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Abstract

A novel decision method for autoepistemic rea-
soning is developed. The method is applicable
in a general setting, i.e. for an autoepistemic
logic based on a given classical logic. It pro-
vides a decision method for a tightly grounded
form of autoepistemic reasoning based on L-
hierarchic expansions as well as for autoepis-
temic reasoning based on Moore style expan-
sions and N-expansions. Prominent formal-
izations of nonmonotonic reasoning, such as
default logic and circumscription, can be em-
bedded into autoepistemic logic based on L-
hierarchic expansions using simple local trans-
lations. Hence, the method can serve as a uni-
fied reasoning tool for a wide range of forms of
nonmonotonic reasoning.

1 Introduction

We study the problem of automating nonmonotonic
reasoning. Several forms of nonmonotonic reasoning
have been proposed and in recent years research has
been focused on relationships between different formal-
izations. Despite of different starting points and moti-
vations, leading approaches to nonmonotonic reasoning
have turned out to be closely related. Our aim is to
exploit the close connections so that a single theorem
prover could be used as a unified reasoning tool for a
wide range of forms of nonmonotonic reasoning. An in-
teresting approach is to choose some formalization of
nonmonotonic reasoning as a basic system and develop
a theorem prover for it. Decision procedures for other
forms of nonmonotonic reasoning can then be realized
by reducing decision problems in a given formalization
to decision problems in the basic system. In this paper
we consider the possibility of using autoepistemic logic,
originally introduced by Moore [1985], as the basic sys-
tem and develop a novel decision method for autoepis-
temic reasoning which can serve as a basis for a unified
reasoning tool for nonmonotonic reasoning.

Besides autoepistemic logic, there are many other in-
teresting alternatives to be used as a basic system in-
cluding logic programming, default logic [Reiter, 1980],
McDermott and Doyle style nonmonotonic modal log-

ics [Marek et al., 1991], and systems based on two
modalities [Lin and Shoham, 1990; Lifschitz, 1991]. Au-
toepistemic logic provides a rather expressive basic lan-
guage. This implies that other general approaches to
nonmonotonic reasoning such as default logic can be
captured using simple local translations. When us-
ing a basic language with limited expressivity such as
that of logic programs more complicated translations are
needed. Autoepistemic logic has a uniform syntax tin-
like default logic. This enables a unified treatment of
default rules, queries and integrity constraints. As op-
posed to other approaches to formalizing nonmonotonic
reasoning based on modal logic, autoepistelnic logic is
rather uncomplicated. It is a direct extension of the
underlying classical logic. The belief operator is gov-
erned by straightforward principles of positive and neg-
ative introspection and no modal axioms for express-
ing the interaction between the belief operator and the
connectives of the underlying logic are needed. More-
over, recent results show that autoepistemic logic cov-
ers a range of prominent forms of nonmonotonic rea-
soning [Konolige, 1988; Marek and Truszczyfiski, 1989;
Konolige, 1989; Marek et al., 1991; Elkan, 1990]. Ilow-
ever, some of the embeddings are rather complicated
because the original autoepistemic logic allows weakly
grounded conclusions which have to be eliminated in
the embeddings using extra conditions [Konolige, 1988;
Marek and Truszczyfiski, 1989] or complicated trans-
lations [Gottlob, 1992b]. In this paper we adopt, a
tightly grounded form of autoepistemic logic based on
L-hierarchic expansions [Niemel~i, 1991] as the basic sys-
tem. In L-hierarchic expansions the troublesome weakly
grounded conclusions are excluded but without introduc-
ing any dependence on the syntactic representation of
the premises. This kind of dependence is typical of other
similar tightly grounded classes of expansions [Konolige,
1988; Marek and Truszczyfiski, 1989]. Furtherlnore, sim-
ple local translations can be used to reduce decision
problems in other forms of nonmonotonic reasoning to
decision problems in autoepistemic logic based on L-
hierarchic expansions [Niemel/i, 1992b].

Several decision methods have been proposed for au-
toepistemie reasoning. Some of these [Moore, 1988;
Stark, 1990; Marek el al., 1991] are straightforward
applications of a particular finitary characterization of
autoepistemic reasoning, some [NiemelS. 1988] use ex-
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tensively a specific proof method and some [Marek
and Truszczyriski, 1991a; Junker and Konolige, 1990a;
Marek and Truszczyfiski, 1991b] are based on the idea
of mapping a decision problem in autoepistemic logic
into another problem. In this work we develop a deci-
sion method for autoepistemic logic in a general setting,
i.e. for an autoepistemic logic based on a given classical
logic. At this stage we do not want to commit to a par-
ticular proof method and we aim at a conceptually clear
method where the sources of complexity and targets for
optimization are clearly identifiable. Furthermore, we
try to avoid exponential worst-case space requirements
which seem to be inherent in the more advanced meth-
ods [Niemel~i, 1988; Marek and Ttuszczyfiski, 1991a;
Junker and Konolige, 1990a; Marek and Truszczyfiski,
1991b]. This aspect is further discussed in Section 3.

2 Autoepisternic Logic
Autoepistemic logic is a modal logic with an operator
L which is interpreted as "is believed". Autoepistemic
logic models the beliefs of an ideally rational fully in-
trospective agent. The main object of interest in au-
toepistemic logic is the set of beliefs of the agent given
a set of sentences as the initial assumptions or premises
of the agent. The agent’s ideal rationality implies that
the agent believes exactly every logical consequence of
tile initial assumptions and her/his beliefs. Full intro-
spection means that the agent is capable of using both
positive introspection (if X is a belief, so is LX) and neg-
ative introspection (if X is not a belief, then --Lx is).

In this work we consider a general setting where a
classical calculus CL is given and an autoepistemic logic
CLae is built on top of that. This kind of a general set-
ting has already been studied [Niemel/i, 1992a]. Let Z: be
the language of CL. We extend /: by adding a monadic
operator L not appearing in £ and obtain an autoepis-
temic language £:~ which is the language of CLae. The
language £~ is defined recursively as/: but with an extra
formation rule: if ~b E £ae is a sentence, then L¢E £~e.
Thus we consider autoepistemic logics where quantifi-
cation into a modal context is not allowed even if £
contains quantifiers (e.g. formulae of the form VxLP(x)
are not allowed). To simplify the treatment we consider
only closed formulae. So from here on we let £ and £:a~
contain only closed formulae. In the general setting an
ideally rational agent believes the logical consequences
given by a consequence relation ~e which is a simple
extension of the consequence relation of CL where the L4
formulae are treated like atomic formulae in the propo-
sitional calculus.

To formalize a tight notion of autoepistemic rea-
soning the author [Niemel/i, 1991] has proposed an
enumeration-based method where autoepistemic reason-
ing is formalized aa a sequence of introspection steps of
an ideally rational agent. The idea is to build a set
of beliefs from premises Y] by applying introspection to
sentences in the order given by an enumeration e. A set
Be(Z) is constructed which contains all the results of in-
trospection. The set Bt(~) together with ~ induces the
set of beliefs SEC(~) of a fully introspective agent hav-
ing initial assumptions ~ after introspecting sentences

in the order ¢. Considering only a certain subclass of
enumerations, L-hierarchic enumerations, a particularly
interesting class of expansions is captured.

Definition 2.1 Let ~ C_ £~. Let ¢ = et, ¢2 .... be an
enumeration of sentences in £ae- Let B~(E) = 

Define B~’+I(~:)/or i = 0, 1 .... as follows:

fB[.(E) U {L¢i+l} if~ 0 Bi (,-,) ¢i+1
n~+l (~) = ~B[()~,) {’-L¢i+1 } otherwise

Finally let

oo

= [.J
i=O

To guarantee that the introspection principles of au-
toepistemic reasoning are respected the emuneration ¢
is required to be acceptable with respect, to the set of
premises.

Definition 2.2 An enumeration E is E-acceptable if
there is no i and no formula ¢ such thai "~L¢ E B~(~)
but r, u n~(~) ~o ¢.

We assume that the underlying consequence relation
~¢ is compact, i.e., if ~3 ~ ¢, there exists a finite
subset E’ of E such that E’ ~ae ¢. For compact logics
the acceptability condition implies that the introspection
principles are not violated and the resulting set of beliefs
is a Moore style expansion [Moore, 1985].

Theorem 2.3 (Niemel/i [1992a]) For all ~-accepta-
ble enumerations e of£ae, SE~(~) is a Moore style stable
expansion ofT, i.e.

SE’(E) = {¢ I :E U LSE’(E) U-.LSE-’(~) 

holds where LA = {L¢ 1¢ e A}, -~A = {-1¢ 10 E A},
and A = £:ae - A.

Enumeration-based expansions, i.e. sets of beliefs in-
duced by acceptable enumerations, are a proper subclass
of Moore style expansions and in the propositional case
they coincide with the N-expansions [Marek et al., 1991]
which are the same as iterative expansions [Marek and
Truszczyfiski, 1989] (see [Niemel/i, 1991]). The weakly
grounded beliefs in N-expansions (iterative expansions)
can be eliminated by requiring enumerations to be L-
hierarchic. This means that a sentence ¢ can appear in
an introspection sequence only after all ¢ such that L¢
is a subformula of ¢ have appeared in the sequence.

Definition 2.4 Let e be an enumeration ¢1,¢-0,..- of
sentences in/~ae. The enumeration ¯ is L-hierarchic iff
for all ¢i,¢j in e holds that if L¢i is a subformalo of

¢i, then i < j.

Definition 2.5 A set of sentences A is a, L-hierarchic
expansion of ~ iff A = SEt(E) for some E-acceptable
L-hierarchic enumeration ¯ of £.~.

L-hierarchic expansions provide an interesting lightly
grounded subclass of Moore style expansions where
no dependence on the syntactic representation of the
premises is introduced.
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An expansion of a set of premises is an obvious
candidate as the set of conclusions derivable from the
premises. But as there are sets of premises with mul-
tiple expansions, the concepts of cautious and brave
reasoning are introduced. Given a class of expan-
sions, a formula is derivable from a set of premises
in the cautions sense iff it is in every expansion of
the premises and in the brave sense iff it is at least
in one of the expansions. We denote the derivabil-
ity relations with respect to L-hierarchic expansions,
enumeration-based expansions and Moore style expan-
sions by ~’¢(LE) , I’~b(LE) , ~’~c(E) , ~’D(E) , ~’~c, 
respectively.

Expansions are infinite sets of sentences and a tint-
tory characterization is needed to enable a computa-
tional treatment of autoepistemic reasoning. We use
a characterization based on full sets [NiemelK, 1990;
Niemel/i, 1992a]. The notion of full sets provides a sim-
ple and compact representation of expansions which is
straightforwardly applicable in the general setting con-
sidered here. An overview of other approaches to char-
acterizing expansions can be found in [Niemel/i, 1992a].

First we introduce some notation. A formula of the
form L¢ is said to be quasi-atomic. Quasi-atomic for-
mulae and their negations are called quasi-literals. For
a quasi-literal X, q-atom(x) denotes the corresponding
quasi-atomic formula, i.e. for a quasi-atomic formula X,
q-atom(x) = q-atom(-,X) = X. The set of all subformu-
lae of the form LX of a formula ¢ is denoted by sfL(¢)
and sfqL(~b) is the set of all quasi-subformulae of the
form LX of ¢. Quasi-subformulae are subformulae ill the
usual sense except that L¢ formulae do not have fur-
ther quasi-subformulae. We define a simple consequence
relation ~L which is given recursively on top of the un-
derlying consequence relation ~ae.

Definition 2.6 Given a set of sentences E and a sen-
tence ¢,

where SBr(¢) {L x ¯ sf qL(¢) I E ~LX} {-" Lx¯

-’Sf"L(¢) I Z ~L x}.
A finitary characterization for Moore style expansions

can be provided in terms of sets of sentences constructed
from the LX and -=Lx quasi-subformulae of the premises
satisfying a special fullness condition. A full set serves
as the kernel of a stable expansion; it uniquely charac-
terizes tile stable expansion. In fact there is a one-to-one
correspondence between full sets and expansions.

Definition 2.7 For a set of sentences E, a set A C
sfqL(E) U -sfqL(E) is E-full if the following two con-
ditions hold for every LX ¯ sfqh(z):

I. EtJ A ~L X iff Lx E A.

2. EU A ~L X iff -.Lx E A.

Theorent 2.8 (Niemeig [1992a]) Let Z be a set of
sentences of £~. Then a function SEt. defined as

SE~(A)={C¯£..IEUA~L¢}

gives a bijective mapping from the set of Z-full sets to
the set of Moore style stable expansions of Z.

So SE~(A) = {¢ £ae I EUA ~L¢} is the uniq ue stab le
expansion A of E such that A C_ LA U--LA. A sentence

belongs to the expansion induced by A iff ZUA ~L ¢.
It turns out that full sets corresponding to enumer-

ation-based (L-hierarchic) expansions are exactly those
generated by an acceptable (L-hierarchic) enumeration.

Theorem 2.9 (Niemelll [1992a]) Let E C f~e be a
set of sentences such that ElL(Z) is finite. If an enumer-
ation en = ¢1,. . ., ¢, of the finite set {¢ [ L¢ ¯ sfL(E)}
is E-acceptable, then A = {¢ ¯ B~"(E) [ q-atom(e) 
sfqL(E)} is a E-full set and there exists an Z-acceptable
enumeration e of £ae which is an extension of e,, such
that SEt(Z) is the unique stable expansion A of Z
such that A C LA U--LA (i.e. SE’(E) = SE=(A) 
SEr.(B~"(Z))~. Furthermore, if:,, is L-hierarchic, then
e is also.

Theorem 2.10 (Niemel/i [1992a]) Let E C £~e be a
set of sentences. For every Z-acceptable (L-hierarchic)
enumeration e of ffcae, there exists an E-acceptable (L-
hierarchic) enumeration eL = ¢1, ~/’2 .... of the set
{¢ [ L~b ¯ sfL(z)} such that A = {¢ E B’L(*) 
q-atom(e) ¯ sfqL(z)} is the unique E-full .set for ,vhieh

A _C LSE’(Z)O--LSW(E) holds a,d thn.¢ SE"(E) 
SE~(A) "LSE~(B,, (~)).

3 A Novel Decision Method
In the general setting autoepistemic reasoning is de-
cidable if the underlying consequence relation ~¢ is
decidable [Niemel/i, 1992a]. Moreover, decision proce-
dures can be obtained from the finitary characteriza-
tion based on full sets in a very straightforward fashion
(see [Niemel~i, 1992a] for details), llowever, a decision
procedure which is based directly on the finitary charac-
terization is not very practical because to find an appro-
priate full set in a direct approach it is necessary to iter-
ate over every subset of the set of Lx qua~si-subformulae
of the premises. If the cardinality of a set. is n, it has
2" subsets. Even for n = 10 this means 1024 iterations
each of which might be computationally costly, i.e. in-
volve a number of calls to a theorem prover for the under-
lying consequence relation ~ae. Recent complexity re-
sults [Niemel/i, 1992a] indicate that any general decision
method for autoepistemic reasoning has an exponential
worst-case time complexity. A practically oriented deci-
sion method should be able to take advantage of possible
regularities in a given set of premises. For example, con-
sider a set of prenfises

Z = {Po, Lpo ---* p,, Lp, ~ p~_,..., Lp,,_, -- 1’,, }. (1)

A straightforward approach would examine the 2" sub-
sets of {Lpo,...,Lp,-1} to find the unique E-full set
A = {Lp0,..., Lp,-I}. Ilowever, by carefully exploiting
the monotonicity of the underlying consequence relation
~e it is possible to find the full set. without iterating
over the subsets: for any E-full set A, ~ U A ~ P0
holds and thus Lpo ̄  A must hold which in turn implies
Lpl ¯ A and so on.

First we develop a decision method for autoepistenfic
reasoning based on L-hierarchic expansions. The deci-
sion method builds the E-full set. for every L-hierarchic

99



expansion of E. The E-full sets can be found by exam-
ining the enumerations of the set {@ ] L@ E SfL(~)}.
However, the enumerations are not important but the
sets of beliefs generated by the enumerations. This ob-
servation cuts the combinatorial explosion considerably
as typically there is a large number of enumerations in-
ducing the same V.-full set. The full sets are developed
together as far as possible so that the same computation
is not repeated by exploiting the monotonicity of the un-
derlying consequence relation ~ae. The novel decision
method for autoepistemic reasoning needs only a the-
orem prover for the underlying monotonic consequence
relation ~ae as a subroutine.

The approach differs from techniques where nonmono-
tonic reasoning is reduced to another related problem
such as a truth maintenance problem [Junker and Kono-
lige, 1990a], a theorem proving problem [Marek and
Truszczyfiski, 1991b], or a constraint satisfaction prob-
lem [Ben-Eliyahu and Dechter, 1991]. These reduc-
tions provide valuable insights to the relationships be-
tween the corresponding problems and enable new tech-
niques to be used for solving nonmonotonic reasoning
problems. Ilowever, while there are interesting sub-
classes of nonmonotonic reasoning problems where the
problem size increases only polynomially as a result of
tile reduction mapping (see, e.g. [Junker and Konolige,
1990b; Marek and Truszczyliski, 1991b; Ben-Eliyahu and
Dechter, 1991]), in the general case the reductions can
lead to an exponential increase in the problem size.
llence tile reductions turn also the worst case space com-
plexity exponential. Furthermore, the reductions appear
computationally quite complex even for restricted classes
of nonmonotonic reasoning problems. As an example we
consider the approach of Junker and Konolige [1990a].
In this approach the set of premises is required to be in
a normal form where there are no nested L operators.
In the worst case, if a set of premises is transformed into
the normal form, its size might increase exponentially. A
set of premises in the normal form is mapped to a set of
justifications in a truth maintenance system. The size of
the resulting set of justifications can be exponential with
respect to the size of the premises in the normal form and
the mapping seems to be computationally quite complex.
This is because the set of justifications corresponding to
a set of premises E includes all monotonic justifications
of the form

’-- ~’l .... , ~. (2)

where L@ E SfL(~) and {wl ..... ~on} is a minimal
proof of ~ from H = {w I -~LaVL~I V...VL/3m V
w E ~- £}, i.e. a minimal subset of H such that
(E FIE) U {wl,...,Wn} ~=d @ holds. For an L@ subfor-
mula of the premises, ~b can possess a very large number
of minimal proofs.

The problem of finding a proof of ~ from a hypothe-
sis set H given a background theory E, i.e. finding a set
of H’ C H such that E t9 H’ I=cl @, is closely related
to logic-based abduction [Selman and Levesque, 1990;
Eiter and Gottlob, 1992] where usually the proof H’ is
require to be consistent with the background theory E.
If the background theory is a set of clauses, then deciding
whether there is a consistent proof of an atom from a set

of atoms is E~-complete in the propositional case [Eiter
and Gottlob, 1992]. Propositional brave atttoepistemic
reasoning is also E~-complete [Niemel/i, 1992aj. Thus
the search problem of finding a consistent proof of a sin-
gle atom is at least as hard as brave autoepistemic rea-
soning. Consistent proofs are computationally hard to
find already in very restricted cases. For example, if the
background theory is a set of propositional Itorn clauses
and the hypothesis set H is a set of atomic formulae, it
is NP-complete to decide whether there is a consistent
proof of an atom from H [Selman and Levesque, 1990;
Eiter and Gottlob, 1992]. Note that the correspond-
ing reasoning problem, i.e. whether an atom is a logical
consequence of a set of/Iorn clauses, is solvable in lin-
ear time. It is still harder to find minimal proofs. For
instance, it can be shown that the problem of deciding
whether there is a proof of size K or less is NP-complete
when the background theory is empty, the hypothesis
set contains only conjunctions of atoms and the goal is
a conjunction of atoms.

In Junker and Konolige’s approach an expansion
corresponds to a suitable model of the justifications.
For example, strongly grounded expansions correspond
to grounded models but deciding whether there is a
grounded model is NP-complete [Elkan, 1990]. The ex-
ponential worst, case space complexity and the high time
complexity of the reductions even for quite restricted
classes of nonmonotonic reasoning problems raise ques-
tions about the usability of the reduction approaches as
general decision methods for nonmonotonic reasoning.

In the novel decision method the ~-full sets are built
using two sets B and F which contain the common part
of the full sets to be considered. The set B consists of the
beliefs generated by some fully L-hierarchic enumeration
¢,,~ of a subset of {@ [ L@ E SfL(E)}, i.e. B B,,?(._,).
An enumeration e is fully L-hierarchic if for every for-
mula @ in e for each subformula L~¢ of4~, ~¢ appears before
@ in e. The set F contains LX sentences which should be
included in the full sets to be generated but are "frozen":
a sentence LX E F is added to B only after B has been
extended by either LX’ or -,Lx’ for all LX’ sobformulae
ofx and EUB ]:=~¢ X holds. This ensures that B is
generated from E by a fully L-hierarchic enumeration.

The decision method employs a function isLE prc-
sented in Figure 1. The function exploits the mono-
tonicity of the underlying consequence relation ~=,~. and
performs positive introspection.

Figure 2 presents the function derLE which is a skele-
ton for the different decision procedures. For that pur-
pose it contains an unspecified fimction test. The fimc-
tion derLE takes as input a set of premises ~, sets B and
F which give the common part of the S-fi,ll sets to be
considered and a sentence ~b which is jr, st passed as an
argument to the function test. By changing the fimction
test the various decision procedures are obtained.

The function derLE is sound, i.e. if it. returns true,
there is an acceptable enumeration for which test suc-
ceeds, and complete, i.e. if there is an acceptable enumer-
ation for which the function test succeeds, then the flmc-
tion derLE returns true. The following theorem summa-
rizes these results.
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FUNCTION iSLE(E, B, F)
INPUT: Finite sets of sentences E, B, and F.

REPEAT
B’ := B;
FOR every LX E sfL(E) - q-atom(B’) 

IF EU B ~ X THEN
IF sfL(x) C_ q-atom(B) 

B := BUILx}
ELSE

F := F U {Lx}
ELSE

skip
UNTIL B = B’;
return (B, F).

Figure 1: The function isLE for positive introspection
based on L-hierarchic enumerations.

Theorem 3.1 Let E be a finite set of sentences. Let B
and F be sets of sentences such that q-atom(B) U F C-_
SfI’(E) and let there be a fully L-hierarchic enumeration
generating B from E. Then derLE(E, B, F,¢) returns
true iff there exists an L-hierarchic E-acceptable enu-
meration ~n of the set {X [ LX E sfL(E)} such that
B U F C B~"(E) and test(E, ’"_ Bn (E), ¢) returns true.

The theorem implies that if the underlying conse-
quence relation ~e is decidable, decision procedures for
~"¢(Lr;) , ~b(LE) , and the L-hierarchic expansion exis-
tence problem can be obtained by employing an appro-
priate function test and taking the empty set as the
initial common part of the full sets.

Theorem 3.2 Let E C £~e be a finite set of sentences
and ¢ E £a¢ a sentence.

1. If test(E, A, ¢) returns true, then derLr:(E, I~, 0, ¢)
returns true iff E has an L-hierarchic expansion.

2. If test(E,h,~b) returns true iff E U A ~L ¢, then
derLE(E, {~, ~1, ¢) returns true iff E ~b(LE) 

3. //" test(E,A,¢) returns true iff E U A ~L ¢, then
dert,E(E, 0, 0, ¢) returns true iff E b/’c(LE) 

The completeness results with respect to the second
level of the polynomial time hierarchy [Gottlob, 1992a;
Niemel/i, 1992a; Stillman, 1992] indicate that there are
two independent sources of complexity in nonmonotonic
reasoning:

¯ required monotonic reasoning and

¯ conflict resolution.

In the decision method the two sources are clearly iden-
tifiable. In the autoepistemic framework required mono-
tonic reasoning is given by the underlying consequence
relation ~ae. The conflict resolution task emerges when
deciding which ",Lx is included in the full set from the
available LX subformulae of the premises. Such choices
can be in conflict with each other: if we include one such
-,Lx in the full set to be constructed, that might make
some X~ a consequence of the premises E and the full set

FUNCTION derLE(E, B, F, ¢)
INPUT: Finite sets of sentences E, B. and F and

a sentence ¢.

(B, F) := isLE(E, B, 
IF for some ",Lx E B, E U B U F ~ae )t THEN

return false
ELSE IF sfL(E) _C q-atom(B) t_J F 

IF F _ B THEN
return test(E, B, ¢)

ELSE
return false

ELSE IF there is some LX E sfL(E)-

(q-atom(B) U E) such 
SfL(x) C: q-atom(B) THEN

IF derLn(E, B U {-~Lx}, F, ¢) returns false THEN
return derLE(E, B, Ft.) {Lx}, ¢)

ELSE
return true

ELSE
return false.

Figure 2: A skeleton for the decision procedures for au-
toepistemic reasoning based on L-hierarchic enumera-
tions.

and force us to add LX~, instead of-~Lx’, to the flzll set to
be constructed. In the decision method the conflict reso-
lution task is solved by a simple backtracking scheme. If
~Lx’ has been included in the full to be constructed but
X’ becomes a consequence of the premises E and the full
set, the method backtracks to the last choice point where
some -~Lx was added to the full set and retracts this
choice. As for every LX subformula of E either -~Lx or
LX belongs to the full set, the other possibility is that LX
belongs to the fidl set. The other alternative is explored
by putting LX as a "frozen" belief to be included in the
full set later. The same backtracking mechanism can
be exploited when searching for an expansion contain-
ing a given sentence (brave derivability) or an expansion
not containing a given sentence (cautious derivability).
When a full set has been found, the fimction test is in-
voked to determine whether the expansion induced by
the full set satisfies the required condition, e.g. contains
a given sentence. If this is not the case, i.e. test returns
false, the method backtracks to the last. choice point and
tries the other alternative. In the decision melho(I 
conflict test is performed immediately after positive in-
trospection has been completed. The aim is to cut the
backtracking as early as possible when a conflict emerges.
Note that it is not necessary to perform the conflict t~’st
during every recursive call of the decision method. The
test can be postponed until all LX subformulae of E have
been exhausted (SfL(E) _C q-atom(B) t_l F) wiHmut 
rificing the correctness of the method.

The decision procedures for }"¢(E) , ~I)(E) , and 
enumeration-based expansion existence problem can be
obtained easily by modifying the functions iSLE and
derLE slightly. The only change is that thero is no need
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to require that sfL(x) C q-atom(B) for the new (--,)LX
formulae to be added to B. The decision procedures
for ~¢ , ~b , and the Moore style expansion existence
problem can be devised by further modifying the func-
tion isLE. The change involves allowing the frozen sen-
tences to be used in positive introspection because the
groundedness requirement for Moore style expansions is
not as strict as for enumeration-based expansions.

The decision method described above is completely
general. It does not rely on any additional assumptions
about the underlying logic which determines the con-
sequence relation ~ae. For example, no normal form
transformation of the premises is required. The method
needs a theorem prover for ~ae aa a subroutine but no
extra requirements are posed on the theorem prover.

Properties of the underlying logic as well as possible
regularities of the sets of premises can be utilized to opti-
mize the computationally costly subtasks of the decision
method: required monotonic reasoning and conflict reso-
lution. The theorem prover for ~ae can exploit any spe-
cial properties of the underlying logic to achieve highest
possible performance. For example, the order of solving
the subgoals during theorem proving is not restricted. If
tile set of premises is of some special form for which a
special purpose theorem prover is available, this theorem
prover can be applied immediately. It should be noted
that despite of formulae containing L operators the the-
orem prover for ~ae is very similar to that for the under-
lying logic CL. This is because the LX sentences behave
like atomic sentences in the propositional calculus as far
as the consequence relation ~ae goes. For example, if
the underlying logic is a first-order predicate calculus, we
can use as a theorem prover for [=:ae a theorem prover for
the predicate calculus which treats LX sentence as new
nilary predicates. The simple logical character of the LX
sentences can be exploited when deciding ~ae and the
set of premises can be considerably reduced. For exam-
ple, it can be shown that in the first-order case if ~ is a
set of sentence of the form ( Lbl A ... A Lb,) -.-* where
c E £ and A is a consistent set of quasi-literals, then for
all ¢ E £,

I] u A I=.e ¢ iff Hds(~, A) ~¢1 

where |lds(~,A) = {c (L bl A .. . A Lbn) "* e E
E and Lbi E h for all i = 1,...,n}. This result turns
out to be applicable when using the decision method
as a decision procedure for default logic by employing
the translation (3) discussed in Section 4. The theorem
prover for ~ae is used with a regular pattern. An inter-
esting topic of further research is to study possibilities
of taking advantage of the regularity and exploiting pre-
vious computations when deciding ~ae.

Conflict resolution is performed in the decision method
when there is a set of LX subformulae of the premises
not. yet in q-atom(B) t0 F and it must be decided which
",Lx formula is added next to the full set to be con-
structed. At this stage it is known that for such a for-
mula ",Lx, X does not follow from :gUB. Here is a target
for further optimization. For example, if a formula --,LX
is selected such that X does not follow from E and any
consistent extension of BU {’-,Lx} UF, then B can be ex-
tended safely by --,L X as a conflict involving --,L X is not

possible and backtracking is not needed. An interest-
ing area of further research is to investigate the notion
of safe disbeliefs and the computational complexity of
finding such formulae.

The two independent sources of complexity nicely ex-
plain the high computational complexity of seemingly
very simple subclasses of default logic and autoepistemic
logic [Kautz and Selman, 1991; Stillman, 1990; Marek
and rI’ruszczyfiski, 1991a; Marek and Truszczyfiski,
1991b]. To obtain a subclass of nonmonotonic reasoning
with favorable computational properties it is not enough
to restrict the form of formulae to make the classical
reasoning task easy but also the conflict resolution task
has to be addressed. Niemel/i and Rintanen [1992] have
studied the notion of stratification originally introduced
in the context of logic programs and shown that when
considering only stratified sets of autoepistemic fornm-
lae [Marek and Truszczyfiski, 1991a] the conflict resolu-
tion task can be solved efficiently and a general iterative
decision method can be devised. The iterative decision
method can be used also for stratified default logic, logic
programs, truth maintenance systems, and McDernlot.t
and Doyle style nonmonotonic modal logics. For exam-
pie, a linear time decision procedure for stratified propo-
sitional logic programs and truth maintenance systems
is obtained [Niemel/i and Rintanen, 199:2].

4 Applications

The novel decision method can be employed as a deci-
sion method for other forms of nonmonotonic reasoning
by using simple local mappings. Here we consider Re-
iter’s default logic, circumscription, anti McDermott and
Doyle style nonmonotonic modal logics.

Default Logic
Default logic introduced by Reiter [1980] belongs to

the leading formalizations of nomnonotonic reasoning.
Truszczyfiski [1991] introduces an appealing translation
(3) of default theories to autoepistemic sentences and
shows that the consistent expansions of the translated
default theory in many McDermott and Doyle style non-
monotonic modal logics correspond to the extensions of
the default theory. When using L-hierarchic expansions
there is no need to consider only consislent expansions.

AEDL(a :bt,...,bn)_
¢

(La A L-~L-bl A... A L-,L-,b,, ) -- (3)

AEDL(D, W) = W U {AEDL(d) [ d (4)

Theorem 4.1 (Niemel/i [1992b1) Let (D, W) be a
default theory where D is finite. Then a set E C C_ £, is an
extension of (D, W) iff E = A N 1: for a, L-hierarchic
expansion A of AEDL(D, W).

Circumscription
In autoepistemic logic it is possible to capture cir-

cumscriptive inference, i.e. the formulae true in every
minimal model of a set of premises. We consider the
propositional case and a rather general notion of min-
imal models. A model I (a set of atoms) of E 
(P, F)-minimal if there is no model l’ of ~ containing
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the same fixed atoms from F as I but for which the
atoms in P are properly included in the atoms from P in
I. This notion of minimal models corresponds to parallel
circumscription [Lifschitz, 1985] where the atomic sen-
tences P are minimized and the atomic sentences not
in F or P are allowed to vary. For a set of formu-
lae P, we define MIN(P) = {-,L¢ ---* ¢ I ¢ E P} and
FIX(P) = MIN(P)UMIN(--P) where ¢ denotes the 
plement of a formula ¢.

Theorem 4.2 (Niemel~ [1992b]) Let P and F be fi-
nite sets of atomic sentences and ~ C £. For every sen-
tence ¢k E E, holds that ¢k is true in every (P, F}-minimal
model of E iff ek belongs to every L-hierarchic expansion
of ~ t9 M[N(P) t3 FIX(F).

Konolige [1989] shows how to achieve minimalization in
the first-order case with non-finite domains using a vari-
ant of autoepistemic logic which allows quantification
into the scope of L operators. He uses the same scheme
as above to minimize and fix predicates.

McDermott and Doyle Style Nonmonotonlc
Modal Logics

Autoepistemic logic is closely related to McDermott
and Doyle style nonmonotonic modal logics where for a
modal logic S, the possible sets of nonmonotonic conclu-
sions are defined in terms of S-expansions. Tile follow-
ing results imply that the methods developed for au-
toepistemic logic are directly applicable to nonmono-
tonic modal logics for a wide range of modal logics.

Theorem 4.3 (Marek et al. [1991]) Let E C_ ~ae.
(1) For each logic S such that 5 C S C KD45, A is

a consistent Moore style stable expansion of E iff A is a
consistent S-expansion of ~.

(2) Let ~ C_ £ae be stratified. Then for each logic 
such that N C_ S and S C_ KD45 or S C_ S4 the unique
stable expansion of E is the unique S-expansion of E.

Theorem 4.4 (Niemelil [1991]) Let E be a finite set
of propositional auloepistemic formulae. Then A is
an N-expansion (iterative expansion) of E iff A is 
enumeration-based expansion of ~.

5 Conclusions

We have developed a novel decision method for autoepis-
temic reasoning which is applicable in a general setting,
i.e. for an autoepistemic logic defined on top of a given
cla.¢sicai logic. The aim has been to devise a concep-
tually clear method where sources of complexity and
targets for further optimization are clearly identifiable.
Two orthogonal sources can be identified: classical rea-
soning and conflict resolution. The classical reasoning
task can be handled using a separate theorem prover.
The decision method imposes no additional requirements
leaving abundant room for optimizations of the theo-
rem prover. The conflict resolution task is solved by
employing a simple backtracking scheme. The method
exploits efficiently the monotonicity of the underlying
consequence relation to reduce choice points in back-
tracking. An interesting topic of further research is to
study more advanced backtracking schemes to enhance,

e.g., goal-directedness. The method provides a direct
decision procedure for tightly grounded autoepistemic
reasoning based on L-hierarchic expansions and no addi-
tional groundedness tests are needed. Decision methods
for more weakly grounded forms of autoepistemic reason-
ing based on Moore style expansions and N-expansions
can be obtained with minor adjustments. The method
can be implemented to run in polynomial space. Promi-
nent forms of nonmonotonic reasoning, such as default
logic and circumscription, can be embedded into au-
toepistemic logic based on L-hierarchic expansions using
simple local translations. Thus the method can be used
as a unified decision method for a large range of forms
of nonmonotonic reasoning. The method also provides
an approach to implement truth maintenance systems a~s
well as stable model semantics and answer set semantics
of logic programs.
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