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Abstract

If a loop has no external support rules, then its loop formula
is equivalent to a set of unit clauses; and if it has exactly one
external support rule, then its loop formula is equivalent to a
set of binary clauses. In this paper, we consider how to com-
pute these loops and their loop formulas in a normal logic
program, and use them to derive consequences of a logic pro-
gram. We show that an iterative procedure based on unit
propagation, the program completion and the loop formulas
of loops with no external support rules can compute the same
consequences as the “Expand” operator in smodels, which is
known to compute the well-founded model when the given
normal logic program has no constraints. We also show that
using the loop formulas of loops with at most one external
support rule, the same procedure can compute more conse-
quences, and these extra consequences can help ASP solvers
such as cmodels to find answer sets of certain logic programs.

Introduction
The notions of loops and loop formulas were first proposed
by Lin and Zhao (2004) for propositional normal logic pro-
grams. They have been extended to disjunctive logic pro-
grams (Lee & Lifschitz 2003), general logic programs (Fer-
raris, Lee, & Lifschitz 2006), normal logic programs with
variables (Chenet al. 2006), and propositional circumscrip-
tion (Lee & Lin 2006). They can be used for computing
answer sets of a logic program by using an off-the-shelf
SAT solver (Lin & Zhao 2004) or by modifying an exist-
ing SAT procedure (Giunchiglia, Lierler, & Maratea 2006).
They are also useful for ASP (Answer Set Programming)
solvers that use SAT-like strategies such as conflict-clause
learning (Gebseret al. 2007).

In this paper, we propose to use loops and loop formu-
las to computeconsequencesof a logic program, which are
formulas that are satisfied by every answer set of the logic
program. In particular, we focus on consequences that are
literals and can be computed efficiently. Our main motiva-
tion for this work is to use these consequences to speed-up
ASP solvers.

Lin and Zhao (2004) showed that a set of atoms is an an-
swer set of a normal logic program iff it satisfies the com-
pletion and the loop formulas of the program. Thus the con-
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sequences of a logic program are the logical consequences
of its completion and loop formulas. However, deduction in
propositional logic is coNP-hard and in general there may
be an exponential number of loops (Lifschitz & Razborov
2006). One way to overcome these problems is to use some
tractable inference rules and consider only those loop for-
mulas that can be used effectively by these inference rules
and at the same time can be computed efficiently.

In this paper, we choose unit propagation as the infer-
ence rule. To find loop formulas that are “unit propagation”
friendly, let us look at the form of loop formulas.

According to (Lin & Zhao 2004), a loopL is a set of
atoms, and its loop formula is a sentence of the form:

∨

L ⊃
∨

r∈R−(L)

body(r),

whereR−(L) is the set of so-calledexternal support rules
of L, andbody(r) is the conjunction of the literals in the
body of the ruler. Without going into details about the defi-
nition of external support rules and how they are computed,
we see that if a loopL has no external support rules, then its
loop formula is equivalent to the following set of literals:

{¬a | a ∈ L},

and if a loopL has exactly one external support rule, sayr,
then its loop formula is equivalent to the following set of
binary clauses:

{¬a ∨ l | a ∈ L, l ∈ body(r)}.

Thus we see that loops that have at most one external sup-
port rule are special in that their loop formulas will yield
unit or binary clauses that can be used effectively by unit
propagation.

More generally, if we assume a setA of literals, then for
any loop that has at most one external support rule whose
body is not false underA, its loop formula is equivalent to
either a set of literals or a set of binary clauses underA.

Since the completion of a logic program can be computed
and converted to a set of clauses in linear time (by introduc-
ing new variables if necessary), if these loop formulas can
also be computed in polynomial time, we then have a poly-
nomial time algorithm for computing some consequences of
a logic program. One such algorithm is as follows:
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1. compute the program completion and convert it to
clauses;

2. compute the loop formulas of the loops with at most one
external support rule;

3. apply unit propagation to the set of clauses obtained so
far;

4. compute the loop formulas of the loops with at most one
external support under the set of literals computed in the
previous step, add them to the set of clauses, and go back
to the previous step until it does not produce any new con-
sequences.

We shall show that for normal logic programs, the loop for-
mulas of loops with at most one external support rule can
indeed be computed in polynomial time. Furthermore, if we
consider only loops that do not have any external support
rules in the above procedure, then it computes essentially the
same set of literals as does theExpand operator in smod-
els (Simons, Niemelä, & Soininen 2002). In particular, it
computes the well-founded model when the given normal
logic program has no constraints. In general, this procedure
can be more powerful than theExpand operator in smod-
els, when loops with external support rules are considered.
As an example, consider the Hamiltonian Circuit (HC) prob-
lem. If the set of vertices of the given graph has two parts,
A andB, such that there is exactly one arc from a node inA
to a node inB, and one arc from a node inB to a node inA,
then any HC of the graph must go through these two arcs.
This means that every answer set of the logic program for
this HC problem must contain these two arcs, and knowing
this in advance should help in computing an answer set of
the program. But none of these two “must in” arcs cannot
be computed using theExpand operator, but one of them
can be computed using our procedure.

Notice that the above procedure works in principle for
more general logic programs, such as disjunctive logic pro-
grams, for which notions like the program completion,
loops, and loop formulas can be defined. Thus it may prove
to be a useful way for extending the well-founded semantics
to these more expressive logic programs, just as it does for
normal logic programs.

This paper is organized as follows. We briefly review
the basic notions of logic programming in the next section.
We then define loops with at most one external support rule
under a given set of literals, and consider how to compute
their loop formulas. We then consider how to use these loop
formulas to derive consequences of a logic program using
unit propagation, and relate it to theExpand operator in
smodels. Finally, we discuss some other possible uses of
these loop formulas.

Preliminaries
In this paper, we consider only fully grounded finite normal
logic programs that may have constraints. That is, a logic
program here is a finite set of rules of the form:

H ← p1, . . . , pk, not q1, . . . , not qm, (1)

wherepi, 1 ≤ i ≤ k, andqj , 1 ≤ j ≤ m, are atoms, and
H is either empty or an atom. IfH is empty, then this rule

is also called aconstraint, and ifH is an atom, it is aproper
rule.

Given a logic programP , we denote byAtoms(P ) the
set of atoms in it, andLit(P ) the set of literals constructed
from Atoms(P ):

Lit(P ) = Atoms(P ) ∪ {¬a | a ∈ Atoms(P )}.

Given a literall, thecomplementof l, written l̄ below, is¬a
if l is a anda if l is ¬a, wherea is an atom. For a setL of
literals, we letL = {l̄ | l ∈ L}.

For a ruler of the form (1), we lethead(r) be its headH ,
body(r) the set{p1, . . . , pk,¬q1, . . . ,¬qm} of literals ob-
tained from the body of the rule with “not” replaced by
“¬”, body+(r) the set of atoms in its body,{p1, . . . , pk},
and body−(r) the set of atoms undernot in its body,
{q1, . . . , qm}.

To define theanswer setsof a logic program with con-
straints, we first define thestable modelsof a logic pro-
gram that does not have any constraints (Gelfond & Lifs-
chitz 1988). Given a logic programP without constraints,
and a setS of atoms, the Gelfond-Lifschitz transformation
of P onS, writtenPS , is obtained fromP by deleting:

1. each rule that has a negative literalnot q in its body with
q ∈ S, and

2. all negative literals in the bodies of the remaining rules.

Clearly for anyS, PS is a set of rules without any negative
literals, so thatPS has a unique minimal model, denoted by
ΓP (S). Now a setS of atoms is a stable model ofP iff
S = ΓP (S).

In general, given a logic programP that may have con-
straints, a setS of atoms is an answer set ofP iff it is a stable
model of the program obtained by deleting all the constraints
in P , and it satisfies all the constraints inP , i.e. for any con-
straint of the form (1) such thatH is empty, eitherpi 6∈ S
for some1 ≤ i ≤ k or qj ∈ S for some1 ≤ j ≤ m.

Notice that an answer set is a set of atoms, and can be
considered as a logical model: the model assigns true to an
atom iff it is in the answer set. In the following, when we
say that an answer set satisfies a logical formula, we refer
to the answer set as a logical model. Thus a sentence is a
consequence of a logic program if it is true in every answer
set of the logic program.

The well-founded semantics (Van Gelder, Ross, & Schlipf
1991) for programs without constraints can be defined using
the fixed points of the operatorΓ2

P (Van Gelder 1989), de-
fined as follows:Γ2

P (S) = ΓP (ΓP (S)). The operatorΓP

is anti-monotonic, soΓ2
P is monotonic. Thus it has a least

and a greatest fixed point which we denote by lfp(Γ2
P ) and

gfp(Γ2
P ), respectively. Informally, the atoms in the least

fixed point are those that must be true, while those not in the
greatest fixed point must be false. Formally, ifP is a logic
program without constraints, then itswell-founded modelis
the set of literals

lfp(Γ2
P ) ∪Atoms(P ) \ gfp(Γ2

P ).

As we mentioned, if a literal is in the well-founded model,
then it is satisfied by every answer set. Of course, a logic
program may not have any answer sets.
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It is not very clear how the well-founded semantics can
be extended to logic programs with constraints. One possi-
bility is to take it to be the output of theExpand operator
of smodels as the operator outputs the well-founded model
if the given program has no constraints, see (Baral 2003).

Another way of providing a semantics to logic programs
is to transform them to theories in classical logic. This starts
with Clark’s (1978) completion semantics which says that
an atom is true if and only if there is a rule with this atom
as its head such that the body of this rule is true. Formally,
given a programP without constraints, the completion of
an atomp is the disjunction of the bodies of all rules inP
that havep as their head. If there is no such rule, then the
completion ofp is ¬p. The Clark’s completion ofP is then
the set of completions of all atoms inP . If P has constraints,
then the completion ofP is the union of Clark’s completion
and the set of sentences corresponding to the constraints in
P : if ← p1, ..., pn, not q1, ..., not qm is a constraint, then its
corresponding sentence is¬(p1∧· · ·∧pn∧¬q1∧· · ·∧¬qm).

As we mentioned, we will convert the completion into a
set of clauses. Since we are going to use inference rules that
may not be logically complete, it matters how we convert
it. In the following, let comp(P ) be the set of following
clauses:
1. for eacha ∈ Atoms(P ), if there is no rule inP with a as

its head, then add¬a;

2. if r is a proper rule, then addhead(r) ∨
∨

body(r);

3. if r is a constraint, then add the clause
∨

body(r);

4. if a is an atom andr1, ..., rn, n > 0, are all the rules in
P with a as their head, then introducen new variables
v1, ..., vn, and add the following clauses:

¬a ∨ v1 ∨ · · · ∨ vn,

vi ∨
∨

body(ri), for each1 ≤ i ≤ n,

¬vi ∨ l, for eachl ∈ body(ri) and1 ≤ i ≤ n.

Clearly, the size ofcomp(P ) is linear in the size ofP .
It is known that ifA is an answer set ofP , thenA is also

a propositional model of the completion ofP , but the con-
verse may not be true in general as the completion semantics
does not handle cycles. For instance, if the only rule about
p in a program isp ← p, then the completion ofp is p ≡ p,
which is a tautology. But according to the answer set seman-
tics p is false as one should not provep by assumingp. To
address this problem with the completion semantics, Lin and
Zhao (2004) proposed adding so-called loop formulas to the
completion of a program and show that the resulting propo-
sitional theory coincides with the answer set semantics.

To define loop formulas, we have to define loops, which
are defined in terms of positive dependency graphs. Given a
logic programP , thepositive dependency graphof P , writ-
tenGP , is the directed graph whose vertices are atoms inP ,
and there is an arc fromp to q if there is a ruler ∈ P such
thatp = head(r) andq ∈ body+(r). A setL of atoms is
said to be a loop ofP if for any p andq in L, there is a non-
empty path fromp to q in GP such that all the vertices in the
path are inL, i.e. theL-induced subgraph ofGP is strongly
connected.

Given a loop, Lin and Zhao defined a formula which says
that an atom in the loop cannot be proved by the atoms in
the loop only. Thus atoms in the loop can be proved only by
using some atoms and rules that are “outside” of the loop.
Formally, a ruler is called anexternal supportof a loopL
if head(r) ∈ L andL ∩ body+(r) = ∅. In the following,
let R−(L) be the set of external support rules ofL. Then
the loop formulaof L underP , written LF (L, P ), is the
following implication:

∨

p∈L

p ⊃
∨

r∈R−(L)

body(r), (2)

where we have abused the notation and usebody(r) also for
the conjunction of the literals in it.

Lin and Zhao showed that a set of atoms is an answer set
of a logic program iff it is a propositional model of the com-
pletion and the loop formulas of all loops of the program.
Thus the logical consequences of the program completion
and loop formulas are identical to the consequences of the
logic program. In particular, all literals in the well-founded
model of a program are logical consequences of the program
completion and loop formulas. However, checking logical
entailment is coNP-complete, and in general, a program may
have an exponential number of loops (Lifschitz & Razborov
2006). So to use program completion and loop formulas to
derive consequences of a logic program efficiently, we have
to use an efficient rule of inference such as unit propagation.

Given a setΓ of clauses, we letUP (Γ) be the set of literals
that can be derived fromΓ by unit propagation. Formally, it
can be defined as follows:

Function UP (Γ)

if (∅ ∈ Γ) then return Lit;
A := unit clause(Γ);
if A is inconsistentthen return Lit;
if A 6= ∅ then return A ∪ UP (assign(A, Γ))

else return ∅;

whereunit clause(Γ) returns the union of all unit clauses
in Γ, andassign(A, Γ) is

{c | for somec′ ∈ Γ, c′ ∩A = ∅, andc = c′ \A}.

Loops with at Most One External Support
Consider first loops without any external support rules. If
a loopL has no external support rules, i.e.R−(L) = ∅,
then its loop formula (2) is equivalent to

∧

p∈L ¬p. More
generally, if we already know thatX is a set of literals that
are true in all answer sets, then ifX entails¬body(r), writ-
ten X |= ¬body(r), for every ruler ∈ R−(L), then un-
der X , the loop formula ofL is equivalent to

∧

p∈L ¬p,
whereX |= ¬body(r) means that the complement of one
of the literals inbody(r) is in X .

Thus we extend the notion of external support rules, and
have it conditioned on a given set of literals.

Let P be a logic program, andX a set of literals. We say
that a ruler ∈ R−(L) is anexternal support ofL underX if
X 6|= ¬body(r). In the following, we denote byR−(L, X)
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the set of external support rules ofL underX . Now given a
logic programP and a setX of literals, let

loop0(P, X) = {¬a | a ∈ L for a loopL of P such that

R−(L, X) = ∅}.

Thenloop0(P, X) is equivalent to the set of loop formulas
of the loops that do not have any external support rules un-
der X . In particular, the set of loop formulas of the loops
that do not have any external support rules is equivalent to
loop0(P, ∅).

Similarly, we can consider the set of loop formulas of the
loops that have exactly one external support rule under a
setX of literals:

loop1(P, X) = {¬a ∨ l | a ∈ L, l ∈ body(r), for some

loopL and ruler such thatR−(L, X) = {r}}

In particular,loop1(P, ∅) is equivalent to the set of loop for-
mulas of the loops that have exactly one external support
rule inP .

We now consider how to computeloop0(P, X) and
loop1(P, X). We start withloop0(P, X). Let ML0(P, X)
be the set of maximal loops that do not have any external
support rules underX : a loop is inML0(P, X) if it is a loop
of P such thatR−(L, X) = ∅, and there does not exist any
other such loopL′ such thatL ⊂ L′. Clearly,

loop0(P, X) =
⋃

L∈ML0(P,X)

L.

Proposition 1 LetP be a logic program andX a set of lit-
erals. If L1 and L2 are two loops ofP that do not have
any external support rules underX , andL1 ∩ L2 6= ∅, then
L1 ∪ L2 is also a loop ofP that does not have any external
support rules underX .

Proof: Suppose otherwise, and letr ∈ R−(L1 ∪ L2, X).
Then head(r) ∈ L1 ∪ L2, body+(r) ∩ (L1 ∪ L2) = ∅,
and X 6|= ¬body(r). Thus eitherhead(r) ∈ L1

or head(r) ∈ L2. So either r ∈ R−(L1, X) or
r ∈ R−(L2, X), a contradiction with the assumption
that L1 and L2 do not have any external support rules
underX .

Thus for anyP , andX ⊆ Lit(P ), loops inML0(P, X)
are pair-wise disjoint. This means that there can only be at
most|Atoms(P )| loops inML0(P, X).

To computeML0(P, X), considerGP , the positive de-
pendency graph ofP . If L is a loop of P , then there
must be a strongly connected componentC of GP such
that L ⊆ C. For L to be in ML0(P, X), there are two
cases: eitherL = C and R−(C, X) = ∅ or L ⊂ C,
R−(C, X) 6= ∅ and R−(L, X) = ∅. If it is the latter,
then for anyr ∈ R−(C, X), it must be thathead(r) 6∈ L,
for otherwise,r must be inR−(L, X), a contradiction with
R−(L, X) = ∅. Thus if R−(C, X) 6= ∅, then any sub-
set of C that is in ML0(P, X) must also be a subset of
S = C \ {head(r) | r ∈ R−(C, X)}. Thus instead
of GP , we can recursively search theS induced subgraph
of GP . This motivates the following procedure for comput-
ing ML0(P, X).

ML0(P, X) := ML0(P, X, Atoms(P ));

Function ML0(P, X, S)

ML := ∅; G := theS induced subgraph ofGP ;
For each strongly connected componentL of G:

if R−(L, X) = ∅ then add L to ML else append
ML0(P, X, L \ {head(r) | r ∈ R−(L, X)}) to ML.

return ML.

From our discussions above, the following result is imme-
diate.

Theorem 1 For any normal logic programP , any X ⊆
Lit(P ), and anyC ⊆ Atoms(P ), the above function
ML0(P, X, C) returns the following set of loops:

{L | L ⊆ C is a loop ofP such thatR−(L, X) = ∅,
and there does not exist any other such loopL′ such
thatL ⊂ L′}

in O(n2), wheren is the size ofP as a set.

We now consider the problem of computingloop1(P, X).
For any ruler, let ML1(P, X, r) be the set of maximal
loops ofP that haver as their only external support rule
underX : L is in ML1(P, X, r) if it is a loop of P such
that R−(L, X) = {r} and there is no other such loopL′

such thatL ⊂ L′. Notice that this definition is meaning-
ful only if r is a proper rule ofP . If r is a constraint, then
it can never be an external support rule of any loop, thus
ML1(P, X, r) = ∅. Now let

ML1(P, X) =
⋃

r∈P

ML1(P, X, r).

It is easy to see that loops inML1(P, X, r) are pair-wise
disjoint. Thus the size ofML1(P, X, r) is bounded by
|Atoms(P )|, andML1(P, X) by m|Atoms(P )|, wherem
is the number of proper rules inP .

It is easy to see thatloop1(P, X) is the following set:
⋃

L∈ML1(P,X)

{¬a∨l | a ∈ L, l ∈ body(r), R−(L, X) = {r}}.

Thus to computeloop1(P, X), we need to compute only
ML1(P, X), and for the latter, we only need to compute
ML1(P, X, r) for all proper rulesr ∈ P such thatX 6|=
¬body(r). At first glance, this problem can be trivially re-
duced to that of computingML0(P \ {r}, X), the set of
maximal loops that do not have any external support rules
underX in the program obtained fromP by deletingr from
it. However, while it is true that ifL ∈ ML0(P \ {r}, X)
andr is the only external support rule ofL underX in P ,
thenL ∈ML1(P, X, r), the converse is not true in general.

Example 1 Consider the following logic programP :

a ← b, c.

b ← a.

b ← c.

c ← b.

It is easy to see thatML1(P, ∅, b← c) = {{a, b}}, but
ML0(P \ {b← c}, ∅) = {{a, b, c}}.
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We do not yet know any efficient way of comput-
ing ML1(P, X, r), but for the purpose of computing
loop1(P, X) ∪ loop0(P, X), ML0(P \ {r}, X) is enough.

Proposition 2 For any normal logic programP and a setX
of literals, loop0(P, X) implies thatloop1(P, X) is equiva-
lent to the following theory

⋃

X 6|=¬body(r),L∈ML0(P\{r},X)

{¬a ∨ l | a ∈ L, l ∈ body(r)}.

(3)

Proof: Supposeloop0(P, X) and loop1(P, X) are true.
We show that for any proper ruler of P such thatX 6|=
¬body(r), and anyL ∈ML0(P \ {r}, X),

{¬a ∨ l | a ∈ L, l ∈ body(r)} (4)

is true. Firstly, L is also a loop ofP , and that either
R−(L, X) = ∅ or R−(L, X) = {r}. For the first case,
L ⊆ loop0(P, X), thus (4) is true. For the second case, (4)
is contained inloop1(P, X), thus true.

Now supposeloop0(P, X) and (3) are true. We show that
loop1(P, X) is true, i.e. for any proper ruler ∈ P such
thatX 6|= ¬body(r) and anyL ∈ ML1(P, X, r), (4) holds.
Firstly, L is a loop ofP \ {r} that has no external support
rules underX . Thus there existsL′ ∈ ML0(P \ {r}, X)
such thatL ⊆ L′. Now L′ is also a loop ofP , and w.r.t.P ,
eitherR−(L′, X) = ∅ or R−(L′, X) = {r}. In the first
case,L ⊆ L′ ⊆ loop0(P, X), thus (4) holds. In the second
case,L′ must be inML1(P, X, r) as well, thusL = L′ and
(4) holds.

So to summarize, to computeloop0(P, X)∪loop1(P, X),
we first computeML0(P, X), and then for each proper
rule r ∈ P such thatX 6|= ¬body(r), we compute
ML0(P \ {r}, X). The worst case complexity of this pro-
cedure isO(n3), wheren is the size ofP . There are a lot
of redundancies in this procedure as described here as the
computations ofML0(P, X) andML0(P \ {r}, X) overlap
a lot. These redundancies can and should be eliminated in
the actual implementation.

Computing Consequences of a Logic Program
By Lin and Zhao’s theorem on loop formulas, logical con-
sequences ofcomp(P ) ∪ loop0(P, X) ∪ loop1(P, X) are
also consequences ofP . Sincecomp(P ), loop0(P, X), and
loop1(P, X) can all be computed in polynomial time, with
a polynomial time inference rule, we thus get a polynomial
time algorithm for computing some consequences of a logic
program. In this paper, we consider usingUP (C), the unit
propagation.

Consider first loops without any external support rules.
With comp(P ), loop0(P, X), andUP (C), we can do the
following:

Y := comp(P ) ∪ loop0(P, ∅); X := ∅;

while X 6= UP (Y ) do

X := UP (Y ); Y := Y ∪ loop0(P, X);

return X ∩ Lit(P ).

Formally, the above procedure computes the least fixed point
of the following operator:

f(X) = UP (comp(P ) ∪X ∪ loop0(P, X)) ∩ Lit(P ).

As it turns out, this least fixed point is essentially the well-
founded model when the given logic normal logic program
has no constraints. This means that, surprisingly perhaps,
the well-founded models amount to repeatedly applying
unit propagation to the program completion and loop for-
mulas of loops that do not have any “applicable” external
support rules. In general, for normal logic programs that
may have constraints, the least fixed point of the above
operator is essentiallyExpand(P, ∅) in smodels (Simons,
Niemelä, & Soininen 2002; Baral 2003). More generally,
Expand(P, A) corresponds to the least fixed point of the
following operator:

UP
A (X) = UP (comp(P )∪A∪X∪ loop0(P, X))∩Lit(P ).

(5)
Now if we add inloop1(P, X), a more powerful operator

can be defined:

T P
A (X) = Lit(P ) ∩

UP (comp(P ) ∪A ∪X ∪ loop0(P, X) ∪ loop1(P, X)).

In the following, we denote byT (P, A) the least fixed point
of the operatorT P

A . Clearly, UP
A (X) ⊆ T P

A (X), and the
least fixed point ofUP

A , denoted byU(P, A), is contained
in T (P, A), the least fixed point ofT P

A . The following ex-
ample shows that the containments can be proper.

Example 2 Consider the following logic programP :

x ← not e.

e ← not x.

n ← x.

n ← m.

m ← n.

← not n.

Clearly,x ∈ T (P, ∅) butx 6∈ U(P, ∅).

The following proposition says that if an answer set ofP
satisfiesA, then it also satisfiesT (P, A). In particular, every
literal in T (P, ∅) is a consequence ofP .

Proposition 3 LetP be a normal logic program andA a set
of literals in P . If S is an answer set ofP that satisfiesA,
thenS also satisfiesT (P, A).

Notice thatT (P, A), the least fixed point of the opera-
tor T P

A , can be computed by an iterative procedure like the
one described in Introduction.

Expand in smodels
We mentioned that the least fixed point of our operatorUP

A

defined by (5) coincides with the output of theExapnd op-
erator used in smodels. We now make this precise. Our
following presentation of theExpand operator in smodels
follows that in (Baral 2003).
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Given a logic programP and a setA of literals, the goal
of Expand(P, A) is to extendA as much as possible and
as efficiently as possible so that all answer sets ofP that
agree withA also agree withExpand(P, A). It is de-
fined in terms of two functions namedAtleast(P, A) and
Atmost(P, A). They form the lower and upper bound of
what can be derived from the programP based onA in the
sense that those inAtleast(P, A) must be in and those not
in Atmost(P, A) must be out. Formally,Expand(P, A) is
defined to be the least fixed point of the following operator:

EP
A (X) = Atleast(P, A ∪X) ∪

Atoms(P ) \Atmost(P, A ∪X). (6)

The functionAtleast(P, A) is defined as the least fixed
point of the operatorFP

A defined as follows:

F1(P, X) = {a ∈ Atoms(P ) | there is a ruler in P such
thata = head(r) andX |= body(r)},

F2(P, X) = {¬a | a ∈ Atoms(P ) and for allr ∈ P , if
a = head(r), thenX |= ¬body(r)},

F3(P, X) = {x | there exists an atoma ∈ X such that
there is only one ruler in P such thata = head(r), x ∈
body(r), andX 6|= ¬body(r)},

F4(P, X) = {x̄ | there exists¬a ∈ X such that there is
a ruler in P such thata = head(r) andX ∪ {x} |=
body(r)},

F5(P, X) =

{

Lit(P ) if X is inconsistent,
∅ otherwise,

FP
A (X) = A ∪X ∪ F1(P, X) ∪ F2(P, X) ∪ F3(P, X) ∪
F4(P, X) ∪ F5(P, X).

The functionAtmost(P, A) is defined as the least fixed
point of the following operatorGP

A:

GP
A(X) = {a | there is a ruler ∈ P such thathead(r) =
a, X \A− |= body+(r), andbody−(r) ∩A+ = ∅} \A−,

whereA+ = {a | a is an atom anda ∈ A}, andA− = {a |
a is an atom and¬a ∈ A}.

In the following, a programP is said to besimplifiedif
for any r ∈ P , head(r) 6∈ body+(r) ∪ body−(r). Notice
that any logic program is strongly equivalent to a simplified
logic program: ifhead(r) ∈ body+(r), then{r} is strongly
equivalent to the empty set, thus can be safely deleted from
any logic program, and ifhead(r) ∈ body−(r), then{r}
is strongly equivalent to{← body(r)} (cf. (Lin & Chen
2007)).

The following theorem relates U(P, A) and
Expand(P, A). The proof is given in Appendix.

Theorem 2 For any normal logic programP , and anyA ⊆
Lit(P ). Expand(P, A) ⊆ U(P, A). If P is a simplified,
thenExpand(P, A) = U(P, A).

As we mentioned, if P has no constraint, then
Expand(P, ∅) is the same as the well-founded model ofP
(Baral 2003). Thus for simplified logic programs, the well-
founded model can be computed by a bottom-up procedure
using unit propagation on sets of clauses from the program

completion and the loop formulas of the loops that do not
have any external support rules.

The following example shows that ifP has a rule such as
p← not p, U may be stronger thanExpand.

Example 3 Consider the following programP :

p ← not q.

q ← not p.

f ← not p.

f ← not f.

U(P, ∅) = {f, q,¬p}, butExpand(P, ∅) = ∅.

Some Experiments
We have implemented a program that for any given normal
logic programP , it first computesT (P, ∅), and then adds
the following set of constraints:

{← l̄ | l ∈ T (P, ∅)}

to P . Our implementation is available at the following URL:

http://www.cs.ust.hk/cloop/

By Proposition 3, adding the above constraints toP does
not change the answer sets, and intuitively, should help ASP
solvers in computing the answer sets. To verify this, we tried
our program on a number of benchmarks.

First, for the normal logic programs at the First Answer
Set Programming System Competition1, T (P, ∅) does not
return anything beyond the well-founded model ofP . Thus
for these programs, our program does not add anything new.

Next we tried Niemelä’s (1999) encoding of the HC prob-
lem, and consider graphs with the special structure as men-
tioned in Introduction. Specifically, we create some copies
of a complete graph, and then randomly add some arcs to
connect these copies into a strongly connected graph such
that any HC for this graph must go through these special
arcs.

Table 1 contains the running times for these programs.2 In
this table, MxN.K stands for a graph withM copies of the
complete graph withN nodes:C1, ..., CM , and with exactly
one arc fromCi to Ci+1 and exactly one arc fromCi+1 to
Ci, for each1 ≤ i ≤ M (CM+1 is defined to beC1). The
extensionK stands for a specific way of adding these arcs.
The numbers under “cmodels withT ” refers to the run times
(in seconds) of cmodels (version 3.74 (Giunchiglia, Lierler,
& Maratea 2006)) when the results fromT (P, ∅) are added
to the original program as constraints, and those under “T ”
are the run times of our program for computingT (P, ∅). As
can be seen, information fromT (P, ∅) makes cmodels run
much faster when looking for an answer set. In addition
to cmodels, we also tried smodels and DLV (Leoneet al.
2006), which unfortunately could not terminate even for the
smallest graphs considered here. We also tried clasp (Geb-
seret al. 2007), which is very fast on these programs. On

1http://asparagus.cs.uni-potsdam.de/contest/.
2Our experiments were done on a Pentium 4 3.2Ghz CPU and

1GB RAM. The reported times are in CPU seconds as reported by
Linux “/usr/bin/time” command.

406



average it returned a solution in a few seconds. Adding liter-
als fromT (P, ∅) makes it run a little faster, but the speedup
is not worth the overhead of computingT (P, ∅).

Problem cmodels cmodels withT T
20x12.1 67.62 8.20 2.18
20x12.2 5.02 5.45 1.98
20x12.3 17.33 5.69 2.00
20x12.4 29.91 7.07 1.82
20x12.5 5.56 6.90 1.78
20x12.6 8.76 6.45 2.08
20x12.7 76.11 4.86 2.13
20x12.8 281.31 4.93 1.84
20x12.9 233.56 5.08 2.10
20x12.10 57.98 7.51 2.11
20x20.1 >2h 87.01 8.24
20x20.2 114.39 129.31 8.05
20x20.3 >2h 59.12 6.49
20x20.4 97.24 63.06 8.22
20x20.5 123.17 86.93 8.30
20x20.6 >2h 105.15 8.36
20x20.7 1175.61 79.48 8.23
20x20.8 171.87 76.52 8.25
20x20.9 109.07 63.41 7.95
20x20.10 >2h 81.42 8.26

Table 1: Run-time Data.

Conclusion
We have looked at the loops that have at most one external
support rule in this paper. These loops are special in that
their loop formulas are equivalent to sets of unit or binary
clauses. We have considered how they, together with the
program completion, can be used to deduce useful conse-
quences of a logic program under unit propagation and in
the process relate them to the well-founded semantics and
theExpand operator in smodels.

We think that this work opens up a line of research that
deserves further study:

• We have used unit propagation as the inference rule. One
could use others as long as they are “efficient” enough.
For example, in addition to unit propagation, one can con-
sider adding the following rule: inferl from l ∨ a and
l ∨ ¬a, or even the full resolution on binary clauses.

• We have used these loop formulas for deriving conse-
quences of a logic program. They can of course be used
in ASP solvers such as ASSAT and cmodels directly.
Whether this has any benefit requires further study.

• As we mentioned, what we have done here for nor-
mal logic programs can be extended to more expres-
sive logic programs such as disjunctive logic programs.
Among other things, this may provide a new perspec-
tive on how to extend the well-founded semantics to
these more expressive logic programs. For instance, there
have been several competing proposals for extending
the well-founded semantics to disjunctive logic programs
(Lobo, Minker, & Rajasekar 1992; Przymusinski 1995;

Leone, Rullo, & Scarcello 1997; Brass & Dix 1999;
Wang & Zhou 2005). It would be interesting to find
out which one, if any, of these corresponds to the least
fixed point of our operatorUP

A when applied to disjunc-
tive logic programs.
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Proof of Theorem 2
We prove Theorem 2 by showing that for any logic pro-
gramP and any setA of literals,Expand(P, A) ⊆ U(P, A)
(Lemma 2 below) and, for any simplified logic programP ,
U(P, A) ⊆ Expand(P, A) (Lemma 3 below).

Before proving these two lemmas, we first prove that
Atoms(P ) \Atmost(P, A) is equivalent toM(P, A), the
least fixed point of the operatorMA

P defined as follows:

loopA
0 (P, X) = {¬a | there is a loopL of P such that

a ∈ L andR−(L, A ∪X) = ∅},

FA
2 (P, X) = {¬a | a ∈ Atoms(P ) and for allr ∈ P , if
a = head(r) thenA ∪X |= ¬body(r)},

MA
P (X) = {¬a | a ∈ A−} ∪ X ∪ loopA

0 (P, X) ∪
FA

2 (P, X).

Lemma 1 For any normal logic programP , and anyA ⊆
Lit(P ). M(P, A) = Atoms(P ) \Atmost(P, A).

Proof: Let AM(P, A) = Atoms(P ) \Atmost(P, A) and
X ⊆ AM(P, A), clearlyX ∩ Atmost(P, A) = ∅. First we
prove thatM(P, A) ⊆ AM(P, A). As M(P, A) is the least
fixed point of our operatorMA

P , we only need to prove that
MA

P (X) ⊆ AM(P, A).
Let L be a loop ofP andR−(L, A ∪ X) = ∅, clearly

L∩Atmost(P, A∪X) = ∅. For any set of atomsY such that
Y ⊆ Atmost(P, A) andY ⊆ Atmost(P, A ∪X), asX ∩
Atmost(P, A) = ∅, Y \A− = Y \ (A−∪X), soGP

A(Y ) =
GP

A∪X(Y ), henceAtmost(P, A ∪ X) = Atmost(P, A).

Now we haveL ∩Atmost(P, A) = ∅, thenloopA
0 (P, X) ∩

Atmost(P, A) = ∅ andloopA
0 (P, X) ⊆ AM(P, A).

Let a be an atom such thata ∈ FA
2 (P, X), then for all

r ∈ P , if a = head(r) thenA ∪X |= ¬body(r). Clearly,
a 6∈ Atmost(P, A ∪ X) anda 6∈ Atmost(P, A), hence,
FA

2 (P, X) ⊆ AM(P, A).
SoMA

P (X) ⊆ AM(P, A) andM(P, A) ⊆ AM(P, A).
Now we prove thatAM(P, A) ⊆ M(P, A). Let S =
AM(P, A) \M(P, A), we want to proveS = ∅. The sketch
of the proof is: ifS 6= ∅, then there exists a loopL ⊆ S and
R−(L, M(P, A)) = ∅, clearly, L ⊆ loopA

0 (P, M(P, A))
andL ⊆M(P, A), soS ∩M(P, A) 6= ∅, which conflicts to
the definition ofS. Now We give the detail of the proof.

For any atoma, if ¬a ∈ S, then there exists a ruler such
that head(r) = a andAtmost(P, A) \ A− 6|= body+(r),
which is equivalent to((Atoms(P ) \ Atmost(P, A)) ∪
A−) ∩ body+(r) 6= ∅. As Atoms(P ) \ Atmost(P, A) =

S ∪M(P, A), there exists a ruler such thathead(r) = a

andS ∩ body+(r) 6= ∅.
Let GS

P be theS induced subgraph ofG, L = {a | for

eachb ∈ S, if there is a path froma to b in GS
P , then there is

a path fromb to a in GS
P }. Now we prove that,L 6= ∅ and

R−(L, M(P, A)) = ∅.
For any atoma ∈ S, let H−(a) = {b | b ∈ S, there is a

path froma to b and there is not any path fromb to a in GS
P }

andH+(a) = {b | b ∈ S, there is a path fromb to a in GS
P }.

If L = ∅, then for all atomsa ∈ S, H−(a) 6= ∅. If an atom
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b ∈ H−(a), thena ∈ H+(b) andH−(b) ⊆ H−(a) \ {a}.
If another atomc ∈ H−(b) thenH−(c) ⊆ H−(a) \ {a, b}.
So we can form an infinite list of atoms{a1, a2, . . .}, where
ai+1 ∈ H−(ai) andai+1 6= aj (1 ≤ j ≤ i, 1 ≤ i ≤ ∞).
But S is finite, soL 6= ∅.

Clearly,L is a loop ofP , L ⊆ S, L 6= ∅, and for each ex-
ternal support ruler of L, body+(r) ∩ S = ∅. Furthermore,
all rules with heads belong toS are false underM(P, A)∪S,
soR−(L, M(P, A)) = ∅. ThenL ⊆ loopA

0 (P, M(P, A)),
L ⊆ M(P, A) andL ⊆ S, which conflicts to the definition
of S.

SoS = ∅ andM(P, A) = Atoms(P ) \Atmost(P, A).

Lemma 2 For any normal logic programP , and anyA ⊆
Lit(P ). Expand(P, A) ⊆ U(P, A).

Proof: Expand(P, A) is the least fixed point of our operator
EP

A defined by (6). For any set of literalsX , such thatX ⊆
U(P, A), we want to proveEP

A (X) ⊆ U(P, A). First we
prove thatAtleast(P, A ∪X) ⊆ U(P, A).

Atleast(P, A ∪ X) is the least fixed point of operator
FP

A∪X . Let Y ⊆ U(P, A), we considerFi(P, Y ) (1 ≤ i ≤
5) respectively.

Letx be a literal, ifx ∈ F1(P, Y ), then there is a rulex←
l1, . . . , ln. and{l1, . . . , ln} ⊆ Y . The corresponding clause
x∨ l̄1∨· · ·∨ l̄n is in comp(P ), thenx ∈ UP (comp(P )∪Y ).
As Y ⊆ U(P, A) andU(P, A) is the least fixed point of our
operatorUP

A defined by (5),x ∈ UP (comp(P ) ∪U(P, A)),
x ∈ U(P, A). SoF1(P, Y ) ⊆ U(P, A).

If x̄ ∈ F2(P, Y ), then for every ruler, if head(r) = x
then body(r) is false underY . The corresponding clause
x̄∨v1∨v2∨· · ·∨vn is in comp(P ) and¬v1,¬v2, . . . ,¬vn ∈
UP (comp(P ) ∪ Y ), wherevi is the new variable stands for
the body of the rule. Clearlȳx ∈ UP (comp(P ) ∪ Y ). In
particular, ifn = 0, there is a clausēx in comp(P ), then
x̄ ∈ UP (comp(P ) ∪ Y ). Similar to the prove forF1(P, Y ),
F2(P, Y ) ⊆ U(P, A).

If x ∈ F3(P, Y ), then there exists a clause¬a∨ v1 ∨ v2 ∨
· · · ∨ vn in comp(P ), a ∈ Y and for anyj 6= i, ¬vj ∈ Y ,
thenvi ∈ UP (comp(P ) ∪ Y ). As the clause¬vi ∨ x is
in comp(P ), x ∈ UP (comp(P ) ∪ Y ), hence,F3(P, Y ) ⊆
U(P, A).

If x̄ ∈ F4(P, Y ), then there is a literal¬a ∈ Y , a rule
a← l1, . . . , ln., and{l1, . . . , ln} is true underY ∪ {x}. As
Y is consistent, then{l1, . . . , ln} is not true underY , sox is
equivalent to a literalli (1 ≤ i ≤ n) and for anyj 6= i, 1 ≤
j ≤ n, lj ∈ Y . The corresponding clause isa∨ l̄1∨· · ·∨ l̄n,
thenx̄ ∈ UP (comp(P ) ∪ Y ), soF4(P, Y ) ⊆ U(P, A).

If Y is inconsistent, thenF5(P, Y ) = Lit(P ). U(P, A)
is also inconsistent, thenU(P, A) = Lit(P ), F5(P, Y ) ⊆
U(P, A).

As for anyY ⊆ U(P, A), FP
A∪X(Y ) ⊆ U(P, A), we have

proved thatAtleast(P, A ∪X) ⊆ U(P, A).
Now we prove thatAtoms(P ) \Atmost(P, A) ⊆

U(P, A).
From Lemma 1, M(P, A ∪ X) =

Atoms(P ) \Atmost(P, A ∪X). Clearly for any
Y ⊆ U(P, A), loopA

0 (P, Y ) ⊆ U(P, A) and

FA
2 (P, Y ) ⊆ U(P, A), so MA

P (P, Y ) ⊆ U(P, A),
M(P, A ∪X) ⊆ U(P, A).

SoEP
A (X) ⊆ U(P, A) andExpand(P, A) ⊆ U(P, A).

Lemma 3 For any simplified logic programP , and any
A ⊆ Lit(P ). U(P, A) ⊆ Expand(P, A).
Proof: U(P, A) is the least fixed point of our opera-
tor UP

A defined by (5). For any set of literalsX such
that X ⊆ Expand(P, A), we want to proveUP

A (X) ⊆
Expand(P, A). X is consistent, if not,Expand(P, A) =
Lit(P ) andUP

A (X) ⊆ Expand(P, A). First we prove that
UP (comp(P ) ∪X) ∩ Lit(P ) ⊆ Expand(P, A).

From the definition ofcomp(P ) in Preliminaries, some
new variables are introduced and there are four kinds of
clauses incomp(P ). We consider them one by one. First
we give some notions that will be used in the proof.

A set of literalsX ⊆ Lit(comp(P )) is called aproper
submodelof a set of clausescomp(P ), if for any new vari-
ablevi which stands for the body{l1, . . . , lm}, vi ∈ X im-
plies{l1, . . . , lm} ⊆ X and¬vi ∈ X implies there exists
somej, 1 ≤ j ≤ m such that̄lj ∈ X . For any set of literals
Y ⊆ Lit(comp(P )), Sub(Y ) = {vi | vi ∈ Y, vi stands for
the body{l1, . . . , lm}, and{l1, . . . , lm} 6⊆ Y }.

For any set of literalsX ⊆ Lit(comp(P )), such thatX
is a proper submodel ofcomp(P ) and (X ∩ Lit(P )) ⊆
Expand(P, A).

For type 1, the clause is¬a and¬a ∈ F2(X ∩ Lit(P )).
For type 2, the clause is̄l1 ∨ · · · ∨ l̄n ∨ l. Assume that

it can be reduced to a unit clause underX . As the rule is a
simplified rule, the head of the rule does not belong to the
atoms appeared in the body, then there are only two cases.
If the remaining literal isl, then{l1, . . . , ln} ⊆ X , so l ∈
F1(P, X ∩ Lit(P )), l ∈ Expand(P, A). If the remaining
literal is l̄i, thenl̄ ∈ X , and for anyj 6= i, 1 ≤ j ≤ n, lj ∈
X , so l̄i ∈ F4(P, X ∩ Lit(P )), l̄i ∈ Expand(P, A). So if
the unit clausec is reduced from one of this kind of clauses,
thenc ∈ Expand(P, A).

For type 3, the clauses are¬a ∨ v1 ∨ · · · ∨ vm, vi ∨ l̄1i
∨

· · · ∨ l̄ni
, ¬vi ∨ l1i

, . . .¬vi ∨ lni
(1 ≤ i ≤ m).

For the clause¬a ∨ v1 ∨ · · · ∨ vm, assume that it can be
reduced to a unit clause underX . There are only two cases.
If the remaining literal is¬a, then{¬v1, . . . ,¬vm} ⊆ X .
As X is a proper submodel ofcomp(P ), for any ruler ∈ P
if head(r) = a then body(r) is false underX ∩ Lit(P ),
so¬a ∈ F2(P, X ∩ Lit(P )), ¬a ∈ Expand(P, A). If the
remaining literal isvi, vi 6∈ Lit(P ), so we do not need to
consider this case.

For the clausevi ∨ l̄1 ∨ · · · ∨ l̄n, assume that it can be
reduced to a unit clause underX . There are only two cases.
If the remaining literal is̄lj , then¬vi ∈ X and for anyk 6=
j, 1 ≤ k ≤ n, lk ∈ X . As X is a proper submodel of
comp(P ), then l̄j ∈ X , so l̄j ∈ Expand(P, A). If the
remaining literal isvi, vi 6∈ Lit(P ).

For the clause¬vi ∨ lj , assume that it can be reduced to
a unit clause underX . There are only two cases. If the
remaining literal islj , thenvi ∈ X . As X is a proper sub-
model ofcomp(P ), lj ∈ X . Solj ∈ Expand(P, A). If the
remaining literal is¬vi, vi 6∈ Lit(P ).
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So if the unit clausec is reduced from the clause of type
3, then{c} ∩ Lit(P ) ⊆ Expand(P, A).

For type 4, the clause is̄l1 ∨ · · · ∨ l̄n. Assume that it
can be reduced to a unit clause underX . If the remaining
literal is l̄i, then for anyj 6= i, 1 ≤ j ≤ n, lj ∈ X , so
l̄i ∈ F4(P, X ∩ Lit(P )). So if the unit clausec is reduced
from one of this kind of clauses, thenc ∈ Expand(P, A).

unit clause(assign(X, comp(P ))) returns the union
of unit clauses reduced fromcomp(P ) under X , we
denote UPO(comp(P ), X) for short. So for any
X ⊆ Lit(comp(P )), X is a proper submodel of
comp(P ) and X ∩ Lit(P ) ⊆ Expand(P, A), we have
UPO(comp(P ), X) ∩ Lit(P ) ⊆ Expand(P, A).

Let Y = UPO(comp(P ), X), if Y is not a proper
submodel ofcomp(P ), then there exists somevi ∈ Y
which stands for the body{l1, . . . , ln} and for some1 ≤
j ≤ n, lj 6∈ Y . vi can only come from the clause
¬a ∨ v1 ∨ · · · ∨ vm, so a ∈ Y and for all k 6=
i, 1 ≤ k ≤ m, ¬vk ∈ Y , then {l1, . . . , ln} ⊆
F3(P, Y ∩ Lit(P )), UPO(comp(P ), Sub(Y )) ∩ Lit(P ) ⊆
Expand(P, A). Let Z = Y \ Sub(Y ), it is
clear that Z is a proper submodel ofcomp(P ), then
UPO(comp(P ), Z) ∩ Lit(P ) ⊆ Expand(P, A). So
UPO(comp(P ), Y ) ∩ Lit(P ) = (UPO(comp(P ), Z) ∪
UPO(comp(P ), Sub(Y ))) ∩ Lit(P ) ⊆ Expand(P, A).

SoUP (comp(P ) ∪X) ∩ Lit(P ) ⊆ Expand(P, A).
Now we prove thatloop0(P, X) ⊆ Expand(P, A).
From Lemma 1, for anyY ⊆ Expand(P, A),

loopA
0 (P, Y ) ⊆ Expand(P, A), then loop0(P, X) ⊆

Expand(P, A).
So UP

A (X) ⊆ Expand(P, A) and U(P, A) ⊆
Expand(P, A).
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