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Abstract

Conjunctive queries play an important role as an expressive
query language in Description Logics (DLs). Decision pro-
cedures for expressive Description Logics are, however, only
recently emerging and it is still an open question whether an-
swering conjunctive queries is decidable for the DLSHOIQ
that underlies the OWL DL standard. In fact, no decision
procedure was known for expressive DLs that contain nomi-
nals. In this paper, we close this gap by providing a decision
procedure for entailment of unions of conjunctive queries in
SHOQ. Our algorithm runs in deterministic time single ex-
ponential in the size of the knowledge base and double ex-
ponential in the size of the query, which is the same as for
SHIQ. Our procedure also shows thatSHOQ knowledge
base consistency is indeed EXPTIME-complete, which was,
to the best of our knowledge, always conjectured but never
proved.

Introduction
Description Logics (Baader et al. 2003) are a well-
established family of logic-based knowledge representation
formalisms that have gained increased attention due to their
usage as the logical underpinning of ontology languages
such as OWL (Horrocks, Patel-Schneider, and van Harme-
len 2003). A DL knowledge base consists of a TBox, which
contains intensional knowledge such as concept definitions
and general background knowledge, and an ABox, which
contains extensional knowledge and is used to describe indi-
viduals. Using a database metaphor, the TBox corresponds
to the schema, and the ABox corresponds to the data. Con-
trary to a typical database setting, the open world assump-
tion is usually made in (Description) Logics, which means
we have only incomplete knowledge about the modeled do-
main and models can be infinite.

In data-intensive applications, querying knowledge bases
plays a central role.Instance retrievalis a basic reasoning
task that involves the retrieval of allcertain instances of a
given (possibly complex) conceptC, i.e., it returns all in-
dividuals from the ABox that are an instance ofC in every
model of the knowledge base. Technically, instance retrieval
is well-understood. For the prominent DLSHIQ, which
underlies OWL Lite, it is EXPTIME-complete (Tobies 2001)
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and forSHOIQ, which underlies OWL DL, it is NEX-
PTIME-complete (Tobies 2001). Despite this high worst-
case complexity, efficient implementations are available.1

Instance retrieval provides, however, only limited forms of
querying: concepts (roles) are used as queries, and thus we
can only query for (pairs of) individual names and for tree-
like structures that are invariant under (guarded) bisimula-
tions. For this reason,conjunctive query answeringhas been
suggested as a stronger form of querying, i.e., computing
the certain answers to a conjunctive query over a knowledge
base (Calvanese, De Giacomo, and Lenzerini 1998).

Recently, it has been shown that conjunctive query an-
swering is decidable inSHIQ and, thus, in OWL Lite
(Glimm et al. 2008; 2007; Calvanese, Eiter, and Ortiz 2007).
To the best of our knowledge, it is, however, still an open
problem whether this is also the case forSHOIQ and,
thus, OWL DL. In this paper, we make an important step
in this direction by presenting an algorithm for unions of
conjunctive queries overSHOQ, i.e.,SHOIQ without in-
verse roles. More precisely, we devise a decision proce-
dure for entailmentof unions of conjunctive queries by a
SHOQ knowledge base, where conjunctive query entail-
ment is the decision problem corresponding to conjunctive
query answering. It is well-known that decidability and
complexity results carry over from entailment to answer-
ing (Calvanese, Eiter, and Ortiz 2007; Glimm et al. 2007;
Glimm 2007). Our decision procedure is inspired by the
query rewriting algorithm forSHIQ (Glimm et al. 2008),
but is adapted to handle the more complicated relational
structures that nominals can express. In the query rewrit-
ing process, we reduce a conjunctive query to (possibly
several)SHOQ⊓-concepts, i.e.,SHOQ-concepts with role
conjunctions. Conjunctive query entailment is then reduced
to consistency checking ofSHOQ⊓ knowledge bases. For
this task, we devise an automata-based algorithm that runs
in deterministic double exponential time in the size of the
query and single exponential time in the size of the knowl-
edge base. This result concerns the combined complexity,
i.e., it is measured in the size of the knowledge base and the
query. ForSHIQ, the same upper bound holds and it is
known to be tight (Lutz 2007).

1ht tp://www.cs.man.ac.uk/ ˜ sattler/
reasoners.html
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For full proofs and more detailed definitions of the pre-
sented results we refer to (Glimm 2007).

Preliminaries
A signature is a tuple(NC ,NR,NI ), whereNC is a set of
concept names, NR a set ofrole names, andNI a set of
individual names. The set of role names contains a subset
NtR ⊆ NR of transitive role names. A role inclusion is
of the form r ⊑ s with r, s ∈ NR. A role hierarchyR
is a finite set of role inclusions. A roler is simplew.r.t. a
role hierarchyR if there is no transitive roles ∈ NtR such
thats ⊑* Rr ∈ R, where ⊑* R denotes the reflexive transitive
closure of⊑ w.r.t.R.

An interpretationI = (∆I ,·I) consists of a non-empty set
∆I , thedomainof I, and a function·I , which maps every
concept nameA ∈ NC to a subsetAI ⊆ ∆I , every role
namer ∈ NR to a binary relationrI ⊆ ∆I × ∆I , and
every individual namea ∈ NI to an elementaI ∈ ∆I . An
interpretationI satisfiesa role inclusionr ⊑ s if rI ⊆ sI ,
and a role hierarchyR if it satisfies all role inclusions inR.
SHOQ-concepts(or concepts for short) are built induc-

tively using the following grammar, whereo ∈ NI , A ∈
NC , n ∈ IN, r ∈ NR, ands ∈ NR is a simple role:

C ::= A | {o} | ¬C | C1 ⊓ C2 | ∀r.C |> n s.C.

We use the following standard abbreviations:C1 ⊔ C2 ≡
¬(¬C1 ⊓ ¬C2), ∃r.C ≡ ¬(∀r.(¬C)), and6 n s.C ≡ ¬(>
(n + 1) s.C).

The semantics ofSHOQ-concepts is defined as usual:

{o}I = {oI}, (C ⊓ D)I = CI ∩ DI , (¬C)I = ∆I \ CI ,

(∀r.C)
I

= {d ∈ ∆I | if (d, d′) ∈ rI , thend′ ∈ CI},

(> n s.C)I = {d ∈ ∆I | ♯(sI(d, C)) ≥ n}

where ♯(M) denotes the cardinality of the setM and
sI(d, C) = {d′ ∈ ∆I | (d, d′) ∈ sI andd′ ∈ CI}.

The presented algorithm reduces a conjunctive query to
concepts that may also contain role conjunctions in the
place of role names. Arole conjunctionis an expression
r1⊓ . . .⊓rn, wherer1, . . . , rn are role names. The interpre-
tation function is extended to role conjunctions as follows:
(r1 ⊓ . . . ⊓ rn)I = r1

I ∩ . . . ∩ rn
I . A role conjunction is

simple if each role occurring in it is simple. We can then
build complexSHOQ⊓-concepts with the same grammar
as above, just withr (s) being a (simple) role conjunction.

A general concept inclusion(GCI) is an expressionC ⊑
D, where bothC andD are concepts. A finite set of GCIs
is called aTBox. An assertion is an expression of the
form A(a),¬A(a), r(a, b), ¬r(a, b), ora 6

.
= b with A ∈ NC ,

r ∈ NR, anda, b ∈ NI . An ABoxis a finite set of assertions.
Since, in the presence of nominals, the ABox can be inter-
nalized (e.g.,A(a) is equivalent to the GCI{a} ⊑ A, r(a, b)
to {a} ⊑ ∃r.{b}, etc.), we assume w.l.o.g. that aSHOQ⊓

knowledge baseK is a pair(T ,R) whereT is a TBox and
R is a role hierarchy. We userol(K) for the set of role names
used inK andnom(K) for the set of individual names (nomi-
nals) that occur inK. We assume thatnom(K) is non-empty.
This is w.l.o.g. since we can always add an axiom{o} ⊑ ⊤
to T for a fresh nominalo ∈ NI .

An interpretationI satisfiesa GCIC ⊑ D if CI ⊆ DI

and it satisfiesa TBox if it satisfies each GCI in it. An in-
terpretationI is amodelof a knowledge baseK = (T , R),
denoted asI |= K, if it satisfiesT andR. A knowledge
base isconsistentif it has a model.

As usual, we usennf(C) to denote the negation normal
form of a conceptC. We define theclosurecl(K) of K as
the smallest set containingnnf(¬C ⊔ D) if C ⊑ D ∈ T ; D
if D is a sub-concept ofC andC ∈ cl(K); andnnf(¬C) if
C ∈ cl(K).

Let NV be a countably infinite set of variables with
v, v′ ∈ NV and let (NC , NR, NI ) be a signature with
A ∈ NC , r ∈ NR. A Booleanconjunctive queryq is a
non-empty set of atoms, where an atom is an expression
A(v), r(v, v′), or v ≈ v′. We refer to these three types
of atoms as concept, role, and equality atoms respectively.
We useVars(q) to denote the set of variables occurring in
q. A sub-queryof q is simply a subset ofq (including q
itself). A union of Boolean conjunctive queriesis an ex-
pressionq1 ∨ . . . ∨ qℓ, where each disjunctqi is a Boolean
conjunctive query.

Please note that we do not allow for constants (individual
names) to occur in the position of variables. This is w.l.o.g.
since our DL contains nominals: for each constanta in q,
we introduce a new variablexa, replace each occurrence of
a with xa, and add a concept atom({a})(xa).

Since equality is reflexive, symmetric and transitive, we
define the equivalence relation≈* as the transitive, reflexive,
and symmetric closure of≈ over the variables inq. We de-
fine the relation∈̄ over atoms inq as follows: A(v) ∈̄ q
if there is a variablev′ ∈ Vars(q) such thatv ≈* v′ and
A(v′) ∈ q and similarly for role atoms.

Let I = (∆I ,·I) be an interpretation. For a total function
π : Vars(q) → ∆I , we write (i)I |=π A(v) if π(v) ∈ AI ;
(ii) I |=π r(v, v′) if (π(v), π(v′)) ∈ rI ; and (iii) I |=π v ≈
v′ if π(v) = π(v′). If I |=π at for all atomsat ∈ q, we
write I |=π q. We say thatI satisfiesq and writeI |= q
if there exists aπ such thatI |=π q. We call such aπ a
matchfor q in I. Let K be aSHOQ knowledge base and
q a conjunctive query. If, for every interpretationI, I |= K
impliesI |= q, we say thatK entailsq and writeK |= q. K
entailsa union of conjunctive queriesq1 ∨ . . . ∨ qℓ, written
asK |= q1∨ . . .∨qℓ, if, for each modelI of K, there is some
i with 1 ≤ i ≤ ℓ such thatI |= qi.

Thesizeof a knowledge baseK (a queryq), denoted|K|
(|q|), is simply the number of symbols needed to write it
over the alphabet of constructors, concept, role, individual,
and variable names that occur inK (q). We assume unary
coding of numbers in number restrictions.

Canonical Models
We first show that we can restrict our attention to interpreta-
tions that have a kind of forest shape. SinceSHOQ allows
for nominals, the forest structure is not directly obvious, but
we can use models with an underlying “forest backbone”
calledforest base. These forest bases are forest-shaped in-
terpretations that interpret transitive roles in an unrestricted
way, i.e., not necessarily in a transitive way. In a forest base,
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each element can be related to its direct successor nodes and
to some root/nominal nodes. Due to the allowed relations
from any element to nominal nodes, even forest bases are
strictly speaking not forests.

Definition 1. Let IN∗ be the set of all (finite) words over the
alphabetIN. A treeT is a non-empty, prefix-closed subset of
IN∗. The empty wordε is called theroot of T . For w, w′ ∈
T , we callw′ a successorof w if w′ = w · c for somec ∈
IN, where “·” denotes concatenation. Thebranching degree
d(w) of a nodew ∈ T is the number of its successors. If
there is ak such thatd(w) ≤ k for eachw ∈ T , we say
thatT has branching degreek. Given a set of elementsρ =
{o1, . . . , on}, a forestF w.r.t. ρ is a subset ofρ × IN∗ such
that, for eachoi ∈ ρ, (oi, ε) ∈ F and the set{w | (oi, w) ∈
F} is a tree.

LetK be aSHOQ knowledge base. Aforest base forK
is an interpretationJ = (∆J ,·J ) that interprets transitive
roles in an unrestricted (i.e., not necessarily transitive) way
and, additionally, satisfies the following conditions:
F1 ∆J is a forest w.r.t.nom(K);
F2 if ((o, w), (o′, w′)) ∈ rJ , then eitherw′ = ε or

o = o′ andw′ is a successor ofw;
F3 for eacho ∈ nom(K), oJ = (o, ε).

An interpretationI is canonical forK if there exists a forest
baseJ for K such thatI is identical toJ except that, for
all non-simple rolesr, we have

rI = rJ ∪
⋃

s ⊑*Rr, s∈NtR

(sJ )+,

where+ denotes the transitive closure operator. In this case,
we say thatJ is a forest basefor I and, if I |= K, we
say thatI is a canonical model forK. If, for eacho ∈
nom(K), the branching degree of the tree{w | (o, w) ∈
∆I} is bounded by somek, we say thatI has branching
degreek.

For simplicity we make the unique name assumption
(UNA) in the above definition (cf. 1), i.e., for eacha, b ∈ NI

such thata 6= b and each interpretationI, we assume that
aI 6= bI . This is w.l.o.g. as we can guess an appropriate
partition among the individual names and replace the indi-
vidual names in each partition with one representative indi-
vidual name from that partition. Hence, our decision proce-
dure does not rely on the UNA and this assumption does not
affect the complexity results.

We use the following running example throughout this pa-
per.

Example 2. LetK = (T ,R) be aSHOQ knowledge base
with t, t′ ∈ NtR

T = { {o} ⊑ ∃t.(C ⊓ ∃r.(∃r.(D ⊓ ∃t.({o}))))
{o′} ⊑ ∃s.⊤ ⊓ ∃s.({o})}

R = { r ⊑ t′}

and q = {C(x), D(z), t′(x, z), t(z, x), r(x, y), r(y, z)}
with Vars(q) = {x, y, z}.

Figure 1 shows a graphical representation of a canonical
model forK. Without the dashed lines, the figure would

show the forest base for this canonical model. In what fol-
lows, we sometimes informally use the termshortcut. A
shortcut is a generalization of the case where a forest base
J and its canonical modelI differ, i.e., where(a, b) ∈ rI

but (a, b) /∈ rJ .

(o′, 1)(o, 1)

t′
t

r, t′

(o, 111) D

(o, 11)

r, t′

C

t

t

(o, ε) o

s

(o′, ε) o′

s

Figure 1: A representation of a canonical interpretationI
for K. The transitive shortcuts are shown as dashed lines;
without them, the figure would show a representation of a
forest base forI.

Figure 2 shows a representation of the query from our run-
ning example together with a match for the canonical model.
We have thatI |=π q for π : {x 7→ (o, 1), y 7→ (o, 11), z 7→
(o, 111)} and that alsoK |= q.

D

r

y

x

r
t′

t

C

z

Figure 2: A graphical representation of the queryq with a
match in the canonical model (shown in grey, and without
labels).

The following lemma justifies our focus on canonical
models. The bound on the branching degree is important
for our automata based decision procedure.

Lemma 3. Letq be a union of Boolean conjunctive queries,
K a SHOQ knowledge base with|K| = m, nmax the max-
imal number occurring in number restrictions, andk =
m · nmax. K 6|= q iff there is some canonical modelI of
K such thatI 6|= q andI has branching degreek.
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Informally, for the only if direction, we can take an arbi-
trary counter-model for the query, which exists by assump-
tion, and “unravel” all non-tree structures. During the un-
ravelling process, we use a choice function that chooses, for
each existential and each at-least number restriction occur-
ring in the closure ofK, the required successors. This guar-
antees that the branching degree is indeedk. Since, during
the unraveling process, we only replace cycles in the model
with infinite paths and leave the interpretation of concepts
from the closure unchanged, the query is still not satisfied in
the unravelled canonical model. The if direction of the proof
holds vacuously.

Query Rewriting
In order to decide whether a union of conjunctive queriesq is
entailed by aSHOQ knowledge baseK, we transform each
disjunct ofq in a four stage process into a set ofSHOQ⊓-
concepts. We then show that we can use these concepts to
build extensions ofK in such a way thatK entailsq iff all
the extensions are inconsistent.

In the first rewriting step, calledcollapsing, we can iden-
tify variables. Consider, for example, the cyclic query
q = {r(x, y), r(x, y′), s(y, z), s(y′, z)}, which can be trans-
formed into a tree-shaped one by adding the equality atom
y ≈ y′. The collapsing step is not new and already required
for simpler logics (see, e.g., (Horrocks et al. 2000)). With
co(q) we denote the set of all collapsings that can be ob-
tained fromq.

A common property of the next two rewriting steps is that
they allow for substituting (implicit) shortcut edges with (ex-
plicit) paths that imply the shortcut. The steps aim at dif-
ferent cases in which these shortcuts can occur. The sec-
ond step is callednominal rewritingand we can replace role
atoms of the formr(v, v′) for which r is non-simple with
two role atoms by possibly introducing a fresh variable. This
allows for explicating all (transitive relations) that bypass a
nominal. In this step, we also “guess”, for each of the rewrit-
ten queries, which variables correspond to nominals. In the
third step, calledshortcut rewriting, we explicate shortcuts
within a tree by replacing a role atom with a non-simple role
with up to ♯(q) role atoms that use a transitive sub-role. In
the fourth step, we filter out those queries that still cannot be
expressed asSHOQ⊓ concepts. These queries are trivially
false since their structure cannot be mapped to the canoni-
cal models of the knowledge base. The remaining queries
are transformed into concepts by applying the rolling-up
technique (Calvanese, De Giacomo, and Lenzerini 1998;
Tessaris 2001). Finally, we use the obtained concepts to re-
duce conjunctive query entailment to knowledge base con-
sistency checking.

Since the first query rewriting step, collapsing, is not
new our running example focuses on the other rewriting
steps. For the nominal rewriting step, we can choose to re-
place the conjunctt(z, x), which bypasses the nominal node
(o, ε) for the given mappingπ and canonical modelI, with
t(z, xr), t(xr, x) for xr ∈ NV a fresh variable. We call this
nominal rewritingqnr (see Figure 3).

Sincet is transitive,I |=πnr qnr whereπnr is the exten-
sion ofπ that mapsxr to (o, ε). It is not hard to check that

z D

y

r

C

t

t

xr

x

t′

r

Figure 3: A graphical representation of the nominal re-
writing qnr for q. The canonical modelI is shown in grey
(without labels).

K |= qnr impliesK |= q since the role used in the rewriting
must be transitive. At the end of the nominal rewriting step,
we also “guess”, for each of the rewritten queries, which
variables correspond to nominals. WithnrK(q), we denote
the set of all pairs(qnr, ρ) such thatqnr is a nominal rewrit-
ing of some collapsingqco ∈ co(q) and ρ ⊆ Vars(qnr).
The pair(qnr, {xr}) would, for example, belong to the set
nrK(q).

In the shortcut rewriting step, we explicate shortcuts
within a tree, such ast′(x, z) in our running example, by
replacing role atoms with a non-simple role with up to♯(q)
role atoms that use a transitive sub-role. In our running ex-
ample, we can replacet′(x, z) with t′(x, y), t′(y, z) and we
refer to the resulting query asqsr. The mappingπsr = πnr

for qsr no longer uses any shortcuts inI (see Figure 4) and
we consider this query as forest-shaped w.r.t. the root choice
{xr}.

z D

y

r, t′

C

t

t

xr

x

r, t′

Figure 4: A graphical representation of the shortcut rewrit-
ing qsr for qnr. The canonical modelI is shown in grey
(without labels).

In the fourth and last step, we transform the obtained
forest-shaped queries into concepts by applying the rolling-
up technique. For example, the tuple(qsr, {xr}, τ) with a
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groundingτ that mapsxr to o results in the concept:

{o} ⊓ ∃t.(C ⊓ ∃(r ⊓ t′).(∃(r ⊓ t′).(D ⊓ ∃t.{o})))

Finally, we use the concepts from all possible rewritings and
reduce the task of deciding query entailment to the task of
deciding knowledge base consistency by augmentingK with
an axiom of the form⊤ ⊑ ¬Cq for each obtained concept
Cq. If both K and the extended knowledge base are satis-
fiable, thenK 6|= q because there is a modelI of K that
does not satisfyq. If both the extended knowledge base is
unsatisfiable, thenK |= q because every modelI of K satis-
fiesq and, thus, violates one of the axioms⊤ ⊑ ¬Cq in the
extended knowledge base.

We now give a precise definition of the rewriting steps.
Please note that we assume thatq is a conjunctive query and
not a union of conjunctive queries since we apply the rewrit-
ing steps to each disjunct separately.

Definition 4. Let K be aSHOQ knowledge base andq a
Boolean conjunctive query. Acollapsingqco of q is obtained
by adding zero or more equality atoms of the formv ≈ v′

for v, v′ ∈ Vars(q) to q. We useco(q) to denote the set of all
queries that are a collapsing ofq.

A nominal rewritingqnr of q andK is obtained by choos-
ing, for each role atomr(v, v′) ∈ q such that there is a
role s ∈ NtR and s ⊑* Rr to either do nothing or to re-
placer(v, v′) with s(v, v′′) and s(v′′, v′) for v′′ ∈ NV a
possibly fresh variable. We usenrK(q) to denote the set of
pairs(qnr, ρ) such thatqnr is a nominal rewriting of a query
qco ∈ co(q) andρ is a subset ofVars(qnr). We callρ a root
choicefor qnr.

A shortcut rewritingof q and K is obtained fromq by
replacing each role atomt(v1, vn) from q for which there
is a sequencer1(v1, v2), . . . , rn−1(vn−1, vn) ∈̄ q and a
role s ∈ NtR such thats ⊑* Rt with n − 1 role atoms
s(v1, v2), . . . , s(vn−1, vn). We usesrK(q) to denote the set
of all pairs (qsr, ρ) such that there is a pair(qnr, ρ) ∈
nrK(q) andqsr is a shortcut rewriting ofqnr.

We assume thatnrK(q) contains no isomorphic queries,
which are queries that differ only in newly introduced vari-
able names.

A conjunctive queryq is tree-shapedif there is a total
function f from Vars(q) to a tree such thatf is bijective
modulo≈* andr(x, y) ∈̄ q implies thatf(y) is a successor
of f(x). A conjunctive queryq is forest-shaped w.r.t. a root
choiceρ if there is a total functionf fromVars(q) to a forest
F w.r.t. ρ such thatf is bijective modulo≈* and, for each
r(x, y) ∈ q with f(x) = (xr, w), eitherf(y) = (yr, ε)
with yr ∈ ρ or f(y) = (xr , w · c) for c ∈ IN. We set
frK(q) = {(qfr, ρ) | (qfr, ρ) ∈ srK(q) and eitherρ = ∅ and
qfr is tree-shaped orqfr is forest-shaped w.r.t.ρ}.

We now build a query that consists only of concept atoms
for queries infrK(q) by replacing the variables from the
root choiceρ with nominals fromnom(K) and applying the
rolling-up technique. Please note that, although we say con-
cept atoms, we actually allow queries in this intermediate
step that contain complex concepts.

Definition 5. Let (qfr, ρ) ∈ frK(q). A grounding forqfr

w.r.t. ρ is a total functionτ : ρ → nom(K) such that, for all

v, v′ ∈ ρ, τ(v) = τ(v′) iff v ≈* v′. We buildcon(qfr, ρ, τ)
as follows:

1. For eachr(v, vr) ∈̄ qfr with vr ∈ ρ, replacer(v, vr) with
(∃r.{τ(vr)})(v).

2. For eachvr ∈ ρ, add a concept atom({τ(vr)})(vr) to
qfr.

3. Letq be the result of applying 1 and 2.
4. We now inductively assign, to eachv ∈ Vars(q) a concept

con(v) as follows:
• if there is no role atomr(v, v′) ∈̄ q, thencon(v) =d

C(v)∈̄q C,

• otherwise, letr(v, v1), . . . , r(v, vk) be all role atoms of
the formr(v, x) ∈̄ q, then

con(v) =
l

C(v)∈̄q

C ⊓
l

1≤i≤k

∃
(

l

r(v,vi)∈̄q

r
)

.con(vi).

5. Finally,con(qfr, ρ, τ) = {(con(v))(v) | v ∈ Vars(q) and
there is no role atomr(v′, v) ∈̄ q}.

We useconK(q) for the set{con(qfr, ρ, τ) | (qfr, ρ) ∈
frK(q) andτ is a grounding w.r.t.ρ}.

Please note that, after the first step, the resulting query
consists of a set of unconnected components such that each
component is a tree-shaped query with a distinguished root
variable. This root variable need not necessarily belong
to the root choiceρ. In Step 4, we collect all query
concepts for these root variables in the setcon(qfr, ρ, τ).
Hencecon(qfr, ρ, τ) is a conjunctive query of the form
{C1(v1), . . . , Cn(vn)} with vi 6= vj for 1 ≤ i < j ≤ n
and eachCi is a SHOQ⊓-concept. For a union of con-
junctive queriesq = q1 ∨ . . . ∨ qℓ, we defineconK(q) as
conK(q1) ∪ . . . ∪ conK(qℓ). The following theorem shows
that the queries inconK(q) can be used to decide entailment
of q and that there is a bound on the cardinality of this set.
We can then use the standard methods for deciding entail-
ment of tree-shaped conjunctive queries in order to decide
entailment of arbitrary conjunctive queries inSHOQ.

Theorem 6. Let q be a union of Boolean conjunctive
queries, K = (T , R) a SHOQ knowledge base, and
conK(q) = {q1, . . . , qℓ}. Then (1)K |= q iff K |=
q1 ∨ . . . ∨ qℓ.

Due to space limitations, we just give a sketch of the proof
for the above theorem. For the if direction: for the collaps-
ing step, it is clear that, if a modelI of K entails the col-
lapsing, then it entails the query. Apart from the collaps-
ing step, we replace only role atoms over non-simple roles
with sequences of role atoms that use one of the transitive
sub-roles. It is, therefore, not hard to see that, if a model
I of K satisfies a rewritten query, then it satisfies the origi-
nal query. In the rolling-up step, the use of nominal concepts
(e.g., in concepts of the form∃r.({o})) enforces the required
co-references for the links back to nominal nodes. The re-
maining tree-shaped parts can then straightforwardly be ex-
pressed as concepts. As forSHIQ, we can then show that
a model of the knowledge base that satisfies such a rolled-
up query concept, also satisfies the query. For the only if
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direction: we can, by Lemma 3, restrict our attention to the
canonical models of the knowledge base. We can then use
any of the canonical models as a “guide” for the rewriting
process as we used the given canonical model in our run-
ning example. If the canonical model satisfies the query, the
rewriting steps can be applied in such a way that we obtain
a forest-shaped query as required.

By carefully analysing the definition of the rewriting
steps, we get the following bounds on the size of the rewrit-
ten queries and the number of rewritings.

Lemma 7. Letq be a Boolean union of conjunctive queries,
K = (T , R) a SHOQ knowledge base, andconK(q) =
{q1, . . . , qℓ}. Then the size of eachqi ∈ conK(q) is poly-
nomial in|q| and the cardinality ofconK(q) is at most poly-
nomial in |K| and exponential in|q|.

Please note that each queryqi ∈ conK(q) is a set of con-
cept atoms of the form{C1

i (x1), . . . , C
n
i (xn)}, i.e., eachqi

containsn unconnected components. By transforming the
disjunctionq1 ∨ . . .∨ qℓ of queries inconK(q) into conjunc-
tive normal form (cf. (Tessaris 2001, 7.3.2)), we can reduce
the problem of deciding whetherK |= q1∨ . . .∨ qℓ to decid-
ing whetherK entails each union of connected conjunctive
queries{at1}∨ . . .∨{atℓ} where eachati is a concept atom
from qi. Let conK(q) = {q1, . . . , qℓ}. We usecnf(conK(q))
for the conjunctive normal form ofq1 ∨ . . . ∨ qℓ. We now
show how we can decide entailment of unions of conjunc-
tive queries, where each atom consists of one concept atom
only. This suffices to decide conjunctive query entailment
for SHOQ.

Definition 8. LetK = (T , R) be aSHOQ knowledge base,
q a union of Boolean conjunctive queries, andC1(v1)∨. . .∨
Cℓ(vℓ) a query fromcnf(conK(q)). Anextended knowledge
base w.r.t.K andq is a pair (T ∪ Tq,R) such thatTq =
{⊤ ⊑ ¬Ci} with 1 ≤ i ≤ ℓ.

We can now use the extended knowledge bases in order to
decide conjunctive query entailment:

Theorem 9. Let K be aSHOQ knowledge base andq a
union of Boolean conjunctive queries. ThenK |= q iff each
extended knowledge baseKq w.r.t.K andq is inconsistent.

By again carefully analysing the definition of the ex-
tended knowledge bases and by using the results from
Lemma 7, we get the following bounds on the size of and
the number of extended knowledge bases.

Lemma 10. Let K be aSHOQ knowledge base andq a
union of Boolean conjunctive queries. The size of each ex-
tended knowledge base is at most polynomial in|K| and ex-
ponential in|q| and the number of extended knowledge bases
w.r.t.K andq is at most exponential in|K| and double expo-
nential in |q|.

SHOQ⊓ Knowledge Base Consistency
We now present our automata based decision procedure for
SHOQ⊓ knowledge base consistency. By Theorem 9 this
gives us a decision procedure for entailment of unions of
conjunctive queries inSHOQ.

Eliminating Transitivity
Since automata cannot directly handle transitive roles, we
first transform aSHOQ⊓ knowledge baseK into an equi-
satisfiableALCHOQ⊓ knowledge baseet(K). In the pres-
ence of role conjunctionsandnominals, it does not suffice to
extend the standard encoding of transitivity (see, e.g., (Kaza-
kov and Motik 2006)) in a trivial way. Such a naive exten-
sion would result in anALCHOQ⊓ knowledge baseet(K)
that is obtained fromK by treating all transitive roles as non-
transitive and by adding an axiom

∀(r1 ⊓ . . . ⊓ rn).C ⊑ ∀(t1 ⊓ . . . ⊓ tn).(∀(t1 ⊓ . . . ⊓ tn).C)

for each concept∀(r1 ⊓ . . . ⊓ rn).C ∈ cl(K) and roles
t1, . . . , tn ∈ NtR such thatti ⊑* Rri for 1 ≤ i ≤ n. The
following example shows that such an encoding does not
yield an equisatisfiable knowledge base. LetK = (T ,R) be
aSHOQ knowledge base with

T = {{o} ⊑ ∃t.(∃t.(∃t.({o′}))),
{o} ⊑ ∃r.({o′})},

R = ∅, and t a transitive role. Figure 5 shows a repre-
sentation of a model forK, where the grey edge represents
the roler and the black edges represent the rolet. The
dashed black lines represent implicit (due to transitivity) in-
stances oft. It is not hard to check that adding the axiom
{o} ⊑ ∀(r ⊓ t).(¬{o′}) makes the knowledge base incon-
sistent.

t

r o′

t

t

t

t

o

Figure 5: A representation of a model forK.

The trivial encodinget(K) of K contains (among others)
the additional axiom∀t.(¬{o′}) ⊑ ∀t.(∀t.(¬{o′})) since
∃t.({o′}) ∈ cl(K) and, thus,∀t.(¬{o′}) ∈ cl(K). Adding
the axiom{o} ⊑ ∀(r ⊓ t).(¬{o′}) to K does not yield any
further axioms inet(K) sincer is a simple role. Since none
of the added axioms explicates the implicitt relation be-
tween the nominalso ando′, extendingK with the axiom
{o} ⊑ ∀(r ⊓ t).(¬{o′}) yields a consistent knowledge base
after applying the translation, contradicting our assumption
that a knowledge baseK is consistent iffet(K) is consistent.

Intuitively, this problem arises since we can have arbi-
trary relations between nominals. This can lead to situations
where, as in the above example, we have an explicit rela-
tionship between two nominals, but only together with the
implicit transitive shortcut can the universal quantifier over
the role conjunction be applied. Hence, the above described
encoding does not suffice. We propose, therefore, a more
involved encoding that explicates all transitive shortcuts be-
tween nominals.

Definition 11. Let K = (T , R) be aSHOQ⊓ knowledge
base. The functionet(K) yields theALCHOQ⊓ knowledge
base obtained fromK as follows:
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1. for each transitive rolet and nominalo ∈ nom(K), add
an axiom∃t.(∃t.({o})) ⊑ ∃t.({o}),

2. for each concept∀R.C ∈ cl(K) with R = r1 ⊓ . . . ⊓ rn

and transitive rolest1, . . . , tn such thatti ⊑* Rri for each
1 ≤ i ≤ n, add an axiom∀R.C ⊑ ∀T.(∀T.C), where
T = t1 ⊓ . . . ⊓ tn, and

3. all roles inet(K) are non-transitive.

With the above definition,et(K) contains, additionally,
the axiom∃t.(∃t.({o})) ⊑ ∃t.({o}), which ensures that
the implicit t-edges to nominals (the dashed lines in Fig-
ure 5) are made explicit. As a consequence, adding the ax-
iom {o} ⊑ ∀(r⊓t).(¬{o′}) indeed results in an inconsistent
knowledge base.

Due to role conjunctions over non-simple roles, the en-
coding from Definition 11 yields not necessarily a knowl-
edge base whose size is polynomial in the size of the input
knowledge base. The number of transitive sub-roles for a
role ri that occurs in a role conjunction is bounded bym.
Hence, we can use up tom transitive sub-roles for each of
the at mostn role conjuncts in the second step of the encod-
ing, which results in at mostmn additional axioms inet(K).
Since, in general, the length of the longest role conjunction
can also only be bound bym, the encoding is exponential
in m. To the best of our knowledge, it is unknown if this
blow-up can be avoided.

Lemma 12. Let K be a SHOQ⊓ knowledge base with
|K| = m and where the length of the longest role conjunc-
tion occurring inK is n. ThenK is consistent iffet(K) is
consistent and the size ofet(K) is polynomial inm and ex-
ponential inn.

In the remainder we assume w.l.o.g. thatK = (T , R) is an
ALCHOQ⊓ knowledge base and that existential and univer-
sal restrictions inK are expressed using number restrictions.

Alternating Automata
In this section, we show how we can use (one-way) alter-
nating automata (Muller and Schupp 1987) to decide the
consistency of anALCHOQ⊓ knowledge base. Alternat-
ing automata have the power of making both universal and
existential choices. Informally, this means that in the tran-
sition function, we can create copies of the automaton, send
them to successor nodes, and require that either some (ex-
istential) or all (universal) of them are accepting. We use,
as usual, positive Boolean formulae as defined below in the
specification of the transition function.

Definition 13. A labeled treeover an alphabetΣ is a pair
(T,L), whereT is a tree andL : T → Σ maps each node in
T to an element ofΣ.

Let X be a set of atoms. The setB+(X) of positive
Boolean formulaeis built over atoms fromX , true, andfalse
using only the connectives∧ and∨. LetX⊤ be a subset of
X . We say thatX⊤ satisfiesa formulaφ ∈ B+(X) if as-
signing true to all atoms inX⊤ and false to all atoms in
X \ X⊤ makesφ true.

Let [k] = {0, 1, . . . , k}. An alternating looping tree
automatonon k-ary Σ-labeled trees is a tupleA =
(Σ, Q, δ, q0), whereQ is a finite set of states,q0 ∈ Q is the

initial state, andδ : Q × Σ → B+([k] ×Q) is the transition
function.

A runof A on aΣ-labeledk-ary tree(T,L) is a(T ×Q)-
labeled tree(Tr,Lr) that satisfies the following conditions:

• Lr(ε) = (ε, q0),
• if y ∈ Tr with Lr(y) = (x, q) andδ(q,L(x)) = φ, then

there is a (possibly empty) setS ⊆ [k] × Q that satisfies
φ such that, for each(c, q′) ∈ S, y has a successory · i in
Tr with i ∈ IN andLr(y · i) = (x · c, q′).

An automatonA acceptsan input treeT if there exists a run
ofA onT . The language accepted byA, lang(A), is the set
of all trees accepted byA.

For alternating automata, thenon-emptiness problemis
the following: given an alternating automatonA, is there a
tree(T,L) such thatA has an accepting run on(T,L)?

Please note that, since we use looping automata, we do not
impose any acceptance conditions and each run is accepting,
i.e., we require only that the conditions imposed on a run are
satisfied.

Tree Relaxations
In this section, we show how we can obtain labeledk-ary
trees from a canonical model for anALCHOQ⊓ knowl-
edge base that can be thought of as input for our automaton.
Since the labeled trees that an automaton takes as input can-
not have labeled edges, we additionally store, in the label of
a node, with which roles it is related to its predecessor. Un-
fortunately, this does not work for the nominal nodes since a
nominal node can be the successor of arbitrary elements and
does not necessarily have a unique predecessor. In a first
step, we build, therefore, arelaxationfor a canonical model
where, for each relationship between a node and a nominal
node, we create a dummy node that is a representative of the
nominal node. The label of the representative node is the
extension of the label for the nominal node withrep and the
roles via which it is related to the nominal.

In this section, we use the equisatisfiableALCHOQ⊓

versionet(K) of the running example, which also contains
the axioms∃t.(∃t.({o})) ⊑ ∃t.({o}) and∃t′.(∃t′.({o})) ⊑
∃t′.({o}). Without the dashed lines Figure 1 would repre-
sent a canonical model and forest base foret(K) and Fig-
ure 6 shows a relaxation foret(K).

Definition 14. A setH ⊆ cl(K) is called aHintikka setfor
K if the following conditions are satisfied:

1. For eachC ⊑ D ∈ T , nnf(¬C ⊔ D) ∈ H .
2. If C ⊓ D ∈ H , then{C, D} ⊆ H .
3. If C ⊔ D ∈ H , then{C, D} ∩ H 6= ∅.
4. For all C ∈ cl(K), eitherC ∈ H or nnf(¬C) ∈ H .

We useH(K) to denote the set of all Hintikka sets for
K. A relaxation R = (∆,L) for K with L : ∆ →
2cl(K)∪rol(K)∪{rep} satisfies the following properties:
(R1) Let D = nom(K) × IN∗ and B = {d ↑ d′ | d ∈
D andd′ ∈ nom(K) × {ε}}, then∆ ⊆ D ∪ B.

(R2) For eacho ∈ nom(K), (o, ε) ∈ ∆.
(R3) Each set{w | (o, w) ∈ ∆ ∩ D is a tree}.
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Figure 6: A graphical representation of a relaxation forK.

(R4) If d↑d′ ∈ ∆, thenL(d↑d′) ∩ cl(K) = L(d′) ∩ cl(K),
andrep ∈ L(d↑d′).

(R5) For eachd ∈ ∆,L(d) ∩ cl(K) ∈ H(K).
(R6) For eachd ∈ ∆, if r ⊑ s ∈ R andr ∈ L(d), then
s ∈ L(d).

(R7) For each(o, ε) ∈ ∆,L(o, ε) ∩ rol(K) = ∅.
(R8) If d = (o, w) ∈ ∆ and (> n (r1 ⊓ . . . ⊓ rk).C) ∈
L(d), then there aren distinct elementsd1, . . . , dn ∈ ∆
such that, for eachi with 1 ≤ i ≤ n, {r1, . . . , rk, C} ⊆
L(di) and eitherdi = (o, w · c) with c ∈ IN or di = d↑
d′ ∈ ∆.

(R9) If d = (o, w) ∈ ∆ and (6 n (r1 ⊓ . . . ⊓ rk).C) ∈
L(d), then ♯({d′ ∈ ∆ | d′ = (o, w · c) for somec ∈
IN or d′ = d↑do ∈ ∆ and{r1, . . . , rk, C} ⊆ L(d′)}) ≤
n.

Given the above properties of relaxations and the results
from Lemma 3, we can show the following:

Lemma 15. K has a relaxation iffK is consistent.

In a second step, we build a tree relaxation, which is a
labeled tree, from the relaxation. For this, we additionally
add a dummy root node labeled withroot that has all nomi-
nal nodes as successors, and we require that the domain is a
tree.

Figure 7 shows a representation of a tree relaxation built
from the relaxation for our running example. The tree relax-
ation can, additionally, have dummy nodes labelled with#,
but we do not show any dummy nodes in the figure. For ease
of presentation, we assume in the remainder that all tree re-
laxations are full trees, i.e., all non-leaf nodes have the same
number of successors, and we add dummy nodes labelled
with # where necessary.

Definition 16. A tree relaxationfor K is a labeled tree
(T,L) with L : T → 2cl(K)∪rol(K)∪{rep,#,root} that satisfies
the following conditions:
(T1) L(ε) = {root} and, for eachw ∈ IN+,L(w) ∩
{root} = ∅.

s
t, C

r, t′111

1111 r, t′, D

11111

22

o′2o1

ε root

t, rep, o

s, rep, o
11 21

Figure 7: A tree relaxation for the relaxation from Figure 6.

(T2) For eacho ∈ nom(K), there is a uniquec ∈ IN ∩ T
with o ∈ L(c) and{rep, #, rol(K)} ∩ L(c) = ∅.

(T3) If c ∈ IN ∩ T andnom(K) ∩ L(c) = ∅, thenL(c) =
{#}.

(T4) For eachw ∈ IN+ ∩ T, ♯(L(w) ∩ nom(K)) ≤ 1.

(T5) For eachw = w′ · c ∈ T with w′ ∈ IN+ andc ∈ IN,
if L(w) ∩ nom(K) 6= ∅, thenrep ∈ L(w).

(T6) For eachw, w′ ∈ T ando ∈ nom(K), if o ∈ L(w)∩
L(w′), thencl(K) ∩ L(w) = cl(K) ∩ L(w′).

(T7) For eachw ∈ IN+∩T , if {rep, #}∩L(w) 6= ∅, then,
for each successorw′ of w, # ∈ L(w′).

(T8) For eachw ∈ T , if L(w) ∩ {#, root} = ∅, then
L(w) ∩ cl(K) ∈ H(K).

(T9) For eachw ∈ T andr ⊑ s ∈ R, if r ∈ L(w), then
s ∈ L(w).

(T10) For eachw ∈ T , if (> n (r1⊓. . .⊓rm).C) ∈ L(w),
then there are at leastn distinct successorsw1, . . . , wn of
w with {r1, . . . , rm, C} ⊆ L(wi), for eachi with 1 ≤ i ≤
n.

(T11) For eachw ∈ T , if (6 n (r1⊓. . .⊓rm).C) ∈ L(w),
then there are at mostn distinct successorsw1, . . . , wn of
w with {r1, . . . , rm, C} ⊆ L(wi), for eachi with 1 ≤ i ≤
n.

If T has branching degreek, then we say that(T,L) is a
k-ary tree relaxation forK .

By using the above defined properties of tree relaxations
and the results about the bounded branching degree of
canonical models from Lemma 3, we get the following:

Lemma 17. Letnmax be the maximal number occurring in
a number restriction inK, andk = nmax · |K|+♯(nom(K)).
K has ak-ary tree relaxation iffK is consistent.
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The Decision Procedure
It remains to devise a procedure that decides whetherK has
a tree relaxation. For this, we define an alternating automa-
ton that accepts exactly the tree relaxations ofK. Our au-
tomaton combines and extends ideas from (Sattler and Vardi
2001) and (Calvanese, Eiter, and Ortiz 2007), where (two-
way) alternating automata have been used for the hybridµ-
calculus (Sattler and Vardi 2001) and for answering regular
path queries inALCQIbreg . We first define two alternating
automataĀK andAK, and then define an automatonBK as
their intersection. Informally, the automaton̄AK just checks
that the input tree has a structure as required whereas the au-
tomatonAK checks that the input is indeed a tree relaxation
for K. For alternating automata, intersection is simple: we
introduce a new initial stateq0 and set the transition func-
tion for q0 and each letterσ from the input alphabetΣ to
δ(q0, σ) = (0, q(0,1)) ∧ (0, q(0,2)), whereq(0,1) andq(0,2)

are the initial states of̄AK andAK respectively. The size of
the resulting automaton is the sum of the sizes ofĀK and
AK.

The automaton̄AK is relatively straightforward and helps
to keep the definition of the automatonAK, where we do the
real work, transparent. Informally, it guarantees the follow-
ing:
• We distinguish root (stateqr), nominal (stateqo), nominal

representative (stateqrep), dummy (stateq#), and normal
nodes (stateqn).

• The labelroot is only found in the root node.

• The level one nodes are either “real” nominal nodes (i.e.,
they are not marked as representatives withrep) with ex-
actly one nominal and no roles in their label, or they are
dummy nodes labelled with# only.

• The level one nominal nodes have either normal, nominal
representative, or dummy nodes as successors.

• Nominal representative nodes are marked withrep, and
have exactly one nominal in their label.

• Dummy nodes have only dummy nodes as successors.
More precisely, letnmax be the maximal number occur-

ring in number restrictions inK, andk = nmax · |cl(K)| +
♯(nom(K)). The alphabetΣ for both automataĀK andAK

is
2{rep,#,root}∪cl(K)∪rol(K)∪nom(K).

We defineĀK as(Σ, {qr, qo, qn, qrep, q#}, δ̄, qr). The tran-
sition functionδ̄ for eachσ ∈ Σ is as follows:

δ̄(qr, σ) =

k
∧

i=1

(i, qo) ∨ (i, q#)

if σ = {root} and it isfalse otherwise.

δ̄(qo, σ) =

k
∧

i=1

((i, qn) ∨ (i, qrep) ∨ (i, q#))

if ♯(nom(K) ∩ σ) = 1 and{root, rep, #, rol(K)} ∩ σ = ∅
and it isfalse otherwise.

δ̄(qn, σ) =

k
∧

i=1

((i, qn) ∨ (i, qrep) ∨ (i, q#))

if {root, rep, #, nom(K)} ∩ σ = ∅ and it isfalse otherwise.

δ̄(qrep, σ) =
k

∧

i=1

(i, q#)

if ♯(nom(K) ∩ σ) = 1, rep ∈ σ, and{root, #} ∩ σ = ∅ and
it is false otherwise.

δ̄(q#, σ) =
k

∧

i=1

(i, q#)

if {#} = σ and it isfalse otherwise.
The automatonAK mainly checks the formulae occurring

in the labels of the input. Hence, most of the states cor-
respond to formulae incl(K) and the transition function is
more or less determined by the semantics and we only sketch
its realization. For number restrictions, we use the same
technique as (Calvanese, Eiter, and Ortiz 2007) that involves
states that count how many successors have been checked
and how many of the checked ones fulfill the requirements
of the number restriction. In the root node, we additionally
make a non-deterministic choice, for each nominal and each
atomic concept, whether the concept or its negation holds
at the nominal node. This choice is propagated downwards
in the tree in order to ensure that the nominal representa-
tives agree with their corresponding real nominal nodes on
all atomic concepts. This also enables us to simply count
over the successors of a node for the qualified number re-
strictions. We propagate the concepts via a kind of universal
role and we assume thatu is a symbol that does not occur in
cl(K) or rol(K). We define, therefore, the following set of
auxiliary states

Qrep ={¬{o} ⊔ A | o ∈ nom(K) andA ∈ NC ∩ cl(K)}∪
{¬{o} ⊔ ¬A | o ∈ nom(K) andA ∈ NC ∩ cl(K)}.

We then defineAK as(Σ, Q, δ, q0), whereq0 is the initial
state and the setQ of states is

{q0} ∪ cl(K) ∪ rol(K) ∪ {¬r | r ∈ rol(K)} ∪ {qT , qR}∪
{〈⊲⊳ nR.C, i, j〉 |⊲⊳∈ {6, >}, ⊲⊳ nR.C ∈ cl(K), and
0 ≤ i, j ≤ k} ∪ Qrep ∪ {∀u.C | C ∈ Qrep},

where states of the form〈⊲⊳ n R.C, i, j〉 are used to check
that the number restrictions are satisfied.

In the following, we give the definition of the transition
function for eachσ ∈ Σ together with an explanation for
each of the different types of states.

At the root node, we are in the initial stateq0 which
has the following tasks: (a) we make the non-deterministic
guesses for all atomic concepts, (b) we check that there is ex-
actly one nominal node for each of the nominals innom(K),
and (c) we make sure that the axioms inT andR are satis-
fied in all non-dummy descendants. Letℓ = ♯(nom(K)).

δ(q0, σ) =
∧

A∈σ∩NC

ℓ
∧

i=1

((0, ∀u.(¬{oi} ⊔ A)) ∨ (0, ∀u.(¬{oi} ⊔ ¬A)))∧
ℓ
∧

i=1

k
∨

j=1

(j, {oi}) ∧
∧

1≤i<j≤k

(
∧

o∈nom(K)

(i,¬{o}) ∨ (j,¬{o}))

k
∧

i=1

(i, qT ) ∧ (i, qR)
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Whenever we are in a state that is used to propagate infor-
mation downwards through the whole tree via the “universal
role” and we are not at a dummy node, we check that the
required concept holds at the current node and also check all
successors. More precisely, for eachC ∈ Qrep,

δ(∀u.C, σ) = (0, C) ∧
k

∧

i=1

(i, ∀u.C)

if #, root /∈ σ,

δ(∀u.C, σ) =

k
∧

i=1

(i, ∀u.C)

if root ∈ σ, and it istrue otherwise.
All non-dummy descendants of the root nodes must sat-

isfy the TBox and RBox axioms.

δ(qT , σ) =
∧

C⊑D∈T

((0, nnf(¬C)) ∨ (0, D)) ∧
k
∧

i=1

(i, qT )

if # /∈ σ and it istrue otherwise.

δ(qR, σ) =
∧

r⊑s∈R

((0,¬r) ∨ (0, s)) ∧
k

∧

i=1

(i, qR)

if # /∈ σ and it istrue otherwise.
The concepts that are used as states are inductively de-

composed according to the semantics. We start by defining
the base cases. For eachα ∈ (NC ∩ cl(K)) ∪ rol(K) ∪
nom(K): δ(α, σ) = true if α ∈ σ and it is false other-
wise; δ(¬α, σ) = true if α /∈ σ and it is false otherwise.
Since we use constructors for nominals, they are not han-
dled as atomic concepts and we set, for eacho ∈ nom(K),
δ({o}, σ) = (0, o); δ(¬{o}, σ) = (0,¬o).

Conjunction and disjunction are handled in the straight-
forward way. For eachC1 ⊓ C2 ∈ cl(K), δ(C1 ⊓ C2, σ) =
(0, C1)∧(0, C2); for eachC1⊔C2 ∈ cl(K), δ(C1⊔C2, σ) =
(0, C1) ∨ (0, C2).

For number restrictions, we have to use a more sophis-
ticated technique that involves states that count how many
successors have been checked and how many of the checked
ones fulfill the requirements of the number restriction. This
technique was introduced by Calvanese, De Giacomo, and
Lenzerini (2002). More precisely, for each concept of the
form (> n R.C) ∈ cl(K) with R = r1 ⊓ . . . ⊓ rm,

δ(> n R.C, σ) = (0, 〈> n R.C, 0, 0〉)

if rep /∈ σ and it is true otherwise. For1 ≤ i ≤ k and
1 ≤ j ≤ n, δ(〈> n R.C, i, j〉, σ) =

(((i,¬r1) ∨ . . . ∨ (i,¬rm) ∨ (i, nnf(¬C)))∧
(0, 〈> n R.C, i + 1, j〉))∨
((i, r1) ∧ . . . ∧ (i, rm) ∧ (i, C)∧
(0, 〈> n R.C, i + 1, j + 1〉))

For 1 ≤ i ≤ k, δ(〈> n R.C, i, n〉, σ) = true. For1 ≤ j <
n, δ(〈> n R.C, k, j〉, σ) = false.

Informally, we use the counteri to count how many of the
k successors have already been checked andj is increased

for each successor that fulfills the requirements of the num-
ber restriction. The atmost number restrictions are handled
similarly:

δ(6 n R.C, σ) = (0, 〈6 n R.C, 0, 0〉)

if rep /∈ σ and it is true otherwise. For1 ≤ i ≤ k and
1 ≤ j ≤ n, δ(〈6 n R.C, i, j〉, σ) =

(((i,¬r1) ∨ . . . ∨ (i,¬rm) ∨ (i, nnf(¬C)))∧
(0, 〈6 n R.C, i + 1, j〉))∨
((i, r1) ∧ . . . ∧ (i, rm) ∧ (i, C)∧
(0, 〈6 n R.C, i + 1, j + 1〉))

For 1 ≤ i ≤ k, δ(〈6 n R.C, i, n + 1〉, σ) = false. For
1 ≤ j < n, δ(〈6 n R.C, k, j〉, σ) = true.

We can now check whether the language accepted by the
automatonBK is empty, which is enough to decide consis-
tency ofK:

Theorem 18. Let BK an alternating automaton as defined
above. ThenK is consistent iff the language accepted byBK

is non-empty.

Since looping alternating tree automata are a special case
of alternating Büchi tree automata, we can use the result that,
for an alternating Büchi automatonA with n states and input
alphabet withℓ elements, non-emptiness of the language ac-
cepted byA is decidable in time exponential inn and poly-
nomial inℓ (Vardi 1995).

For the states, we mainly use formulae fromcl(K) and the
size of the closure is linear in|K| and, overall, the number
of states for our automaton is polynomial in|K|. The in-
put alphabet2{rep,#,root}∪cl(K)∪rol(K)∪nom(K) is exponential
in |K|. Hence, we get the following result:

Theorem 19. Checking the consistency of anALCHOQ⊓

knowledge baseK can be done in deterministic time single
exponential in the size ofK assuming unary coding of num-
bers in number restrictions.

By Lemma 12, we obtain the following upper bound on
deciding consistency ofSHOQ⊓ knowledge bases.

Theorem 20. Let K be aSHOQ⊓ knowledge base where
|K| = m and the length of the longest role conjunction oc-
curring in K is n. Deciding the consistency ofK can be
done in deterministic time single exponential inm and dou-
ble exponential inn assuming unary coding of numbers in
number restrictions.

The above result also shows thatSHOQ, i.e., when no
role conjunctions are used, is indeed EXPTIME-complete.
This was always conjectured but, to the best of our knowl-
edge, never proved.

Conclusions and Future Work
Although the presented upper bound for query entailment
in SHOQ agrees with the one forSHIQ (Lutz 2007) it
is still an open whether this bound is tight. The hardness
proof forSHIQ very much relies on the ability to propagate
information upwards via inverse roles, which nominals can
only simulate to some extend.

For SHOQ⊓, our algorithm runs in deterministic time
double exponential in the size of the input knowledge base
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and, as forSHIQ⊓, it is still an open question whether this
blow-up due to role conjunctions over non-simple roles can
be avoided.
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