were previously proved and, by as-
ilarly significant impact. - Consider, for example, a chess sumption > does not occur in any formula of their proof. By
game. I]‘, we interpret “lack of awareness” as “unable t0  the induction hypothesis, both[g/z] and(¢’ = ¢)[q/z] =
compute” (cf. (Fagin & Halpern 1988)), then although all  ,/[;/2] = [q¢/=] are provable. The result now follows by
players understand in principle all the moves that can be gp application of MP.

made, they are certainly not aware of all consequences of  The argument for Gep and Gen is essentially identical,
all moves. Such lack of awareness has strategic implica- so we consider them together. Suppose thatGéesp.,
tions. For example, in cases where the opponent is under Gen,) is applied at the last step. Therhas the formi; ¢’
time pressure, experts will make deliberately make moves (resp.,Vyy') and there is a proof of length at mdsfor'<p/
that lead to positions that are hard to analyze. (In our lan- wherez does not occur in any formula in the proof. Thus, by
guage, these are positions where there is a great dea_l of un-the induction hypothesis;'[q/z] is provable. By applying
awareness.) The logic we have presented here provides anGeny (resp., Gep), it immediately follows thatp[q/2] is
|n_|t|al step to modeling the reasoning that goes on in games provable.

W|t_h (knowledge of) unawareness. T(_).fully model what is This completes the proof thatlg/z] is provable. By ap-
going on, we need to capture probability as well as aware- plying Gen,, it follows thatVzy[q/z] is provable. Since:
ness and knowledge. We do not think that there will be any s substitutable for in ¢, 2 must be substitutable for in
intrinsic difficulty in extending our logic to handle probabil- ©lq/z]. Thus, by applying the axiory and MP, we can

ity along the lines of the work in (Fagin & Halpern 1994;  provep[q/z]. The fact thatvzy[g/2] is provable now fol-
Fagin, Halpern, & Megiddo 1990), although we have not |ows from Geg. I

checked the details.

6 Conclusion
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Lemma A.2: EveryKY-consistent sentenceis contained
in some acceptable maximKlY -consistent set of sentences.

Proof: We first show that ifA is a finite K -consistent set

of sentences;Vxy € A, andgq is a primitive proposition
that does not appear in any sentencAijrthenA U —p[z/q]

is KY-consistent. Suppose not. Then there exist sentences
0B1,..., 0k € Asuch that

Ki b (Bi A A By) = vz /q).
By Lemma A.1, we have
K) EVz((By A A Br) = ). )

Now applying K; and Ny, and using the fact thatis not free
in 81 A ... A\ B (sincefy,..., B are sentences), it easily
follows that

for all ¢. SinceTl is acceptable, it must be the case that
VaK;(y = ) € I'. By the Barcan axiom, it follows that
KNz(y = 1) € T. Sincey is a sentence, applyingKNy,

K, and Ger, it follows that K;Vz(y = ¢) = K;(y =
Va1) is provable inKY. Hence,K;(y = Vai)) € T. Thus,

~ = Vay € T'/K;. But this contradicts the consistency of
F/K U {717 ctt 57%7 _‘vl"l/}}

We now proceed much as in the proof of Lemma A.2.
Given an enumeration),s,... of the sentences in
SYKXAwe construct a sequence K -consistent sets
of sentenceg\g, Ay,.... Let Ay = T'/K,; U {—¢}. (Note
that Lemma A.3 implies thad is K} -consistent.) For all
k> 1,if Ap_1 U {} is notKY-consistentA, = Ay_;.

If Ar_1 U {¢r} is KY-consistent, ify is not of the form
—Vyy', then Ay = Ag_1 U {¢x}, while if ¢y, is of the
form —Vyy’, thenA, = Ax_1 U {¢x, ' [y/q]} for some

g € @ such thatA,_; U {¢y, '[y/q]} is consistent.
(Such ag exists by our earlier argument.) It is easy to see
that A = U, A, is the desired acceptable maxinﬁlz-
consistent set of sentencds.

K'F (B A...AB) = Vaip.

Sincefy, ..., By, Va1 € A, this contradicts the assump-
tion thatA is K7 -consistent.

We now use standard techniques to construct an accept-
able maximalK -consistent set of sentences containjng
Consider an enumeratiop)y, ¢, ...} of the sentences in
SY-K.X.A - We construct a sequence KfY -consistent sets
of sentences\y, Ay,.... Let Ay = {¢}. Forallk > 1,
if Ap_1 U {¢%} is not KY-consistent,A, = Aj_. If
A1 U {2} is KY-consistent, ify, is not of the form
=Vyy', thenA, = Agx_1 U{¢}, while if ¢y, is of the form
=Yy’ thenAy, = Ag_1 U {¢w, ~¢'[y/q]} for someg € ®
not occurring inAg_; U {4 }. By our earlier argument, it )
easily follows that each seX, is KY-consistent. LetA be o m(sv,p) = { 1 !f pevV,
the union of theA,,’s. It is easy to see thak is an accept- ’ 0 ifpgV;
able maximalKY -consistent set of sentences that contains Ai(sy) ={p: Ao eV}

v.1 o Ki(sy)={sw:V/K; CW}.
For a sefl” of formulas, defind/K; = {1 : K;¢p € T'}. We show as usual thatif is a sentence, then

LemmaA.3: If T is a KY-consistent set of sentences con- . .
taining - K, thenl'/ K; U {—¢} is KY-consistent. (M sv)Fy iff eV &)

Proof: This is a standard modal logic argument; see, for Note that this claim suffices to prove Lemma A.5 since if

example, (Hughes & Cresswell 1996, Lemma 6.4). We omit IS aKY-consistent sentence, by Lemma A.2, it is contained
details herell in an acceptable maxim&Y -consistent set of sentences.

We prove (2) by induction of the depth of nestingyf
with a subinduction on the length of the sentence.

The base case is if is a primitive proposition, in which
case (2) follows immediately from the definition of For
the inductive step, giverp, suppose that (2) holds for all
formulasy)’ such that either the depth of nesting foin v’
is less than that iy, or the depth of nesting is the same, and
1" is shorter than). We proceed by cases on the formyof

e If ¢ has the form-¢’ or 1 A 12, then the result follows
easily from the inductive hypothesis.

e If ¢ has the form4;v’, then note thap’ is a sentence and
(MC,S\/) ): Aﬂﬁ/ iff w/ € Ai(Sv) iff Ai’(// eV.

e If ¢ has the formK;vy’, then ify) € V, theny’ € W
for everyW such thatsyy € K;(sv). By the induction

We are now able to prove the following key lemma.

Lemma A.5: If o is a KY-consistent sentence, thenis
satisfiable invY%(®, ).

Proof: Let M¢ = (S,K4,....,Kn, A1,..., Ay, m) be a
canonical awareness structure constructed as follows

e S = {sy : Visan acceptable maximkY -consistent set
of sentences};

Lemma A.4: If T is an acceptable maximdY -consistent
set of sentences antl;p € I, then there exists an accept-
able maximalKY -consistent set of sentencéssuch that
(T/Ki U{=p}) € A.

Proof: We first show that i’'/ K U {~1, ..., 7, "Vzip} is
aKY -consistent set of sentences, then there exists gome
® such thatl' /K; U {1, ..., Yn, Va0, [z/q]} is KT-
consistent. For suppose not. Then, forgalhere must exist
Bi,..., 0k € T/K; such that

Ky E (BiA- AB) = (v = ¢lz/q)),
wherey = v A ... Ay, A =Vxp. By Gery, we have that

K7 Ki((B1 A A By) = (v = vla/q))).

Applying axiom K, and using the fact th&f (81 A. . .ABk) €
I’ andT is maximal, we have thak;(y = ¢[z/q]) € T

12

hypothesis(M¢, sy) = ¢’ for everysy € K;(sv), SO
(Me,sy) E K. If ¢ ¢ V, then—) € V sinceV is a
maximalKY-consistent set. By Lemma A.4, there exists



an acceptable maxim& Y -consistent set of sentencés
such that(V/K; U {-¢'}) C W. By the induction hy-
pothesis{M¢, sy) = 9. Thus,(M¢, syv) = K0

e If ¢ has the formX;¢’, the argument is immediate

from the preceding two cases and the observation that

(M,Sv) ': Xl’gb/ iff both (M,Sv) ': Kﬂﬁ/ and
(M,sy) E Al, while X;o' € V iff both K;o' € V
andA;y’ € V.

e Finally, suppose thaty = Vat'. If ¢» € V then, by
axiom 1y, ¢'[z/¢] € V for all p € £EXA(®). The
depth of nesting of)’[z/] is less than that ofzv)’, so
by the induction hypothesi&\V, sy') = ¢'[x/y] for all
¢ € LEXA(D). By definition, (M, sy) = v, as de-
sired. Ify ¢ V then, sincél is acceptable, there exists
a primitive propositiong € ® such thaty'[z/q] ¢ V.
By the induction hypothesigM ¢, sy) = ¥'[x/q]. Thus,
(M€, sy) [~ 1, as desired.

To finish the completeness proof, suppose th# valid
in MY%(®, X). Then, consider two cases: ()is a sen-
tence, and (2)p is not a sentence. If (1), thenp is a sen-
tence and is not satisfiable jbt?-?(®, X'). So, by Lemma
A.5, ~p is notKY-consistent. Thusp is provable inKY.
If (2) and {z1,...,z} is the set of free variables ip,
thenVvz; ... Vagp is a valid sentence. Thus, by case (1),
Vi ... Vo is provable inKY. Applying 1y repeatedly it
follows thaty is provable inK; , as desiredl

n’
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