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Abstract
This paper describes a reduced version of the gen-
eral motion planning problem in the presence of
uncertainty and a complete polynomial algorithm
solving it. This algorithm computes a guaran-
teed plan by backchaining non-directional preim-
ages of the goal until one fully contains the set of
possible initial positions of the robot. It assumes
that landmarks are scattered across the workspace,
that robot control and sensing are perfect within
the fields of influence of these landmarks, and
that control is imperfect and sensing null outside
these fields. The satisfaction of these assumptions
may require the robot and/or its workspace to
be specifically engineered. This leads us to view
robot/workspace engineering as a means to make
planning problems tractable. The algorithm was
implemented in an operational planner and run on
many examples. Non-implemented extensions of
the planner are also discussed.

Introduction
Robots must deal with errors in control and sens-
ing. Since the general motion planning problem in the
presence of uncertainty seems intrinsically hard [2], a
promising line of research is to identify a restricted, but
still useful subclass of problems that can be solved in
polynomial time.

We consider here a class of planning problems in the
context of the navigation of a mobile robot. We as-
sume that landmarks are scattered across the robot’s
two-dimensional workspace. Each landmark is a feature
that the robot can sense and identify if it is located in
some appropriate subset of the workspace [10, 5]. This
subset is the "field of influence" of the landmark. We
assume that robot control and sensing are perfect in
the fields of influence of the landmarks, and that con-
trol is imperfect and sensing is null outside any such
field. Given an initial region where the robot is known
to be, and a goal region where we would like the robot
to go, the problem is to plan motion commands whose
execution guarantees that the robot will move into the
goal and stop there. The motion commands should also

prevent the robot from colliding with stationary obsta-
cles placed in the workspace.

We describe an implemented planning method that
backchains non-directional preimages (weakest precon-
ditions) of the goal, until one preimage encloses the
initial region [11, 6]. Each non-directional preimage is
computed as a set of directional preimages for critical
directions of motion [4, 1]. At every iteration, the inter-
section of the non-directional preimage with the fields of
influence of the landmarks define the intermediate goal
from which to backchain. The algorithm takes poly-
nomial time in the total number of landmarks and ob-
stacles. It is complete with respect to the problems it
attacks, that is, it produces a guaranteed plan, when-
ever one such plan exists, and returns failure, otherwise.
Interestingly, once a motion plan has been generated,
the assumption that control and sensing are perfect in
landmark areas can be relaxed to some extent without
losing plan guaranteedness.

Previous methods to compute motion plans under
uncertainty include the non-implemented algorithms of
[4, 3], which take exponential time in the size of the in-
put problem, and the implemented algorithm described
of [8], which is both exponential and incomplete. The
polynomiality and completeness of our algorithm derive
from the combination the two notions of a landmark
and a non-directional preimage. Since landmarks re-
quire the workspace to include appropriate features and
the robot to be equipped with sensors able to detect
them, this combination is an illustration of the inter-
play between engineering and algorithmic complexity in
robotics. As software becomes more critical in modern
robots, the importance of this interplay will increase.
Robots will have to be designed with the tractability of
their programming in mind.

Problem Statement
The robot is a point moving in a plane, the workspace,
containing stationary forbidden circular regions, the ob-
stacle disks. The robot can move in either one of two
control modes, the perfect and the imperfect modes.

The perfect control mode can only be used in some
stationary circular regions, the landmark disks, model-
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Figure 1: Example of a planning problem

ing the fields of influence of the landmarks. These disks
have null intersection with the obstacle disks. When the
robot is in a landmark disk, it knows its position exactly
and it has perfect control over its motions. Some disks
may intersect each other, creating larger areas, called
landmark areas, through which the robot can move in
the perfect control mode. A motion command in the
perfect control mode is called a P-command.

A motion command in the imperfect control mode,
called an 1-command, is described by a pair (d,£),
where d E S1 is a direction in the plane (the com-
manded direction) and £ is a set of landmark disks (the
termination set). This command can be executed from
anywhere in the plane outside the obstacle disks. The
robot follows a path whose tangent at any point makes
an angle with the direction d that is no greater than
some prespecified angle 0 (the directional uncertainty).
The robot stops as soon as it enters a landmark disk in
£.

The robot has no sense of time, which means that
the modulus of its velocity is irrelevant to the planning
problem.

At planning time, the initial position of the robot is
known to be anywhere in a specified initial region I that
consists of one or several disks. Each initial-region disk
may be disjoint from the landmark areas, or it may over-
lap some of them, or it may be entirely contained in one

of them. The robot must move into a given goal region
C0, which is any subset of the workspace whose inter-
section with the landmark disks is easily computable.
The problem is to generate a guaranteed motion plan,
i.e., an algorithm made up of I- and P-commands whose
execution guarantees that the robot will be in Go when
the execution of the plan terminates. The robot is not
allowed to collide with any of the obstacle disks.

This problem is a simplification of a real mobile-robot
navigation problem, but it captures its most important
aspects [9].

In the sequel we assume that there are ~ disks (land-
marks and obstacles) in total.

Example
Fig. 1 illustrates the previous statement with an exam-
ple run using the implemented planner. The workspace
contains 23 landmark disks (shown white or grey) form-
ing 19 landmark areas, and 25 obstacle disks (shown
black). The directional uncertainty 0 is set to 0.09 ra-
dian. The initial and goal regions are two small disks
designated by I and C0, respectively. The white land-
mark disks are those with which the planner has associ-
ated I-commands. The arrow attached to a white disk
is the commanded direction of motion of an I-command
planned to attain another set of disks. There is at least
one arrow per white landmark area not intersecting the
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goal.
Execution begins with performing the I-command at-

tached to 2". When the robot reaches a landmark disk in
the termination set of this command, it is guaranteed
that a P-command is attached to this disk to attain
a point in the current landmark area that is either a
goal point (if the goal region intersects this landmark
area) or such that an I-command is associated with it
(the arrows shown in the figure are drawn from such
points). In the first case, plan execution terminates
when the goal point is attained. In the second case, the
I-command is executed, and so on.

The figure also shows the path produced by a sample
execution of the plan. This path first takes the robot
from the initial region to the landmark area designated
by B. From there, it successively attains and traverses
the landmark areas marked C, D, E, F, G, H, J, K,
M, and N. The P-command associated with N takes
the robot to {70 where it stops. Due to control errors,
other executions of the same plan could produce other
paths traversing different landmark disks.

Directional Preimage

Consider a goal region {7. We define the kernel of {7 as
the largest set of landmark disks such that, if the robot
is in one of them, it can attain the goal by executing
a single P-command. Thus, the kernel of {7, denoted
by K({7), is the set of all the landmark areas having
a non-zero intersection with {7. The disks in K({7) are
called the kernel disks. The other landmark disks are
called the non-kernel disks.

The directional preimage of {7, for any given com-
manded direction of motion d, is the region P({~, d) de-
fined as the largest subset of the workspace such that, if
the robot executes the I-command (d, K({7)) from 
position in P({7, d), then it is guaranteed to reach K({7)
and thus to stop in K({7). From the entry point 
the kernel, the robot can attain {7 by executing a P-
command.

Fig. 2 shows an example of a directional preimage:
the black disks are obstacles; all other disks are kernel
landmark disks; the preimage is striped. P({7, d) con-
sists of one or several connected subsets bounded by
circular segments (arcs) and straight segments (edges).
Each arc is a subset of the boundary of a kernel disk
or an obstacle. Let the left ray (resp. right ray) of a
kernel disk L be the half-line tangent to L erected from
the tangency point in the direction pointed by ~+d+O
(resp. 7r+d-0), with L on its right-hand side (resp. left-
hand side). The right ray (resp. left ray) of an obstacle
disk is defined in the same way, but with orientation
x+d+0 (resp. It+d-O), with the obstacle on its right-
hand side (resp. left-hand side). Each edge of P({7, 
is contained in the right or left ray of some kernel disk
or obstacle disk. One extremity of the edge is the tan-
gency point of the ray; the other extremity is the first
intersection point of the ray with another kernel disk,
an obstacle disk, or another erected ray. If two edges

share the same endpoint, they form a spike.

Lemma 1 The boundary of a directionai preimage has
size O(t). It is computed in O(glogt) time and O(t)
space.

Non-Directional Preimage

Consider the directional preimage P({7, d) when d varies
continuously over S1. The topology of the preimage
and/or the topology of its intersection with the initial-
region disks and the non-kernel landmark disks change
at a finite number of critical directions corresponding
to events caused by the motion of an edge or a spike
of the preimage relative to the kernel landmark disks,
the obstacle disks, the initial-region disks, and the non-
kernel landmark disks. We call the critical directions
where the topology of the directional preimage does
change the D-critical directions and those where the
topology of the intersection of the directional preimage
with the initial-region disks (resp. the non-kernel land-
mark disks) changes, other than the D-critical direc-
tions, the I-critical (resp. L-critical) directions. Fig. 3
illustrates the D-critical directions caused by kernel
landmark disks. See [9] for a description of the other
critical directions. We assume that the various disks
are in general position, i.e., no two events occur simul-
taneously.

Lemma 2 There are 0(~3) D-critical directions, O(g2)
I-critical directions, and O(g3) L-critical directions.1

Let (d~t,...,dc,) be the cyclic list of all criti-
cal directions in counterclockwise order and I1,..., Ip
be the regular intervals between them, with Ii =
(de~,dc..~. d ")" For any interval Ii, let dnel be any

s-l- ~mo p)
direction m Ii. In order to characterize all the direc-
tional preimages of {7 and their intersection with Z and
the non-kernel disks, it suffices to compute P({7, d) for
all d E {d,,~,, d~x, d,¢2,..., dr,}. The set NP({7) of all
these directional preimages is called the non.directional
preimage of {7 [4].

To compute the non-directional preimage we first
construct the directional preimage of {7 for an arbi-
trary direction d~ E S1. The rest of the computation is
an alternation of event scheduling and event processing
phases.

Lemma 3 The computation of the non-directional
preimage takes O(g3 logt) time and 0(~3) space.

Planning Method
If the initial region Z is not contained in the goal re-
gion {70, the planner first computes the kernel K({70).
If K({70) = 0, the planner returns failure. Otherwise,
it associates a P-command to reach a goal point with
every landmark disk in this kernel. If 2- C K({70) the
planner returns success.

1We conjecture, however, that there are only O(t2) crit-
ical directions in total.
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Figure 2: A directional preimage

Assume that 2;¢ K(G0). The planner then computes
the non-directional preimage NP(Go). If NP(Go) con-
tains a directional preimage P(90, d) that includes 
then the planner attaches the I-command (d,K(~0))
to 2" and returns success. Otherwise, for every land-
mark area LA ¢ K(~o) that has a non-zero intersec-
tion with a directional preimage P(g0, d) in NP(g0), 
"exit point" is arbitrarily selected in LA N P(9o, d) and
the I-command (d, K(g0)) is attached to this point. 
the same area LA intersects several directional preim-
ages, only one intersection is used to produce the I-
command.)

The union of the directional preimages in NP(Go)
is now recursively considered as a goal {~1. Its ker-
nel K(~I) is constructed. By construction, K({~I) 
K({~0). If K(~I) = K({~0), the planner terminates 
failure since it cannot compute a larger non-directional
preimage than NP({~0). Otherwise, every landmark
area in K(~I)\K(G0) contains one disk L with an 
point and an I-command attached to it. With every
other disk in the landmark area, the planner associates
a P-command to reach the exit point in L. IfZC K({~I)
the planner returns success, else it computes the non-
directional preimage of ~1, and so on.

During this baekchaining process, the set of landmark
areas in the kernels of the successive goals increases
monotonically. At every iteration, either there is a new
landmark area in the kernel, and the planner proceeds
further, or there is no new area, and the planner termi-
nates with failure. The planner terminates with success
whenever it has constructed a kernel K({~n) containing
2" or a non-directional preimage NP(~n) that includes 
directional preimage containing I. Let s be the number
of landmark areas. The number of iterations is bounded
by s. Thus, n _< s.

Theorem 1 The planning algorithm is complete and

generates optimal guaranteed plans.~ It takes O(s£3 +
~31oU) time and o(~3) space.

The computed plan is represented as an unordered set
of motion commands distributed over the initial-region
disks and landmark disks (see Fig. 1). This kind of rep-
resentation is reminiscent of the concept of a "reaction
plan" introduced in classical AI planning research [12].
If the input problem admits no guaranteed plans, the
planner nevertheless constructs such a plan, but with no
motion command attached to the initial-region disks.
Then the robot can try to enter one of the landmark
areas where a command is available, by performing an
initial random motion with reflection on the obstacles’
boundary. If an unexpected event occurs at execution
time, the robot may attempt to reconnect to the plan
in the same way.

Experimental Results
The above planning method is implemented in C on a
DECstation 5000, along with a robot simulator. We
experimented with it on many examples. The example
shown in Fig. 1 is one of them. It required the compu-
tation of 12 successive non-directional preimages and
took about 3.5 minutes of computation time. See [9]
for more experimental examples.

Discussion and Extensions
These are non-implemented extensions of the planner:

- Uncertainty in landmark areas: Perhaps the less re-
alistic assumption in the problem statement of Section
2 is that control and sensing are perfect in landmark
areas. However, this assumption can be partially elim-
inated. Indeed, a landmark area is included in a kernel

2Here a plan is said to be optirnalif the ma~ximal number
of executed motion commands is minimal over all possible
guaranteed plans.
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(a) Left Touch

(0 Right Touch
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Co) Left Birth

(g) Right Death

(c) Left Exit

(h) Right Exit

(d) Left Vertex (e) Spike

(i) Right Vertex (j) Hidden Spike

Figure 3: Some D-critical directions

if it has a non-zero intersection with the goal or a pre-
viously computed directional preimage. At execution
time, if the robot enters this area, it must only be guar-
anteed that it can move into this non-zero intersection
before it executes the next step in the plan. This does
not require perfect sensing or control.

- Landmark and obstacle geometry: In our current im-
plemention, the landmark and obstacle areas must be
unions of circular disks. But the algorithm can be eas-
ily adapted to deal with areas described as generalized
polygons bounded by straight and circular edges. It can
also accept landmark and obstacles areas that touch
each other. The degree of any curve traced by a spike
remains no greater than 4. If the workspace contains
s landmark areas bounded by O(t) edges and arcs and
the obstacle areas are bounded by O(g) edges and arcs,
the time complexity of the planner is O(sl3 + ga logl).
Representing landmark and obstacle areas as general-
ized polygons is a very realistic model for most appli-
cations.

- Compliant motions: The planning algorithm can be
extended to allow compliant motion commands making
the robot slide in obstacle boundaries [11]. This ex-
tension would enlarge the set of problems admitting
guaranteed plans. In general, it would also allow the
planner to produce shorter motion plans.

- Varying directional uncertainty: Let Pe(~, d) denote
the directional preimage of 9 for the direction d com-
puted with the directional uncertainty 0. Let us say
that a value 0c of the directional uncertainty is criti-
cal if there exists d E S1 such that the intersections
of Ps,+, (~, d) and Pet-, (~i, d), for an arbitrarily small
e, with the initial-region and the non-kernel disks are

topologically different. The algebraic equations defin-
ing O~ can be established by tracking the variations
of the non-directional preimage contour when 0 varies.
The values of 8~ can be exploited to adapt the direc-
tional uncertainty used by the planner to the failures
and successes met while executing previous plans.

Conclusion
We described a complete polynomial planning algo-
rithm for mobile-robot navigation in the presence of
uncertainty. The algorithm solves a class of problems
where landmarks are scattered across the workspace.
With the possible exception of [7], previous algorithms
to plan motion strategies under uncertainty were either
exponential in the size of the input problem, or incom-
plete, or both. Our work shows that it is possible to
identify a restricted, but still realistic, subclass of plan-
ning problems that can be solved in polynomial time.
This subclass is obtained through assumptions whose
satisfaction may require prior engineering of the robot
and/or its workspace. In our case, this implies the cre-
ation of adequate landmarks, by taking advantage of
the natural features of the workspace, or introducing
artificial beacons, or using specific sensors. This work
gives a formal justification to robot/workspace engi-
neering: make planning problems tractable. Engineer-
ing the robot and the workspace has its own cost and
we would like to minimize it. Our future research will
address this issue.
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