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Abstract

A prototype scientific programming environment
for solving boundary value problems in ordinary
differential and integro-differential equations is
presented. This environment is designed to assist
scientific programmers in overcoming the seman-
tic gap between the formulation of the mathemat-
ical model of a physical system and the code for
solving that model. The environment includes the
following concepts:

¯ Knuth’s Literate Programming where the user
can document the mathematical model in the
TEX or I~I~X system.

¯ The use of a Taylor series based integrator
which gives efficiency and stability at the cost
of higher overhead in code preparation.

¯ Symbolic computation to reduce the overhead
in the previous item.

Most of the environment is based upon the use of
a public domain and portable editor (gnu-emacs),
[8TALLMAN]. This paper specifically addresses the
part of conversion of a portion of the TEX code to
higher level language (HLL) code such as C 
FORTRAN. This conversion is tedious and people
are not well suited to it.
Automating these procedures enables the use of
codes that solve these problems with a fraction
(~ 3 to 20%) of the usual CPU requirements. The
higher accuracy requirements gave the best speed
improvements.
The Taylor series has a characteristic of cover-
ing a larger range of the independent variable
than the usual Runge-Kutta or multistep meth-
ods. This obviously requires a larger fraction of
the computation in the generation of the series.
This increased computation to communication ra-
tio should be advantageous for parallel computers.

Boundary Value Problems in ODEs
We will pose three problems that can be formulated
in a manner appropriate for solution as a multipoint
boundary value problem.

¯ The aerodynamic drag and rolling friction of an au-
tomobile is critical to its efficiency. Many would
suggest that the placement of the vehicle in a wind
tunnel and on a treadmill is a means of determin-
ing these parameters. We propose that gathering a
simple set of data from one coasting run can yield a
more accurate estimation. This would use a second
order differential equation with several parameters.

¯ Satellite orbits are affected by the reality that na-
ture’s gravitational bodies are not perfect spheres.
The use of a lumped mass model of the bodies
can make calculations of corrective propulsions quite
convenient. This would use a sixth order differential
equation with many unknown parameters.

¯ The eco-systems of the earth are now being modeled
for performance and critical status. The model of a
one acre stand of trees could be modeled as a first
or second order differential equation. It can also
be argued that such an equation should be written
for each tree and feedback from neighboring trees be
included. For this small size, we would use hundreds
of differential equations and parameters.

In all these cases, we would probably use many more
observations of the phenomena that we have equations.
These are typical applications.

Basic Theory
Multi-point boundary value problem in ordinary dif-
ferential equations can also be described in the famil-
iar terms of "regression analysis" where the model is
the solution of a set of (non)linear ordinary differen-
tial equations. There are usually many more observa-
tions (boundary conditions) than the number needed
to specify a unique solution. Further, these observa-
tions are naturally imprecise. The model is known
but in addition to just solving the differential equa-
tion there is also the need to determine the constant
parameters in the differential equation.
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The solution of the problem is achieved by the use
of superposition methods (often called shooting meth-
ods.) A sequence of initial value problems with as-
sumed initial values is generated and these solutions
axe superimposed to satisfy the boundary conditions.

The superposition of the solutions results in a sys-
tem of algebraic equations. Solving this gives a "bet-
ter" estimate of the initial values for another iteration.
These iterations axe repeated until there is no signifi-
cant change in the initial values. One might consider
this to be Regression Analysis where the model is a
differential equation.

The following problem is offered as a simple but non-
trivial example. It is a model of a spring mass dashpot,
electrical circuit, or other physical systems. This is a
linear problem if the parameters are known.

+ p~ + ~x = Asin(t) (1)
We realize that these parameters will not be a linear
function of data like:

I t‘ I 1.0 [ 2.0 I 3.0 [ 4.0 15.0 16.0 I’"1
~0.474 -0.589 0.393 1.597 ...

The constants p, ~, and A are unknown and their esti-
mation is a primary goal. The values of x(0) and ~(0))
are also not linearly dependent upon the data.

The linear multipoint boundary value problem is to
find the solution of the differential equation:

= Ly + 1 (2)
subject to the m boundary conditions:

qi(y(ti)) = b,, for i = 1,2,...,m (3)
where:

y is the state vector of n elements,

L is a linear operator that is a variable or constant
coefficient matrix,

t is the independent variable, often time.

f is an n element vector function of the independent
variable t, and

(’) denotes differentiation with respect to 

qi is an operator that defines a linear combination of
the elements of the state vector, y, that is equal to
the boundaxy value bi at t -- ti.

Since the constant coefficients of the differential
equation are unknown, the vector differential equation
is nonlinear. Thus, we rewrite equation 2 as:

= g(y, t) (4)

It is of order five, because x, 4, and three parameters
axe not known (at t = 0). The elements Y3,Y4, and
Ys are #, ~ and A, respectively. The five elements of
equation 4 for the example of equation (1) are:

Y2 = --YlY4 -- Y2Y3 -I- Y5 sin(t)
~3 = 0
~4 = 0
~s = 0

(5)

If w(O) is the best available estimate for the initial
values of ~ = g(y, t), then we can formulate a "lin-
earized" approximation z(t) of y(t). The truncated
Taylor series about w is:

= g(w,t) + (z - 

Superposition Methods

In the usual superposition method, the solution of a
linear differential equation is expressed as the weighted
sum of n linearly independent homogeneous solutions
upon a particular solution.

The solution can also be written as the sum of n + 1
particular solutions, given that a certain condition (or
constraint) is met. We write:

j----O
(7)

where:

/~j are superposition coefficients and

P is a matrix whose jth column is denoted by P(.j).

The jth column of P is a solution of the ODE:

P(.,j) = LP(.,j) + f j = O, 1, 2,... (8)

We multiply each of these equations by the appro-
priate superposition coefficient, flj, and sum over the
indicated range which yields:

n n n

j=o j=o j=o

Comparing this with equation (3) and its derivative
with respect to t, we see that:

E/~J -- 1 (10)
j=O

Boundary Condition Specification

The superposition coefficients for this definition are
found by substituting into the boundary conditions.
The system of equations which must be solved to de-
termine the superposition coefficients are:

C/~ = d

where the elements of these arrays are:

(11)

C(od) = 1 for j =O, 1,2,...,n

C(id) = qi(P(.j)(ti)) 1’2’’’’’m- O, 1,..., n (12)

do -- 1

di = bi f or i = l, 2, . . . , m
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Constrained Least Squares

This is a system of over-determlned equations 12, but
the first is to be met exactly. Thus, this is a con-
strained least squares problem. The overdetermined
set of equations is well know to be non-singular and
ill-conditioned. Problems of low order can be solved
by forming the usual normal equations of regression
analysis.

Many problems will require the use of techniques
such as singular value decomposition or Gram-Schmidt
orthogonalization. These procedures also yield the ma-
trices that are needed to calculate covariences and con-
fidence estimates. Many problems also have a mixture
of boundary conditions that are observations and con-
straints (such as continuity equations). The observa-
tions are to be met in a best fit sense, but continuity
implies exactness. This dictates the need for some gen-
eraiity in the constrained least squares routines.

Taylor Series Integrators

The Taylor series is one of the most common and im-
portant tools in applied mathematics. The solution of
ordinary differential equations can be expressed in this
form. The usual integration formulae, Runge-Kutta
and multistep methods, are based upon the approxi-
mation of the first few terms of Taylor series.

One disadvantage of the Taylor series as an inte-
grator is that the formal manipulation of these power
series can often be quite complex and require detailed
manual preparation. The use of symbolic computation
to develop the recurrence relations largely overcomes
the problems. This is worth considering since compu-
tational timings generally indicate an 80 percent re-
duction in the CPU requirements with these integra-
tors. Our studies indicate that with current systems
this reduction is more likely to be in the range of 93
to 97 percent, [McGuIItE, CHILDS]. These compar-
isons used standard IMSL libraries and the problems
discussed in the classic paper, [HULL].

The resultant series will be valid in a region of con-
vergence. This finite region can be extended by a pro-
cess similar to analytic continuation.

FrSbenius Recurrence Equations

The method of FrSbenius is an economical means of
calculating these coefficients through the use of recur-
rence equations rather than using the repeated differ-
entiation. We will describe various routines which will
expedite some of the formal manipulations necessary
to solve a fairly broad subset of the common differen-
tial equations. For the differential equation 4, we as-
sume that the solution y and the right-hand-side can
be expanded in power series. Since y is a vector, the
coefficient of t~ is a vector and is denoted by Y(k,.).
Thus:

oo

yCt) (13)
k=O

oo

g(t) = ~g(k,.)tk (14)
k=0

oo

il(t) = Z(k + l)y(k+l,.)t~ (15)
k=0

The upper limit of these summations is theoretically
oo, but the practical use requires these be finite, say
m. Tests of some years ago indicated a value of m = 12
was the best to give economical precision.

Substituting the second and third of equations 14
and 15 into 4 yields:

m m

Z(k + 1)y(k+l,.)t k = Zg(k.)t ~ (16)
k=0 k=0

This equality requires that coefficients of like powers
of t must be equal. Selecting the (k - 1) th term, we get
a FrSbenius recurrence:

1
Y(k,.) ~g(k-1,.) (17)

The identification process will require linearized
equations which will be based upon the base or ap-
proximate solution, w. Equations 6 for this model are:

Yl ~--- Y2

Y2 : W4Wl -~- W3W2 "41" Y5 sin(t) (18)

-w4Yl - way2 - w2y3 - wlY4

Equations 17 for this model are:

Y(/¢,1) (Y(k-l,2))/k

Y(k,2) ---- {(W4W(k-I,1) "~- W3W(k_I,2) (19)

--w4Y(k-I,1) -- w3Y(k-I,2)

-w(~-L2)Y3 -- w(k-LOY4 yssn(k-1))}/k

Literate Programming
Knuth’s literate programming is a development that
should affect scientific programming. His thesis was
that it should be just as important to communicate
with the other persons who read the program as it is
to communicate with the computer [KNUTH].

Literate programming is the integration of two im-
portant concepts. One is that of structured program-
ming [DAHL]. Structured programming is the creation
of a program by joining together or nesting logical units
that are either structured programming units them-
selves, or are in the form of a well-defined control
structure. A second concept, sometimes referred to
as pretty-printing, deals with the presentation of code
on the printed page in a readable fashion and reflect
its structure.

Symbolic Algebra Systems
Some of the general purpose symbolic algebra pro-
grams in current use are MACSYMA, Maple, Mathe-
matica, DERWE, REDUCE, and SCRATCHPAD II.
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One problem plaguing symbolic computation sys-
tems is that they do not generally interact conveniently
with other software systems. Most are stand-alone sys-
tems using their own unique syntax. Systems often do
not provide adequate access to commonly used numeric
libraries. Furthermore, most systems cannot be used
as a "symbolic engine" by other software. Symbolic
computation systems needs better software to enable
interface software with other codes.

It is illustrative of the limitations of current symbolic
systems that the symbolic manipulations performed for
this research were performed using a program written
specifically for that purpose. The systems available
were not flexible enough to accept input directly in
the standard form chosen, nor to manipulate the ex-
pressions to produce the required output format. For
example, in Mathematica it is possible to generate out-
put for certain types of expressions in TEX, FORTRAN,
or C form but it does not accept input in any of these
forms.

A Mathematica script was written to derive the
Frobenius recurrence relations from the translated
form. The method chosen worked well with constant
coefficient ODEs. Variable coefficient ODEs led to un-
acceptably complicated recurrence relations when ex-
panding about a center other than the origin.

No acceptable resolution of this difficulty was found.
It was decided to develop a parser system for translat-
ing the ~ description into HLL code using the unix
tools lex and yacc.

Thus, Mathematica is not part of the current proto-
type, but it may be a part of future versions. It might
be helpful in simplifying complex expressions on the
right hand side of the ODE system or in translating
ODEs of arbitrary order into first order systems.

A Prototype Environment

Issues in Programming Environments

A literate programming environment specifically for
scientific programming has been proposed by one of
the authors [McGuIRE]. Programming environments
which do not fit the literate paradigm have been pro-
posed for scientific programming: these include PRo-
TRAN [RICE], Interactive ELLPACK [DYKSEN], and Rn

[CARLE]. An environment for literate scientific pro-
gramming should be cognizant of the following charac-
teristics of scientific programming:

1. Scientific programming is becoming multi-lingual.
Most "number crunching" is still performed in FOR-
TRAN but other languages are perhaps better suited
for specifying input, output, and graphical interpre-
tation. A significant amount of scientific computa-
tion is now being done in C and C++.

2. The "native tongue" of scientific thought is mathe-
matics [DANTZIG]. It is not always straightforward
to translate from one language to another, and a
literate scientific programming environment should

aid this translation. There is a ’semantic chasm’ be-
tween Az = b and subprogram calls with perhaps
seven arguments.

3. It is critical that scientific codes be efficient, since
the majority of the processing is CPU-bound. It
is common for scientific code execution times to be
measured in days even on the fastest available com-
puters.

4. Scientists and engineers now have access to a wide
spectrum of systems, ranging from personal worksta-
tions to supercomputers. Any task to be performed
should be run on a system appropriate to that task.

We will describe a prototype of an environment
for scientific programming. This prototype is a sym-
bolic processor interface with an extensible editor, gnu-
emacs [1V[OTL], for use with FWEB [KRoMMES].

Design of the Environment

Previous systems have required the user to learn a new
input mechanism for describing the ODE system. The
decision was to use a TEX-based input medium, since

¯ many scientists and engineers use ~ for writing
technical documents,

¯ TEX possesses a structured mechanism for describing
mathematics, and

¯ the major system for implementing literate program-
ming is WEB.

The environment should be able to linearize systems
of non-linear ODEs. This linearizatiou should be in-
corporated in this environment because this is the most
tedious and error-prone part of the solution process.

The environment will generate a power series so-
lution using the power series operators described in
[McGuIRE, CHILDS]. The easy transformation of an
ODE system to a form suitable for a Runge-Kutta
integrator such as DVERK disappears when we use
the method of Frobenius. This method is relatively
straightforward to perform by hand if the system is
simple. If the system is more complex, especially if
it involves boundary value problems requiring a lin-
earization technique, some form of automated assis-
tance would be extremely helpful.

The power series operators implement either binary
or unary operations. For this reason it is advantageous
that the ODE system be translated into a canonical
system of algebraic differential equations with one op-
erator on the RHS of each equations. This necessitates
the introduction of temporary variables. An advantage
of this intermediate step is that it can be typeset in
TF~ format if desired and included in the documen-
tation. In addition, it allows for hand optimization if
desired. Once the canonical system has been gener-
ated, the second phase translates it into HLL code.
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Current Status
The method works for a significant class of ODE sys-
tems. It was implemented using standard LR parsing
techniques to perform the necessary symbolic manipu-
lations. Standard symbolic computation systems were
evaluated for possible use in the prototype, but they
are not used at this stage.

There are several issues that need to be addressed
in the near future. The prototype system has the fol-
lowing limitations in the current form:

1. There are undue restrictions on the form of the input
(names of variables, etc.)

2. Not all the functions we’d like to see are imple-
mented, and there are restrictions on the arguments
to these functions.

3. The error diagnostics are extremely limited. Some of
this is a limitation of the yacc system. The migration
to a gnu-emacs mode will need to be planned in such
a way as to give better error diagnostics.

4. The linearization of non-linear multi-point boundary
value problems is not yet implemented.

5. The environment is not seamless; that is, the parsers
are run independently of the rest of the environment
and their output is included in the user program by
a "cut-and-paste" method.

Intelligent Scientific Computation

We now offer a correlation to the Critical Issues listed
by Chairperson Kant in her "working notes" docu-
ment.

¯ We started this work as an extension of a program-
ming environment that has great advantages for sci-
entific computing. (Session 2.)

¯ We chose the environment because it utilizes the
TEX description of the model (ODEs) (Session 

¯ The speed advantages that the procedures give are
reasonable for big problems only if symbolic compu-
tations can do the differentiation and translation of
the resulting code into its Fr6benius recurrence form
(Session 5.)

¯ The characteristic of the Taylor series integrator (as
opposed to a spline form) of avoiding a function min-
imization is necessary because it is unknown how to
weight that functionality with that necessary in the
natural specification of the observations (Session 4,
Discretization, ... )

¯ The data provided in typical applications like that
of forest eco-systems is a candidate for careful re-
view of the input and correlation with the output.
The best of these records span several decades, were
done by different people, and have many inconsis-
tencies. (Session 7-8 Data Analysis, Visualization,
... are techniques that need to specific interfaces for
’cleaning’ the input and correlation of the output.)
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