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Abstract

Standard databases convey Reiter's closed-world as-
sumption that an atom not in the database is false. This
assumption is relaxed in locally closed databases that
are sound but onlyartially completeabout their do-
main. One of the consequences of the weakening of
the closed-world assumption is that query answering in
locally closed databases is undecidable. In this paper,
we develop efficienapproximatemethods for query an-
swering, based on fixpoint computations, and investi-
gate conditions that assure the optimality of these meth-
ods. Our approach of approximative reasoning may be
incorporated in different contexts where incompleteness
plays a major role and efficient reasoning is imperative.

Introduction

The Closed-World AssumptiofCWA) on databases (Reiter
1982) expresses that an atom not in the database is false.
However, as the following example shows, in many cases
database information is onpyartially complete, and so ap-
plying the CWA is not correct, and may lead to wrong con-
clusions.

Example 1 Consider the following database of a computer

rice.bruynop@es.kuleuven.be

e Academic College of Tel-Aviv, Israel.
a.ac.il

one cannot exclude the possibility that David Finner has a
phane number, so the correct answer in this case should be
‘unknown’.

For dealing with situations like that of Example 1, the
databases considered herelapally closedn the sense that
in addition to a standard database instance they also contain
a collection oflocal closed world assumptionexpressing
conditions (thewindows of expertigethat guarantee com-
plete knowledge about specific database predicates.

Example 2 In the context of the previous example, an ex-
pression of the fornCCWA(Tel(z, y), Dept(z, CS)) is in-
tuitively understood as expressing that in the database in-
stance, the relatioiel contains all the telephone numbers of
all the members of the computer science department. Here,
the window of expertise iBept(z, CS) and it is referring to

the database relatiorel(x, y).

Not surprisingly, query answering in locally closed
databases (also referred here as locally complete databases)
turns out to be intractable in general. This provides the
motivation for developing efficiergipproximate methodsr
query answering. This approach is also motivated by the fact
that in many applications there is no need to halV¢he an-

science department. This database stores information aboutSWers to a query and often itis enough to have a sufficiently
the telephone numbers of the department's members and 'arge subset of them. For instance, a company searching in

collaborators.

Department
Name  [Department |

Bart Delvauy Computer Sciend
Leen DesmetPhilosophy

Tom DemansComputer Scieng
David Finner Biology

Telephone
Name  |Telephone]

Leen Desmeli6531421
Leen Desmelt09-23314
Bart DelvauX 5985625
Tom Deman$5845213

0]

Assume that the database is complete with respect to the
telephone number of all department members, but it is not
complete regarding external collaborators. Thus, appro-
priate answers for the queri@el(Bart Delvaux3962836)

and Tel(Leen DesmeB212445) should be ‘no’ and ‘un-
known’, respectively. If completeness of the database is
taken for granted, the answer for both of these queries is
‘no’. Similarly, the answer under the CWA for the query
JzTel(David Finnerz) is ‘no’, but as the database is com-
plete only with respect to the computer science department,
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an (incomplete) database for a provider of some urgently re-
quired service will be satisfied by findilgpmecandidate
providers, so an exhaustive search for all the providers is not
always needed.

The current work builds upon (Cortés-Calabuig et al.
2007), which in turn relies on an extension of the formalism
of Levy (1996) for representing partially complete informa-
tion in database systems. In the former, a polynomial al-
gorithm for querying a subclass of locally closed databases,
called hierarchically closed, is introduced. This algorithm is
based on implicit approximations of all the models of a lo-
cally closed database using three-valued structures. In order
to guarantee completeness, strong syntactical conditions are
imposed on the hierarchically closed databases and on the
queries. Optimality results are provided for so-called con-
junctive and disjunctive queries.

The approximation techniques mentioned above are ex-
tended and improved in this paper. In particular, we intro-
duce a novel approach, based on query rewriting and fixpoint



computations, whose main benefits are the following: called theactive domairof the database instance and con-

tains at least all the constants in the table$ofand often

only those). For some variable-free atomic formdlawe

write A € D to denote thatl = P(d), whered € PP. In

what follows, we will often specify a database instarge

by a set of atoms. Unless the domainafs explicitly men-

tioned, it consists of the set of constants that appear in these

atoms. In our setting, databases reprepartial knowledge

e Certain types of integrity constraints are integrated in the on the domain of discourse, and as such their instances can-
guery answering process. In particular, whenever the not be viewed as the (unique) possible state of the world.

database is_consistent, primary key co_nstraints can be in- Definition 3 Alocal closed-world assumptighCWA) is an
corporated into the framework. Thus, in such cases, our expressionC.CWA(P(z), W[z]), whereP € R(Y) is called

framework may be used for approximative query answer- e cywa'sobjectand [z, called the LCWA'svindow of
ing in standard, constraint databases. expertiseis a first-order formula ovek. *

e A thorough analysis of the optimality of approximative The intuitive reading of the expression in Definition 3 is
query answering is developed. It shows that our approach e fojlowing: “for all objectsz such that¥(z) holds in
retrieves correct and complete answers for a considerably {ha g world, if an atom of the fornP(z) is true in the real
larger class of queries _and qually cIose(_j databases than world, thenP(z) occursin the database Note that inP(z)
those that are covered in (Cortés-Calabuig et al. 2007). e value of the variables are constrained by the windows

The rest of this paper is organized as follows. In the next of expertiseW.

section we recall the basic concepts, properties and seman-pefinition 4 A locally closed databas® over X is a pair

tics of locally closed databases as introduced in (Levy 1996; (D ) of a database instanc® overy. and a finite sef of

some previous results regarding query answering in locally
closed databases and show an undecidability result concern-
ing the closed-world information, which motivates the use of
approximative query answering techniques. The main con-
tribution of this paper is given in the next three sections,
where these techniques are defined and analyzed. Finally,
we discuss some related works and conclude.

e It generalizes the class of queries and databases consid
ered in (Cortés-Calabuig et al. 2007). More specifically,
in the new setting the query answering mechanism always
terminates, even in case of arbitrary circular dependen-
cies between predicates of LCWAs and the predicate in
its windows of expertise.

Given a locally closed databage = (D, L), we denote
by dom(®) its active domain. That iglom (D) is the union
of active domainDom” of D and the set of constants ih
A signature wherR (X5 ) = R(X) andC(Xp) = dom(D)
is denoted by5. Thebase predicatesf ® are the propo-
sitional constants, f and all the predicateB such that the
local closed-world assumptioBCWA(P(z), t) appears in
. . L.

Representing Incompleteness in Databases _

. ) _ Example 5 Abbreviate the database of Example 1 as fol-

First, we recall the basic concepts concerning the local |gs:
closed world assumption. The definitions in this section are

taken from (Cortés-Calabuig et al. 2005). Tel(LD, 6531421), Tel(BD, 5985625),

We denote by a finite first-order vocabulary, consisting Do Tel(TD, 5845213), Tel(LD, 09-23314),
of setsR(X) of predicate symbols ar@{X) of constants. In ~ ) Dept(BD, CS), Dept(LD, Phil),
addition, > contains equality= and the propositional con- Dept(TD. CS). Dept(DF. Bi
stantst (true) andf (false), interpreted in the standard way. ept(TD, C5), Dept(DF, Bio)
First-order formulas oveE are constructed as usual[z] As noted in Example 2, the local closed world assumption

denotes a formula with free variables that are a subset of  £LCWA(Tel(z, y), Dept(x, CS)) states that all the telephone
An interpretation/ for ¥ (X-structures) is also defined as  numbers of the computer science department members are
usual. In particular, a Herbrand interpretation has a domain known and occur in the database instance. That is, for ev-
C(X), such that each element®fX) interprets itself. ery zo in {x | Dept(x,CS)} (the window of expertise for

For a domain element € Dom(1), let us define! = a. Tel), all true atoms of the forriiel(x, y) are in the database.
For a tuplet of terms, we definé’ = (¢{,... tI). Setting Similarly, CCWA(Tel(z,y), z = LD) expresses thdD con-
f <tandf~! =t,t~! = f, the truth value of a variable tains all telephone numbers of Leen Desmet.
free formulay in I, denotedy’, is defined recursively by

P —tif i € P!, otherwiseP(7)! — f: Semantics of locally closed databases

(Y A @) = mine (¥, ¢1); (V) = maxc(¥!, ¢); Thg intuitive meaning behind the LCWA (_expressions of Def-
(~)f = (! 1. = inition 3 can be formally captured using first-order formulas.
(Va pla])! = mlng{(w[a])f | a € Dom(I)}; ! Definition 3 is based on the notion of Levy’s local complete-
3z [x])! = max<{(¥[a])! | a € Dom(I)}. ness statements (Levy 1996). Apart for the (innocent) difference
I that we use logical notation rather than Levy’s database notation,
We denote by |~ ¢ thaty” = t. LCWASs are more expressive by allowing arbitrary first-order for-

A database instanc® is a Herbrand interpretation witha  mulas — instead of conjunction of atoms — in the window of exper-
finite domainDom®? C C(X). The setDom? is sometimes ~ tise.
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Definition 6 Let D be a database based over a first-order We denote byCerts (Q[Z]) the set of certain answers of

vocabularyX: and letP be a predicate inD. Denote byP? Qlz] in © and byPosss (Q[z]) the set of possible answers
the P-tuples inD. Given a tuplez of terms, we denote by  of Q[z] in D.
P(z) € D the formulavze po (Z = a). An interesting property of a que|[z] in a locally closed

Definition 7 Let D be a database over a vocabulafyand ?_?@at;]aség Is Wge;he'? hafs I(I:omplete knowledge ap|z].
let 0 = LCWA(P(z), U[z]) be an LCWA oveb. The 'S has been detined as follows.

meaningof § in D is given by the formula Definition 11 (Levy 1996) A locally closed databas®
o B B over Y. hascomplete world information (CWIpn a query
Mp(9) =vz(¥[z] O (P(z) D (P(z) € D))). Qlz], if for each tuplet of constants indom(®), either

Observe that the meaning of a local closed-world assump- D | Qfif or D = -Qft].
tion is induced by the database instance under consideration, Next, we focus on the computational complexity of query

as it contains the subformula(z) € D. As such, a local answering. Following the usual measure of complexity in
closed-world assumption isreon-monotoniconstruct. database systems, the results below are specified in terms
; ; ; f data complexity, that is, in terms of the sig@| of the
Example 8 Consider again Example 5. The meaning ef o \ ' ' 2l
LCWA(Tel(z, ), Dept(z, CS)) is given by database instance (assuming that all the rest is fixed). Ac-

cordingly, we consider the following decision problems:
Mp(8) = Vavy(Dept(z, CS) D (Tel(z,y) D B - B
((z = LDAy = 6531421) V (z = LDAy = 09-23314) v gosi‘(g[gf]) B {(g’g | i_e gOS:(D"C)(S[iC])}’
(z = BDAy = 5985625) V (z = TDAy = 5845213))). erte(Qla)) = {(D,1) | t € Certp.c) ()},

CWI(Q[a]) = {D | (D, £) has CWI onQ[z]}.
As shown in (Cortés-Calabuig et al. 2006), any collection ) ] ) o
of LCWAs on the same predicate may be combined into one ~ As proven in (Cortés-Calabuig et al. 2007), the decision
(disjunctive) LCWA. We therefore assume that each predi- problemPoss.(Q[z]) is in NP for all £ and Q[z], and is

cateP in R(X) is the object of exactlpneLCWA expres- NP-hard for some of them.Cert,(Q[z]) is in coNP for
sion, whose window of expertise is denotég. eachl and Q[z], and iscoNP-hard for some of them.
The meaning of a locally closed datab&e= (D, L) is When® has complete information about a query, there

expressed by a first-order formula consisting of the conjunc- is N0 uncertainty about its answers, so such queries are of
tion of the database atoms, the meaning of the given local practicalimportance. As Proposition 12 shows, queries with

closed-world assumptions, and the following two axioms: ~ CWI can be answered directly in the database instdnce
o Domain ClosureDCA(dom(®)) = Va(\/_, = = ¢;) when D is regarded as a two-valued Herbrand structure of

D.2
* Unique NamesUNA(dom(D)) = Nici<jcn € 7 € Proposition 12 A locally closed databas® has CWI on
wheredom(®) = {c1,... ¢} Q[z] iff Certn (Q[z]) = Posso(Q[z]) = {a | D = Qlal}.
Definition 9 Let® = (D, £) be a locally closed database  Proof. See the appendix. m|

overX. ThemeaningM(®) of © is the first-order sentence Deciding whether there is CWI on a que@jz] in aspe-

cific databasé® = (D, £) is not tractable (Cortés-Calabuig
etal. 2007). The next proposition shows that the more ambi-
tious problem, of whether there is CWI @}z] in all locally

The formula M(®) expresses incomplete knowledge closed databases containing a fixed Sedf local closed-
about the real world. Thus, in general, it has several (Her- world assumptions, is not even decidable.

UNA(dom (D)) ADCA(dom(D)) A /\ A A\ Mp(9).
AeD oecL

brand) models. Aip-modelM of M(D) is called a model Proposition 13 The question whether all the locally closed
of ©, and this is denoted hy/ = D. If every model of© is databaseg-, £) convey CWI on a quer@|z] is undecid-
also a model of a formula overX5 we say tha® entails able.
¢ (or ¢ followsfrom @), and denote this b = ¢. ]

Proof. See the appendix. ]
Query Answering in Locally Closed Databases So far, the results in this section give little reason for opti-

mism regarding practical applicability of local closed-world
assumptions. But, as it turns out, in many applications there
s no need to havall certain answers to a query. Often, it
suffices to have a sufficiently large subset of the answers.

In this section, we provide the basic tools for reasoning with
locally closed databases. Query answering in such database
may be represented as follows:

Definition 10 Given a locally closed databa&® overy:, a E.g., if a company searches an (incomplete) database for a
first-order queryQ|[z] over X (whose free variables are in  provider of some urgently required service, it will be happy
7), and a tuple of constants irnlom (D), we say that if it finds somecandidate providers; this list does not need to
o 7is acertain answein ® for Q[z], if ® = Q[f/7] be complete. Likewise, in many applications, it would not

e Tis apossible answein D for Q[z], if ® U Qff/7] is harm if the answers to possiblequery contain a few extra

satisfiable (or, equivalently, ® [~ -Qlt/z]). 2This was Levy’s motivation to study CWI.
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“impossible” elements. For instance, if a company wants to Definition 14 A 2-valuedX’-structurel simulatesa three-
advertise one of its services and queries the above databasevaluedX-structure IC, iff X and I have the same domain,
for a group of potential clients, it would not care to receive they assign the same interpretations to constant and function
some additional companies that could not really be possibly symbols, and for each predicafe € R(X) it holds that
interested. Thus, one reasonable strategy to solve the com-(P¢)! = {d | P(d)* =t} and(P*")! = {d | P(d)* =f}.
plexity problem would be to develop tractable approximate
methods. This is the approach followed in the next section.
The other, more conventional approach to the complexity
problem, is to restrict the expressiveness of the language so
that efficient query processing is possible. As it turns out,
below we obtain such results as well, though in a slightly in-
direct way: we will show that for certain classes of queries
and local closed-world assumptions, the approximate meth-
ods areoptimalin the sense that they compute exactly the Definition 15 Given a database vocabulay, we intro-
certain and possible answers to queries. Thus, these combi-duce, for each element iR(X) = {Py,..., P,}, four new
nations of queries and local closed-world assumptions pro- predicate symbol$¢, P’ P~ and P/ of the same arity
vide tractable sub-languages. as P;. Now, each formul#® with predicate symbols amongst
Py, ..., P, is associated with the following two formulas:

Approximative Reasoning e ®° is the formula obtained by substituting? () for

each positive occurrenéef P;(f) in ®, and substituting
—~P¢(t) for each negative occurrence #(%) in .

e ®? is the formula obtained by substituting” (¢) for
each positive occurrence @(t) in ®, and substituting
- PP (t) for each negative occurrence 8(f) in .

In the following definition, P¢, PP, P~ and P/ are
symbols representing respectively the certain and the pos-
sible tuples ofP;, and the tuples that certainly and possibly
do not belong taP;. Accordingly,®¢ and®? represent the
certain instances and the possible instancdswhen inter-
preted as a query. As noted in Proposition 16, these formulas
can be used to compute three-valued answer® for

Approximations by Three-Valued Structures

The basic idea of approximative reasoning is to compute a
3-valued structure that provides a ‘good approximation’ of
all models of® and then to evaluate queries with respect
to this structure. The underlying semantics is, therefore, a

3-valued one, where the truth valuB$H{REE = {t,f, u} Note that(—P (%)) = ——P*(¢) = P (). Also, PP(t)
stand for true, false, and unknown (respectively). These val- and—P<™(¢) are equivalentand so ate?~(¢) and—P<(t).
ues are usually arranged in two orders: theh order, <, Moreover,®¢ contains only positive occurrences Bf (t)
whichis a linear order given lfy< u < t, and theprecision and P¢7(t). Similarly, ®7 contains only positive occur-
order, <,,, which is a partial order o HREE in whichu rences o’ (t) and PP (t).

is the least element, artdandf are incomparable maximal The following proposition is well known.

elements. The connectives are defined according to the truth - ]

order: Conjunctiom, disjunctionv and the negation opera-  Proposition 16 If I simulatescC, then for each tolcrmulw[;f]

tor - are defined, respectively, by tkeglb, <-lub, andthe ~ and a suitable tuple of domain elememltsp[d|™ = ¢ iff

<-involution (that is,~t = f, =f = t, and—u = u) on (pld)°)" =t andp[d]* = fiff ((—p[d])?)" = £.

THREE. This implies tractability of three-valued truth evaluation
The notions of 3-valued (Herbrand) structures and (Her- and query answering.

brand) models are defined with respectZté{REE in the . -

standard way. The three-valued Herbrand interpretations of Corollary 17 Given a finite three-valuel-structurex, for

3 are denoted® and the subset of two-valued structures is ©ach formulaglz], {d | (pld]))™ = t}, {d | (¢[d])" = £},

denotedt. A truth order< and a precision ordeg,, are also and{d | (¢[d])* = u} can be computed in polynomial time
definable one® by pointwise extensions of the correspond- N the size ofc.

ing orders INTHREE. Clearly, < is a lattice order anet,, We now consider approximation theory. The definitions
is a chain-complete order df. in the rest of this section and in the next subsection are taken

Truth assignment in the three-valued case is defined from (Cortés-Calabuig et al. 2006).
through the same recursive rules as two-valued truth assign- Definition 18 LetT be a satisfiable theory based &hand

ment (but with respect to different orders). For instance, containingUNA(X) and DCA(Y). We say that a 3-valued

(¥ A 2)’C = %inf (", ") HerbrandX-interpretationkC approximate§’ (from below),
()™ = (%) . iff for every 2-valued Herbrand modell of T', K<, M.
(Vo y[z])* = ming{(¢[a])* | a € Dom(K)}; Theoptimal approximatiorfor T is the 3-valued Herbrand

In what follows we simulate three-valued truth assign- StructureOr = glb< {M | M |= I'}, where)M ranges over
ments by two-valued truth assignments as follows: given a all the 2-valued Herbrand models bt

vocabularyX, we introduce for each predicate € R(X) Note thatOr is the most precise among all 3-valued Her-
two new predicate symbol3© andP°™ (intuitively standing brandX-structures approximating and it is well-defined,
for ‘certainly P’ and ‘certainly notP’, respectively). De-

note byY’ the set of all constant and predicate symbolE of 3A predicate occurpositively(alternativelynegatively in a for-
together with all the new predicate symbols. mula, iff it appears in the scope of an even (alternatively odd) num-

ber of negation symbols.
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since the set of’s Herbrand models is non-empty and ev- Fixpoint Queries for LCWA
ery nonempty set’ C £° has a greatest,-lower bound. We now come to the main contribution of this paper, namely:

Now, by the fact that all models of a theory containing computing fixpoint queries for locally closed databases, and
UNA(X) A DCA(X) are isomorphic to Herbrand structures,  analyzing the accuracy of approximative query answering in

we have: the context defined above.
Proposition 19 Let K be an approximation of. For any A substantial drawback of query answering withis the
sentencep, if oX = t, thenT' = ¢ and if X = £, then need to recompute it each time the database changes. In
T = . what follows we partially avoid this by using fixpoint for-
o ) ) mulas that symbolically describe the constructiot®f Us-
Definition 20 For a 3-valued X-interpretation £ and a ing these expressions, certain or possible answers to queries
queryQlz] in X, define thecertain answerand thepossible can be computed by transforming the query into a fixpoint
answerof Q[z] w.r.t. K by the following sets (respectively): query or a query with respect to some datalog program. This
o Certic(Q[7]) = {a| Q[@]’C =t}, means, in practice, that it suffices to compute the relations
_ i ik that are relevant for the query rather than computing all the
o Possi(Q[r]) = {a| Qa]™ > uj. relations inCp. Moreover, goal directed methods such as
As computing truth values of sentences is polynomial, we magic sets (Bancilhon et al. 1986) or tabling (Swift 1999),
have will often need only fractions of those relations.
Proposition 21 For each finite three-valuell-structureX Definition 27 Let® = (D, £) be alocally closed database.
andX-queryQ|[z], the setertx (Q[Z]) and Possx (Q[Z]) For a query Q[z] we introduce two new variablegc and
are polynomially computable in the sizefof Q°", the arity of which is the number of free variables of

i o _ Q|[z], and define the sek o . by
Query Answering by Fixpoint Computations {Qc(x) — g } u U {Pf(xi) - P(@) }
Q7 (7) « (=Q[z])° PP (Z:) « —Pi(Zi) N (Pp, [Z4])°

From Proposition 21 it is clear that a tractable method to
compute 3-valued approximations induces a tractable and

sound approximative query answering method. Such a where the right union is over the database predicales
method is defined in (Cortés-Calabuig et al. 2006) as fol- and¥ p, is the window of expertise ;.

lows: Intuitively, Q¢ is meant to represent the collection of cer-

Definition 22 Given alocally closed databage = (D, £), tain instances oR[z], andQ“" represents the certain in-
the operatorAppy : £¢ — £° maps a three-valued struc-  stances of-Q[z]. This is captured by the fixpoint compu-
ture K to a three-valued structur€’ = Appo (K) such that, tations onAg » in the logic LFP™ ! described below.
for every predicaté” of R(X) and every tuple, The fixpoint expressions that are simultaneously computed
in this logic are of the form

t if P(a) € D,

playc _ | T ifthere exiSLOWA(P(2). W) € £ LLENIO)
N so that¥ p[a]* = t andP(a) ¢ D, for some predicate$R, ..., R,}, wheret is a tuple of
u otherwise. terms whose arity is the same as that®f andA is a col-

_ _ _ _ lection of rules of the form
The idea here is to start from the structure with total igno-

rance (i.e., a valuation that assigm$o every ground atom), {Rj(#;) — ¢jlz;] | 1< 5 <n}?

and to iteratedpps, thereby gradually extending the defi-  pefinition 28 Let T'x be the standard immediate conse-
nite knowledge using the database and its LCWAs. Clearly, quence fixpoint operator om. A fixpoint expression
Apps is <,-monotone. Thus, by (an extension of) the well- - [1fp . \](#) is true in a structurel and variable assign-

known Knaster-Tarski theorem, we have menty, if ¥ € R;, whereR; is thei'th argument in the
Proposition 23 Appy is a <,-monotone operator on the  least fixpoint(R,,...,R,) of I'a, associated ta\ and (.

chain complete posél®, thus it has a<,-least fixpoint. Now, given a locally closed databa®e = (D, L), define
the certain query answer fo@[z| as [Ifpg. A, .](Z) and

) . o the possible query answer f@[z] as ~[fpge- A, /(7).

Note 25 As the number of iterations for reachigg is at where both of these expressions are evaluatdd.in

most polynomial in the size of the database, and each iter- ) . ]
ation takes polynomial time in the size of the database, it  ItiS worth noting thatA is an extended datalog program

Definition 24 Denote byCy the < -least fixpoint ofApps .

follows thatCo can be computed in polynomial time fifv|. as plefin_ed in (Van Gelder 1993) or a positive definition as

) - ] defined in FO[ID] (Denecker and Ternovska 2007) and that

The following proposition shows tha is a sound ap-  jts semantics, i.e., its least fixpoint, coincides with the well-
proximation ofD. founded model ofA. It follows that Q¢ is the collection of

Proposition 26 C_Q approximate§l and for everyQ[_E] we “Here, eachp; — the definition ofR; — is a formula ove®: and
have Certc, (Q[7]) C Certo(Q[T]) C Posso(Q[z]) C {Ri....,R.}, whereR,,..., R, may occur possitively inp;,
Possc, (Q[7]). and the length of; is the same as the arity &i;.
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certain instances of[z] and Q< is the collection of cer- The Accuracy of Approximate Query Answering
tain instances of:Q[z]. Those instances are represented by The results above give us a tractable method for comput-

Upge a, (@) and[lfpge- A, . |(Z), respectively. ing possible and certain answers to queries by first comput-
Example 29 Consider again the local closed-world as- ing Co and then .evaluating queri_es against it, using stgndard
sumption in Example 5:LCWA(Tel(z, y), Dept(z, CS)). database techniques. Tractability, however, has a price. As
Assume that there is no closure for the relatept, that the next example shows, in certain cases we lose accuracy.
is, LCWA(Dept(z,y),f). Let @ = Tel(BD, 3962836) (as Example 33 Below, we abbreviate the optimal approxima-
in Example 1). Then: tion of ® = (D, £) by Oy (instead 0f0,(s)).

Q¢ « Tel(BD, 3962836). 1. LetD = () andL = {LCWA(P, P)}. As the meaning of

Q° « Tel®"(BD, 3962836). D is equivalent to-P in this case, we have th&> = f.

Yet, P = u, asP is unknown in the initial step of the

C
Tel"(z,y) « Tel(z,y). constructed approximation @, and remains unknown

Ao r =

Tel"(z,y) < —Tel(z,y) A Dept®(z, CS). when applyingAppo (see Definition 22).
Dept®(z,y) < Dept(z, y). 2. LetD = pandL = {LCWA(Q, Pv—P)}. This database
Dept® ' (z,y) « —Dept(z,y) A f. has models in whiclP is true and others in whic is

false but, because of its LCWA) is false in all of them.

Aslfpge- A, . is true inD, Tel(BD, 3962836) is certainly Thus, P> — uandQ® — f. However, sinceP\ —P

false. evaluates ta1 in each structuréC for which P* = u, we
Proposition 30 Given a locally closed databa$®, £) and have thalQ% = u. The answer for the queryQ in Cp
a queryQ[z]. Let(RG, RS, R, R{,..., Ry, Ry,") be is thereforen, while it is t with respect td® or Op.
the relations defined bk o  in D. Then, foralll < i <n, 3. LetD=0andL={LCWA(P, R), LCWA(Q,RD>—P)}.

RS = {d| Pi(d)% =t}, RS ={d| Pi(d)% = f}, Here M(D) = (R D> —P) A ((]g > —P) 5 =Q), which

c 3 N o (7 ACo ol?V|oust ental_lsﬂQ, and soQ ® = f. The fact that in _

Ro ={d| Q@)™ =t}, RG ={d|Q(d)™ =f}. this case the window of expertise of the second LCWA is

Proof. See the appendix. O exactly the meaning of the first LCWA is not captured by
Co, and soQ% =u.

Note 31 Dually, one may define the sétg , by In what follows, we consider some important cases in

Qr(z) — Qlz]” PP(z;) — Py(z:) Vv (—Up,[z,])?) Which accuracy of the approximation method is guaranteed.
{Q”(f) - (ﬁQ[i])p} U U {P?”(:EZ-) (7)) } As the first item of Example 33 shows, the precision of
! Co may be lost when cycles exist in the local closed world
and then consider the expressions of the greatest fixpoints assumptions. This leads to the next definition.

ﬁ[gprPTAé,a](i) and [gprp-A’g (1(&) for representing Definition 34 TheLCWA dependency grapbf £ is the di-

the certain and the possible answersQif], respectively.  rected graph onR(X), containing a directed edge from
This follows from the fact that if(Rq,...,R,) is the predicateP to Q iff there existsCCWA(Q(z), U[z]) € L
least fixpoint ofl'a, and (R, ..., R;,) is the greatest fix-  such thatP occurs in¥. A hierarchically closed databaise
point of I'a/, the relationsk;, R; are complements, and so g locally closed databas® = (D, £) in which the LCWA
(fpg, Al(t) and-[gfpr, A](t) are logically equivalent. dependency graph df is cycle-free.

Note 32 It is interesting to note that for consistent We may extend the LCWA-dependency graph with a query
databases, the approximate propagation mechanism, as im-Q[Z] by adding it as a node and adding edges to it from each
plemented by the rules above, may be used for imitating predicateP that occurs irQ[z]. The transitive closure of the
common types of integrity constraints in database systems. LCWA-dependency grapé of © is denoted<, and consists
For instance, in Examples 5 and 29, a primary key constraint of all pairs(P, @) such that there is a path from to Q in
on telephone-numbers, that is: G. Thus, a hierarchically closed database is one such that
v Tel A Tel o < is cycle free. Let us consider also the smaller graph con-
wyz(Tel(z, 2) A Tel(y, 2)) D @ =y, taining a directed edge from predicateo ( iff there exists
can be expressed as the rewriting rule LCWA(Q(Z), ¥[z]) € L such thatP occursnegativelyin
. c ¥, and let us denote its transitive closure-ky. As before,
Tel™ (2, 2) « yTel*(y, 2) Ao £ y. we may extend<~ for a given query by adding an edge to
Similarly, a foreign key constraint of the form the query from all predicates that occur negatively in it and
by closing the graph under the transitivity rule. We observe
vaz(Tel(z, 2) 5 3yDept(z, y)) that <~ is cycle free iff for any queryQ[z], the setAg ,
can be expressed as the rewriting rule (and aIsoA’Ql) is non-recursive. The reflexive closures of

Tel*™ () — VzDept®”(z, 2). < and<~ are denoteek and=<", respectively.

To study the accuracy of approximate query answering in

Observe that these extra rules allow us to derive more nega-|ocally closed databases, we need the following two defini-
tive information, e.g.Tel°"(LD, 5845213). tions:
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Definition 35 Let T" be a consistent theory ovet con-
taining DCA(X) A UNA(X), and letHU be the Herbrand
universe of¥. A queryQ|z] is squaredn T if for every

d € HU™,if T = Q[d] thenQ[d|r = t.

It is easy to verify that each one of the following condi-
tions is equivalent to the fact th@|z] is squared if:

e Vd € HU" if Q[d]®r = uthenl'U{-QJd]} is satisfiable,
o Certo.(Q[z]) = Certr(Qz]),
e Posson(—Q[Z]) = Possr(—Q]Z)).

It follows that the construction of the optimal approximation
Or of T allows to compute all the certain answers of queries
that are squared if.

In what follows, whenQ|z] is squared in a theoryj =
M(D) (see Definition 9), we shall say th@}z] is squared
in ®.
Definition 36 For a query Q[z], let o be the downward
closed se{R |35 : S <~ Q[z] suchthatR < S}.
e A predicateP is positive freein Q[z] if P ¢ o.

We denote by be the extension & = (D, L), ob-
tained by addingCCWA(P(z),t) to L, for each predi-
cateP that is positive free iQ[Z].

The setr in the last definition consists of all the predicates
on which negatively occurring predicates@iz] depend. In
practice, this is often a small set in which case most predi-
cates are positive free aay, is almost a complete database.
This is useful because databases with more base predicate
have more squared queries.

Example 37 In Example 5, all the predicates are positive
free for Tel(z,y) and none of them is positive free for
—Tel(z,y), asTel depends oept.

Theorem 38 (Completeness) et Q[z] be a query that is
squared iDg and suppose that for every predicdtethat
occurs negatively irQ, we have thatP® = P% . Then

Certey (Q[z]) = Certa (Q[a)).

Proofs of this theorem and of most of the other proposi-
tions in this section, are given in the appendix.

Note that if Q[Z] is a positive query, i.e., does not con-

1
2. positive formulas,
3. decision tree-like formulas, in which the test formulas

S

A) proving squaredness of queries: The propositions be-

low provide syntactic conditions for squared queries.
Proposition 40 Q7] is squared iMDg if it is of the form
Yg(Cy V-V Cyp),

where eachC; is a conjunction in which
1.

each non-literal conjunaf’;; is an arbitrary subformula
containing only base predicates @ and positive free
predicates inQ[z],

. each pairC;, C; (i # j) is mutually exclusive w.r.y >

This proposition shows that the class of squared queries
includes, among others, formulas of the following forms:

. literals and conjunctions of literals,

contain only base predicates ®f and the leaves consist
of conjunctions of database literals and formulas contain-
ing base predicates and (positive occurrences of) positive
free predicates o|z].

Example 41 According to Proposition 40, both of the for-
mulas in Example 37 and the query of Example 39 are
squared in the database of Example 5.

To define an alternative semantical condition for squared-
ness, we need the following definition.

Definition 42 A theoryT is atomical iff for each 2-valued
Herbrand structurd such thatOr <, I, it holds that/ = T'.

Note that every consistent atomical thebrthat includes
DCA(X) A UNA(X) is equivalent with the first-order theory
consisting o DCA(X) A UNA(X) and the set of all ground
literals entailed by".

Proposition 43 Q[z] is squared in®g if Do is atomical
and Q[z] is a formula such that all the predicates with posi-
tive and negative occurrences @z] are two-valued irCs.

The class of queries covered by this proposition allows
arbitrary quantification. Sinc®g is atomical if Q[7] is a
positive query, positive queries are covered by this proposi-
tion as well.

It can be shown thaDg is atomical if the database has

tain negative occurrences of predicates, then all predicates CWI on the windows of expertise. It appears quite natural

are positive free®g is a complete database and has a two-
valuedOy,, . Hence Q7] is squared iDq. By Theorem 38,
Certe, (Q[Z]) is optimal.

Example 39 Consider again Examples 5 and 29. The query
Q = Tel(BD, 3962836) is positive, thus it is squared Do,

and so Theorem 38 implies thatertc, (Q) is optimal in
this case.

To get other concrete results from Theorem 38, we need
sufficient conditions for the two assumptions under which it
can be applied, namely:

1. squaredness of queries, and
2. optimality of predicate approximations.
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that locally closed databases will often meet this condition.

B) proving partial optimality of Cy: The second assump-
tion of Theorem 38 requires the optimality of predicate ap-
proximations. The next result reduces the problem of prov-
ing optimality ofCy in a predicateP to the problem of prov-
ing optimality ofCo in predicates) that occur negatively in
Up.

Proposition 44 Let © be a locally closed database. Then
P% = P% if the following conditions are satisfied:

5Two conjunctionsC; and C, are calledmutually exclusive
with respect to a three-valued structuge if C; has a conjunct
whose negation is a conjunct 6%, and that contains only predi-
cates that are two-valued J6.



e Up[z]is squared irD,
o for every predicaté) such that) <~ P, P does not occur
positively in¥,
o for every predicaté) that has negative occurrenceinp,
Q@ =Q%.
By induction on the depth of the strict (well-founded) or-
der<~ on{Q | @ <X~ P}, using Proposition 44, the fol-
lowing way of showing optimality o is obtained:

Proposition 45 Let ® be a locally closed database. Then
P% = PO if for every predicate) such that) <~ P, it
holds that) A~ @, ¥ [z] is squared in®, and() does not
occur positively inb g for any S <= Q.

Note that the conditions of the proposition are satisfidelsf
window of expertise is a positive formula. It is also satisfied
if for every Q <~ P, ¥q[z] is squared ir® andQ £ Q,
i.e., the LCWA dependency graph does not cycle thra@gh

C) summary: By Theorem 38 and Proposition 45 we get
the following theorem for the accuracy of approximative
qguery answering.

Theorem 46 (Completeness) et Q[Z] be a query that is
squared in® and suppose that for every predicafethat
occurs negatively inQ it holds thatP £~ P, ¥p[Z] is
squared in®, and P does not occur positively i for
any@ =~ P. ThenCertc, (Q[Z]) = Certn(Q[Z]).
Example 47 Consider again the database instance of Exam-
ples 1 and 5, together with the following LCWAs:
o LCWA(Tel(z,y), Dept(z, CS)),
o LCWA(Dep(z,y), y = CS A JzTel(z, 2)).

The first assumption is considered in Examples 2 and 5;

expressiorilfp,.
certain answers
Tel(LD, 6531421), Tel(LD,09-23314),
Tel(BD, 5985625), Tel(TD, 5845213),
which are the database tuplesTei.

For the certainly false tuples of the query, we unfold the
expressiofilfpg.- A, .](z,y), yielding the database query

—Tel(x,y) A Dept(z, CS). Its answer is the following set:

{Tel(BD, y) | y#5985625} U {Tel(TD, y) | y#5845213}.

|(z,y) for @ = Tel(z,y), gives the

Ao

The set of possible but uncertain answers is the comple-
ment of the union of the certain answers and the certainly
false answers. This set is specified by the database query
—Tel(z, y) A (Tel(x, y) vV —Dept(z, CS)), which can be sim-
plified to —Tel(x, y) A —=Dept(z, CS). Its answer is the set:

{Tel(LD, y) | y# 6531421 Ay+#09-23314} U {Tel(DF, y)}.

As noted above, Theorem 46 guarantees that these query
answers are precise.

To summarize, the results in this section allow to prove the
optimality of the approximate certain answers in the context
of queriesQ|[z] and (a subset of the) windows of expertise in
the form of Proposition 40: e.g., positive formulas, or con-
junctions of literals, or decision-tree like formulas with base
predicates in the tests, etc. Even larger classes of queries
can be optimally answered with respect to atomical locally
closed databases (Proposition 43). Clearly, thisis arich class
of queries and a rich class of databases, for example allow-
ing many forms of cycles in the LCWA-dependency graph.

the second assumption expresses complete knowledge of theln contrast, the optimality theorem in (Cortes-Calabuig et
database about all the people of the computer science depart-al. 2007) is for queries in the form of conjunctions of liter-

ment that have a telephone.
This locally closed database is circular, as the window of

expertise in each assumption mentions an object predicate of

the other assumption. Yet, Theorem 46 is applicable here:

The windows of expertise are positive formulas, hence the
contained predicates are positive free. It follows that both
are squared i®. Also, <~ is the empty graph, hence it

is acyclic. It follows thaty is optimal.

The queriesTel(z,y) and —Tel(x,y) are literals, hence
they are squared. It follows that the approximate meth-
ods compute the optimal answers for certain and possible
answers of this query.

So let us compute the answers fo¢l(z, y) by our ap-
proximate methods, using the following &b, of certain
rules (implicit universal quantification is assumed here):

Q°(z,y) < Tel*(z,y).

Q7 (w,y) « Tel"(z, y).

Tel®(z,y) < Tel(zx, y).

Tel“"(x,y) « —Tel(x,y) A Dept®(z, CS).

Dept‘(z,y) < Dept(z, y).

Dept(z,y) « —Dept(z,y) Ay = CS A FzTel’(x, 2).

Interestingly, this set of rules is non-recursive. It follows
that its least and greatest fixpoint coincide. As expected, the
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als and on hierarchically closed databases with conjunctions
of literals in the windows of expertise.

We currently lack experience to evaluate the precision of
the approximate query answering methods beyond the con-
ditions in the above optimality propositions. On one hand,
we have constructed examples showing a drastic loss of pre-
cision of the approximate answers. On the other hand, an
analysis of the optimality proofs suggests that in many other
applications where the conditions do not hold, the approxi-
mate methods should still be quite precise.

Related Works

Incompleteness in relational databases has been investigated
almost since their inception back in the seventies. This issue
is continuously arising whenever a new database paradigm
is introduced. The general problem of dealing with incom-
pleteness in relational databases has already been discussed
in (Imielinski and Lipski 1981) and in (Grahne 1984). Re-
iter (1986) provides an early semantic characterization of
a database containing null values, and defines a sound al-
gorithm for querying such databases. At the representa-
tion level, Motro (1989) is perhaps the first to introduce

a language — similar in spirit to ours — to represent par-
tial completeness using logical views. This is followed by



the works of Levy (1996), Etzioni et al. (1997), and Do- In the other direction, we believe the results concerning ap-
herty et al. (2000). Incompleteness of databases is also ad- proximative reasoning presented in this work and the way
dressed in (Grahne 2002) from a data integration perspec- they were obtained can be adapted to other contexts in which
tive. In (Grahne and Mendelson 1999) a framework for deal- efficient query answering is imperative, such as OWL on-

ing with incompleteness in mediator-based systems is intro- tologies or databases of a less structured nature (XML).

duced, based on tableaux techniques for query answering.

Incompleteness in data exchange has recently been consid-

ered in (Libkin 2006).
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in (Cortés-Calabuig et al. 2005) and a discussion on how to
express LCWAs using (general) logic programs as presented
in (Gelfond et al. 1991) is given in (Cortés-Calabuig et al.
2006). The idea of using logic programs for querying in-
complete databases is also investigated in (Baral et al. 1998)
and (Bonatti et al. 1996). In the former, incompleteness is
expressed by extending a relational database to a set of liter-
als, and it is shown how queries are expanded from complete

databases to be applicable to incomplete databases, using

general logic programs. In (Bonatti et al. 1996) incom-
plete information is represented by disjunctive databases,
and query answering is defined by providing semantics to

such databases using an extension of logic programs that is

based on autoepistemic logic.

Conclusions

The ability to correctly and efficiently reason with partially

complete databases is a major goal whose importance is ob-

vious. However, as we have shown, the corresponding deci-

sions problems are not tractable and sometimes are even not

decidable. To handle this, we introduced a rewriting tech-
nigue to compute certain or possible answers in polynomial

time from such databases. Our approach is based on ap-

proximating all models of the database’s theory by means of
three-valued structures, which are implicitly represented by
fixpoint queries. We have shown that this approach is ap-

plicable on hierarchically closed databases, an extended no-

tion of the one introduced in (Cortés-Calabuig et al. 2007).
Moreover, in this new setting, certain types of important in-
tegrity constraints can be incorporated in the framework.
We have also provided a ‘toolbox’ to prove optimality of
the approximate query answering methods for quite a broad
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Appendix: Proofs

Proof of Proposition 12. Obviously, wher® has complete
information aboutQ[z], certain and possible answers co-
incide, i.e.,Certy(Q[Z]) = Posso(Q[Z]). Thus, since
D is a model of®, we have: {a | D Qla]} C
Posso(QJz]) = Certo(Q[z]) C {a | D = Qlal}. Con-
versely, if Certs (Q[Z]) = Possp(Q[Z]), then obviously
either® = Q[z] or® | —QJz], i.e. there is CWI orQ[z].

O

Proof of Proposition 13. Consider the quer@[z] = P(c)
andl = {LCWA(P(c), ¢)}, wherey is a sentence not con-
taining P. We observe that a databade, £) has no CWI

on P(c) iff = has a finite model. It follows that there is
CWI on P(c) in all databaseéD, L) iff ¢ is satisfied in all
finite structures. This is a validity checking problem of a
first-order formula with respect to the class of finite struc-
tures. By Trakhtenbrot's theorem (Trakhtenbrot 1963), this
problem is undecidable. ]

Proof outline of Proposition 30. By induction on the num-
ber of iterations in the computations of the operatdi® o
(Definition 22) andFAQ . (Definition 28), one shows that
the structure that is obtained by the latter in a certain iter-

that is obtained by the former in the same iteration. Suppose
now thatAppo reaches a fixpoint aftet iterations. This
fixpointisCp. The structurd,, obtained byl'» ,, . atthis it-
eration simulate€s, and it is a fixpoint on all the predicates
P¢ and P, After one more iteratioh'a, . reaches a fix-
pomt also on the predicat€¥’ andQ<". By Proposition 16,

it holds thatd € R, iff (Q[d]°)’ = tiff (Q[d])® =

Likewise,d € R’ |ﬁ (Q[d))% =f. O

Proof of Theorem 38. First, we show the following lem
mas:

Lemma 48 Let K be an approximation dd suchP(a)* =
tiff P(a) € D. LetQ[z] be a query squared i® such that
for every database predicafe that occurs negatively i@,
PO It holds thatCerts (Q[]) = Certx(Q[z]).

Proof. We have thatCerti(Q[z]) C Certn(Q[z]). To
show the other direction, assume tf&t|= Q[d]. Since
QJ7] is squared irD, it follows that Q[d]“> = t. For every
atom P(a) of a predicate that occurs i@[z], if P(a)* #
P(a)®=, then P occurs only positively inQ[z] and, since
K<,09, it holds thatP(a)* = u andP(a)®® # u. By
the assumption we made abdditit holds thatP(a)®> =t
iff P(a) € Diff P(a)* = t. Hence, ifP(a)* # P(a)%®
thenP(a)* = uandP(a)® = f. It follows from a well-
known monotonicity property of the standard three-valued
truth assignment, tha@[d]* > Q[d]% =t.

Lemma 49 If Q[z] is squared iy, thenQ[z] is squared
in®.

Proof. Note that the models @&, correspond exactly to the
modelsM’ of © such thatP’ = PP for every positive
free predicaté® of Q[z]. Also, for every model of ©, the
structure)!’ obtained by setting®?’ = PP if P is positive
free andPM' = PM otherwise, is a model dg. It fol-
lows thatQ[d]™" < Q[d]™, as for all predicate® that occur
negatively inQ[z], it holds thatP™" = PM while predi-
catesP with only positive occurrences have’’ C P,
Thus,® = 9[d] iff Do = Q[d], and soCertop, (Q[z]) =
Certs (Q[Z]).

Observe, also, thabsy is an approximation o®g that
satisfies the condition oft in Lemma 48. It follows that
Certo, (Q[z]) = Certo,, (Q[z]) and so, sinceQ[z] is
squared iDg, Certo, (Q[z]) = Certop, (Q[z]). By what
we have obtained above, it follows th@erto, (Q[z]) =
Certs(Q[z]), which implies thaQ[z] is squared irD.

To compete the proof of Theorem 38, B{z] be a query
that is squared i®g. By Lemma 49,Q[z] is squared irD,
and so by Lemma 48 fd€ = Cp the theorem is obtainedl

We now turn to Propositions 40 and 43 that identify con-
ditions for squardeness. For this, we need the following def-
initions:

Definition 50 The supervaluationsui(¢) of a sentencep
with respect to a three-valued structuteis defined as

svk () = lubg, {0 | K <, M}

ation simulates (in the sense of Definition 14) the structure whereM ranges over two-valued structures.
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Definition 51 A query Q|Z] is literal-basedn a satisfiable
theoryI’ containingDC A A UN A iff

Certr(Q[z]) = {d € HU™ | sve, (Q[d)) = t}.

Q[z] is Kleene-precisen a three-valued structur& with
domainDom iff

Certx(Q[z]) = {d € Dom™ | suxc(Q[d]) = t}.

Again, in the sequel, iQ[z] is literal-based in a theory
I' = M(®) (see Definition 9), we shall sometimes say that
Q[z] is literal-based irD.

Note that since a supervaluation is more precise than stan- indeed a model o®. Let us now construcd/.

occurs positively inp and tot otherwise. By a routine in-
duction, one shows that ©[d]“®< = u, thenQ[d]¥ =t
andQ[d|" = f, and hencesvo,_ (Q[d]) = u. m

Proof of Proposition 44. By the soundness @k, it holds
for everya € Dom™, that if P(a)% # u, thenP(a)% =
P(a)®». So, let us assume th&t(a)® = u. Observe that,
in this caseP(a) ¢ D.

To show thatP(a)®® = u, we need to construct two
models M, M’ of © such thatM E P(a) and M’ =
—P(a). SinceP(a) ¢ D, we can takeM’ = D which is
By con-

dard Kleene truth assignment, it follows that the certain an- Struction ofCo, it holds thatP(a) ¢ D and¥pla]® # t.
swers of a Kleene-precise query under standard Kleene truth :]'he sentence p[a] is squared i and by assumption, it

assignment coincides with the supervaluation.

Lemma 52 A queryQ|z] is squared il iff Q[Z] is literal-
based inl" and Kleene-precise i6).

Proof. For event andQ|z], the following inequalities hold:

Certan(Qa]) € {deHU" | svo. (QUd]) = t}
C  Certr(Qlz]).

If Q[Z]is literal-based il" and Kleene-precise ifi-, the in-
equalities turn into equalities. Vice versadfz] is squared,
the three terms are equal, and it follows that the query is
literal-based and Kleene-precise. m|

By Lemma 52, then, for showing Propositions 40 and 43,
it is enough to show thaD|[z] is literal-based iy and is
Kleene-precise i0y,, .

Proof of Proposition 40. LetT" = M(®g). Sincel con-
tainsDCA(X) AUNA(X), the formulavzp[z] will be literal-
based il if ©[z] is literal-based iT". Hence, it suffices to
prove the proposition for the case ti@itr] is quantifier free.
Now, given that all predicates of non-literal conjun€ts

are two-valued inOr, it is obvious thatl' = C;;[d] iff
svop (Cy;[d]) = t, iff Cij[d]™ = t for eachd € HU™.

Since each paif’;[z], C;[z] of Q[7] is mutually exclusive
in Or, it follows that for alld, there is at most one conjunct
C; such thaf’ j= —C;;[d]. Itis then easy to verify that

I' = C;[d] iff T |= Cy;[d], for each conjunaf’y; of Cj,
iff svey.(Cyj[d]) = t for each conjuncl;;
iff (Ci;[d))®r = t for each conjunct’;;

iff svo.(C;ld]) =t

iff (C;[d])°r = t.
ThusQ|z] is literal-based i and Kleene-precise i@-. O

Proof outline of Proposition 43. As ®,, is atomical, every
QJz] is literal-based in it. By Lemma 52 it remains to show
that Q[z] is Kleene-precise itp,. All we need to do is
to show that ifQ[d] ™ = u thensvo, (Q[d]) = u. We
construct two-valued structurés and K’ from Op, where

K maps each unknown atof(a) of Op,, to t if P occurs
positively inp and tof otherwise; likewise K’ follows the
inverse strategy and maps unknown ataR{&) to f if P
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olds thatQ® = Q% for each negatively occurring pred-

icate@ in this formula. Therefore, the conditions of Propo-
sition 48 are satisfied, so there is a modebf © such that
N | —¥pla]. If N &= —P(a), then we can takd/ = N.
Otherwise, we transfornV into a model)! in which P(a)
is false.

Consider the sefp = {Q € R(X)| for someQ’ <=~ @,
P et Wy }. It consists of all predicates in whose window
of expertiseP has a positive occurrence, and all predicates
that negatively depend on these. By the condition of the
proposition, it holds thaP ¢ Sp.

Define M as the structure obtained by modifyidg as
follows:

o PM = PN y{a},i.e. P(a)is made true;
o QM =QP forQ e Sp.
This modification increaseB and decreases all predicates
of Sp; i.e.,, PN < PM QM < QN for Q € Sp, and
QN = QM otherwise. Thus, formulas with only positive
occurrences of? and only negative occurrences of predi-
cates) € Sp have a larger truth value it/ than inV.

To verify thatM is a model of9, it suffices to check that
M satisfies all local closed world assumptions. Consider
any instance of a local closed world assumption:

p=-Vold]vV-Q(d) Vv (Q(d) € D)

Each of these formulas is satisfiedin Let us verify that it
is satisfied inM as well. There are four cases:

e Q = Pandd = a: in this case N = ~¥p[a]. The for-
mula—¥ p[a] contains only positive occurrencesBfand
only negative occurrences of predicatgsc Sp, hence
t = (~Wpla))¥ < (~¥pla))™.

e Q = P andd # a: we have(—~P(d) Vv (P(d) € D))V =
(=P(d)V (P(d) € D))M and—-¥ p[a] contains only pos-
itive occurrences of? and only negative occurrences of
predicates) € Sp. It follows thatt = oV < .

e ) € Sp: M satisfies=Q(d) Vv (Q(d) € D).

e Q & Spand@ # P: ¢ contains only positive occur-
rences ofP and only negative occurrences of predicates
of Sg; hencet = v < M. O





