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Abstract

Belief maintenance systems are natural exten-
sions of truth maintenance systems that use
probabilities rather than boolean truth-values.
This paper introduces a general method for be-
lief maintenance, based on (the propositional
fragment of) probabilistic logic, that extends
the Boolean Constraint Propagation method
used by the logic-based truth maintenance sys-
tems. From the concept of probabilistic en-
tailment, we derive a set of constraints on the
(probabilistic) truth-values of propositions and
we prove their soundness. These constraints
are complete with respect to a well-defined set
of clauses, and their partial incompleteness is
compensated by a gain in computational effi-
ciency.

1 Introduction

Truth maintenance systems (TMSs) are independent rea-
soning modules which incrementally maintain the beliefs
of a general problem solving system, enabling it to reason
with temporary assumptions in the growth of incomplete
information. The concept of truth maintenance system
is due to Doyle [Doyle, 1979]. While all TMSs incre-
mentally manipulate propositions and relations among
propositions, during the past decade three main classes
of TMSs have emerged.

Systems belonging to the first class, introduced
in Doyle’s paper, are called Justification-based TMSs
(JTMSs). These systems record dependencies among
propositions and allow the assumption of some propo-
sitions as true, until a contradiction is detected. When
this happens, the JTMS flOWS backward the chain of de-
pendencies and identifies the set of assumptions respon-
sible for such a contradiction. A second class of TMSs
has been introduced by de Kleer [de Kleer, 1986a] under
the name of Assumption-based TMSS (ATMSs). In ATMSS,
a proposition is labeled with the minimal consistent set
of assumptions under which it can be proved. Conflict-
ing deductions cause the set of inconsistent assumptions
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to be removed from the label of all propositions in the
network.

The third class comprises systems called Logic-based
TMSs (LTMSs). These systems manipulate full propo-
sitional formulas built from propositions and truth-
functional connectives, rather than networks of depen-
dencies, and propagate truth values using a unit reso-
lution style algorithm called Boolean Constraint Propa-
gation (BCP) [McAllester, 1990]. In LTMS, logical fo r-
mulas are recorded in clausal form. Each clause (a fi-
nite disjunction of atomic propositions) represents a log-
ical constraint on the truth-values of its propositions.
Each proposition may appear negated or unnegated in
a clause; we will speak of the sign of a proposition in a
clause. To be satisfied, a clause must contain at least
one proposition whose truth-value is consistent with its
sign in the clause: true if the proposition appears un-
negated in the clause, false if it appears negated. When
all propositions but one violate their sign in a clause,
the clause is said to be unit-open. In such a case the
LTMS forces the remaining proposition to have the truth-
value indicated by its sign, thus preventing the assign-
ment of inconsistent truth-values. Hence, a LTMS may
be regarded as both a TMS and a forward-chained de-
ductive system for propositional calculus. Contradiction
may arise in two ways: a proposition is labeled both true
and false or a clause is completely violated, i.e. each of
its propositions has a truth-value opposite to its sign in
the clause.

During the past few years, several efforts have been
addressed to including probabilities in TMSs. TMSs incor-
porating measures of uncertainty are usually called Be-
lief Maintenance Systems (BMSs). Falkenhainer [Falken-
hainer, 1986] developed a Justification-based BMS, in-
cluding probability in a JTMS. D’Ambrosio [D’Ambrosio,
1987], de Kleer and Williams [de Kleer and Williams,
1987], and Laskey and Lehner [Laskey and Lehner, 1989],
augmented the ATMS formalism with probability mea-
sures. All these efforts share the same probabilistic
framework: they basically rely on the theory of be-
lief functions introduced by Dempster [Dempster, 1968]
and further developed by Shafer [Shafer, 1976]. In the
Dempster-Shafer theory, the belief of a proposition ex-
presses the probability of its provability, rather than the
probability of its truth. In the light of this definition of
belief, relations among the beliefs of propositions may
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be easily represented in networks of dependencies like
those used by JTMSs and ATMSs, where each dependency
is interpreted as a derivation step of the problem solver.

The third class of TMSs, based on BCP, seemed to re-
sist probability. To our knowledge, no attempt has been
made to introduce probabilities in LTMSs. The strict
extensional meaning of clausal relations among proposi-
tions in a LTMS prevents any easy mapping to common
probabilistic relations and hence any direct probabilis-
tic interpretation. To introduce probabilities in a LTMS,
we need a probabilistic interpretation of boolean truth-
functional operators, i.e. a probabilistic logic.

This paper introduces a Logic-based BMS (LBMS), by
extending the scP algorithm of LTMSs from standard
propositional calculus to (the propositional fragment of)
probabilistic logic. We will preliminarily describe the
fundamentals of probabilistic logic, and then we will out-
line the concepts and implementation of the LBMS.

2 Probabilistic Logic
The idea of a probabilistic logic, as the theory of proba-
bility distributions over logical sentences, dates back to
Keynes [Keynes, 1921], was mathematically established
by Koopman [Koopman, 1939], and was introduced in
the AI community by Nilsson [Nilsson, 1986] as an intu-
itive but foundational account of reasoning under uncer-
tainty in automated problem solving.

The basic semantic clash between probabilistic logic
and standard propositional calculus is due to the fact
that probabilistic logic allows the truth-values of propo-
sitions (beliefs) to range in the continuous interval [0, 1].
Nilsson provides an intuitive semantic definition of this
interpretation of probability as generalized truth-values,
based on the usual concept of possible worlds. A propo-
sition a may be true in some worlds and false in others;
we can partition the space of all the possible worlds into
two sets: the set St of those in which a is true and the set
S! of those in which it is false. Within this framework,
we can model the uncertainty about the truth-value of
a in the actual world (i.e. the world we are interested
in) through the use of truth-values that range between
false (0) and true (1), representing the probability that
the actual world belongs to the set St.

Nilsson shows that, just as it is possible to assign in-
consistent boolean truth-values to propositions in stan-
dard propositional calculus, it is also possible to as-
sign inconsistent generalized truth-values in probabilis-
tic logic. For example, we cannot imagine a world in
which P(a) = 0.2, P(b) = 0.1 and P(a V b) = 1, where
P(z) is the function that returns the probability of the
formula z. Moreover, he notes that even if consistent,
the truth-value of a proposition will not necessarily be
a point-valued probability, but rather a range of proba-
bilistic values. This gives us some hope to extend BCP to
generalized truth-values, if we allow truth-values to be
bounds of probabilities rather than point-valued proba-
bilities: we will indicate with P.(z) and P*(z) the lower
and upper bounds on the probability of x, respectively.

Nilsson provides semantic methods, based on the con-
cept of probabilistic entailment, to calculate bounds on
probabilities that can be regarded as a generalization of

the Venn diagram method. The basic inequality under-
lying these methods is the following:

P(a) + P(a D b) - 1 < P(b) < P(a (1)

Inequality (1) may be regarded as the probabilistic in-
terpretation of modus ponens: from P(a) = Pl and
P(a D b) = p~ we can derive bounds of probability rep-
resenting the truth-value of b. Moreover, it is a special
case of a more general inequality that applies to any set
of propositions in disjunctive form, i.e. a clause. Let

C= Vai
i=1

be a clause. The probability of ai is bounded by the
following inequality:

P(C) -- ~ P*(a3) < P(ai) < P(C) (2)
jgi

The right hand side of (2) is obvious: no proposition
may have a belief greater than the maximum belief of
any disjunction it is part of. In set-theoretic terms, this
means that a set cannot be larger than its union with
other sets. The left hand side states that when the sum
of the maximum beliefs of all the propositions in C but
one does not reach the belief of the clause, the minimum
belief of the remaining proposition is forced to cover the
difference. From the standpoint of probabilistic logic,
a clause that meets this condition is unit-open, and al-
lows a forward-chained unit resolution style deduction
step similar to the one performed by the BOP. Similarly,
clause C is violated when one of the following conditions
is met:

ai > P(C) (3)

n

~-~P’(ai) < P(C) (4)
i=l

When condition (3) is met, there is a proposition violat-
ing the belief of the clause, and we have no hope to satisfy
the probability value of C, since this proposition is suf-
ficient to make P(C) inconsistent. When condition (4)
is met, there is no way to satisfy C since the sum of
all maximum beliefs of propositions does not cover the
belief of C.

Unfortunately, the constraints directly derived from
inequality (2) turn out to be too weak: the bounds they
produce are too wide, thus including inconsistent values.
Consider the following simple example:

P(a V b) = 0.8
P(a v -~b) = 0.6
P(-,a y b) = 0.7 (5)

P(--,a V-~b) = 0.9

In this case, the only consistent probability assignments
are P(a) = [0.4,0.4] and P(b) = [0.5,0.5], while the
application of (2) leads to P(a) = [0.3, 0.6] and P(b) 
[0.4, 0.7].
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The INFERNO system [Quinlan, 1983], that is usually
regarded as a local approximation to probabilistic logic
[Nilsson, 1993], exhibits this kind of behavior. Because of
that, INFERNO has been strongly criticized [Spiegelhal-
ter, 1986; Pearl, 1988]. The assignment of inconsistent
probability values is even less tolerable in BMSs, which
are expected to maintain the consistency of a belief set.

3 Logic-based Belief Maintenance
The weakness of the constraints derived from (2) arises
from too strong an enforcement of their locality. Locality
is a common feature of constraint-based systems: the
result of the application of each constraint is independent
on any other constraint. This requirement can be easily
met by the BCP, since the inference rules of classical
logic are strictly local. In a probabilistic framework, "the
luxury of ignoring the rest of the database cannot be
maintained" [Pearl, 1988].

Consider example (5): the four clauses define a com-
plete probabilistic model for the atomic propositions a
and b. Tile assignments P(a) = 0.4 and P(b) = 0.5 may
be easily derived, using simple arithmetic operations, on
condition that the four clauses are regarded as a whole,
rather than as four local constraints. To extend BCP to
probabilities, we thus need a new kind of locality, and a
new set of constraint definitions, which allow us to in-
crementally derive a fully specified probabilistic model
from a set of detached clauses.

3.1 Constraints

Consider again the inequality (2). The right hand side
relies on a truly local property of the disjunction, and
gives origin to a sound constraint. Our problems come
from the left hand side, which is an approximation of the
received definition of disjunction:

n
p(a,)- (-lyl+lP(Aa,) 

i=l i----1 IC{1,...,n} iEI

Equation (6) states that the probability of a disjunction
C is equal to the sum of the probabilities of its propo-
sitions minus a factor which accounts for their overlap-
ping when represented as Venn diagrams. This equa-
tion shows why inequality (2) is too weak: since its left
hand side does not include the overlapping factor, it pro-
duces bounds that are too wide, thus allowing inconsis-
tent truth-values assignments.

The computation of the overlapping factor of a clause
requires the knowledge of some additional clauses that
have a particular syntactic relationship with it. This
forces us to abandon the idea of a strict locality of the
constraints, and to allow some form of interaction among
clauses.

Consider the clause a V b v c. Application of equa-
tion (6) leads to:

P(a v b v c) P(a) + P(b) + P(c)-
-P(a A b) - P(a A c) -- P(b 
+P(a A b A c)

a b

Figure 1: The Venn diagram for the clauses composed
by the atomic propositions a, b, and c.

This equation can be easily verified by establishing the
following correspondences between its terms and the re-
gions in its Venn diagram interpretation given in Fig-
ure 1:

a 1,4,5,7
b 2,5,6,7
c 3,4,6,7
aAb 5,7
aAc 4,7
bAc 6,7
aAbAc 7
aVbVc 1,2,3,4,5,6,7

The overlapping factor of clause a V b V c is given by (5,
7) + (4, 7) + (6, 7)- 7 and hence by 4, 5, 6, 7 (where
region 7 is counted twice). Note that the same result may
also be obtained using the clauses that directly represent
"atomic" regions in the Venn diagram:

aAbAc 7
a A b A-,c 5
aA~bAc 4
~aAbAc 6

Therefore, equation (6) may be formally expressed as:

n n 1 1 n

P(V ai)= P( ai)- E "" E P’¢ ’)~(:~1’’’"
i=l i=1 At=O An=O i--1

where {al,..., an} are atomic propositions, a1 = a, a° =
-~a, and the function A is defined as:

A(A1 ..... ),,,) = max{0, (E A,) (8)
i=1

According to fornmla (7), the overlapping factor of 
clause C is given by the sum of the probabilities of
the conjunctions {R1,..., R2n} that contain all possible
combinations of the same n (negated and unnegated)
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atomic propositions as C, where each probability has to
be multiplied by the value returned by the function A.
For each Ri, the function A returns one less than the
number of propositions that appear with the same sign
in C and in R/if greater than one, and zero otherwise.

When formula (7) is applied to the clause aVbVc, the
function A behaves as follows:

aAbAc 2
a A b A-,c 1
a A-,b A c 1
a A-~b A-~c 0
-~aAbAc 1
-,a A b A "~c 0
-’,a A ",b A c 0
-,a A ~b A ",c 0

In the Venn diagram, it selects regions 4, 5, and 6 once,
and region 7 twice, thus giving the same overlapping
factor as the one used in formula (6).

We can now define a stronger set of constraints, that
are closer to the basic definition (6). The first one 
simply the right hand side of (2).

Constraint 1 The maximum belief of a proposition ai
in clause C is bounded by:

P*(ai) <_ P(C)

The second one follows from (6) and replaces the left
hand side of (2).

Constraint 2 The minimum belief of a proposition ai
in clause C is bounded by:

P.(ai) > P(C) + .~c - E P*(aj)
j¢i

where .T¢ is the overlapping factor of clause C.

Turning back to example (5), we can see that the ap-
plication of constraints 1 and 2 leads to the assign-
ment P(a) = [0.3,0.5] and P(b) [0.4, 0. 6]. If we as-
sume P(a) = [0.4, 0.4], we obtain the correct assignment
P(b) = [0.5,0.5], and the same happens if we assume
P(b) = [0.5,0.5] instead of P(a) = [0.4,0.4]. Unfor-
tunately, we are still left with inconsistent probability
values: if, for example, we assume P(a) [0.3, 0. 3], we
get the contradiction P(b) [0.6, 0. 4].

In order to avoid this situation, we nmst appeal once
more to formula (6) to derive a further constraint. When

E (-1)]ll+’P(Aai) = 0 (9)
IC{1,... ,n} iEl

formula (6) becomes

P(V ai) P(al) (lO)
i=1 i-~l

which is the well-known Additivity axiom. In the set-
theoretic interpretation, condition (9) holds when all the
sets representing the propositions al... an are pairwise
disjoint.

On the basis of the Additivity axiom, we can easily
derive the following theorem.

Theorem 1 Let a be an atomic proposition, and
{¢1,..., ¢2- } be the set of all the conjunctions that con-
tain all possible combinations of the same n atomic
propositions negated and unnegated. Then,

2n

P(a) = E P(a A ¢i)
i=1

If-,(--,a V ¢i) is the clause obtained by the application
of DeMorgan’s laws to a A ¢i, we have P(a A ¢i) = 1 --
P(-~a V ¢i). We can thus define the following constraint.

Constraint 3 The minimum belief of a proposition a is
bounded by:

2n

P.(a) > 1 - E(1 -- P(-,a V ¢i))
/=1

We have replaced the equality given by theorem 1 with
an inequality because Constraint 3 holds also when only
a subset of the clauses {(--,a V ¢1) .... ,(--,a V ¢2-)} 
known, and causes P.(a) to increase monotonically as
the number of known clauses increases. Moreover, when
all the 2n clauses are available, theorem 1 ensures also
that

2~

Po(a) = P*(a) = 1 -- E(1 - P(’,a V ~’i)) (11)
i=1

thus causing the probability bounds of a to converge
monotonically towards a point-valued probability.

3.2 Propagation

Propagating the above defined constraints over a net-
work of clauses is quite easy. BCP uses Waltz’s propaga-
tion algorithm [Waltz, 1975]. We just need to follow its
extension to interval values due to Davis [Davis, 1987].
According to Davis’ classification of interval-based con-
straint propagation systems, the LBMS belongs to the
category called label inference. In these systems, each
node (in our case, each proposition) is labeled with 
set of possible values, and the constraints (in our case,
the application of the above defined constraints to the
clauses) are used to restrict this set. The LBMS can ex-
hibit this behavior because if a clause is satisfied for a
given truth-value of a proposition P(a) = [a.,a*], it
will be satisfied for any subset of [a.,a*]. This prop-
erty, which is implicit in the form of the inequalities in
constraints 1, 2, and 3 implies a monotonic narrowing of
the truth-values, thus ensuring the incrementality of the
LBMS.

We can now describe in some detail how the truth-
values of the propositions are propagated on a network
of clauses by the three constraints.

Constraints 1 and 3 are applied only when a new clause
is added to the network. Constraint 1 just sets the maxi-
mum belief of each proposition in the clause to the belief
of the clause. The application of constraint 3 exploits
its incremental character. The current implementation
uses a set of tables each of which stores all the clauses
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containing the same set of propositions. Moreover, for
each proposition the table maintains two counters, the
first one initialized to zero and the second one to 2’~-1,

where n is the length of the clauses. When a clause C
is added it is inserted in the appropriate table and, for
each proposition, the value P(C) is added to the first
counter and subtracted from the second one. Finally,
for each proposition, the minimum belief is set to the
value of the first counter, and the maxinmm belief is set
to the value of the second counter. Note that for each
proposition, the value of the second counter will be in
the range [0, 1] only when all the clauses containing that
proposition are in the table, that is, the case in which
also the maximum belief of the proposition can be set
according to equation 11.

Constraint 2 performs the actual propagation of the
truth-values on the network. It is applied when the max-
imum beliefs of all the propositions of a clause C but one
are less than the belief of C, and it increases appropri-
ately the minimum belief of the remaining proposition.

When a proposition is added to the network, its belief
is set to the interval [0, 1]. The belief of a proposition
may then be modified by an explicit assumption by the
user or by the application of a constraint. The algo-
rithm for updating and propagating the truth-value of a
proposition is quite simple.

Algorithm 1 Let a be a proposition, [a.,o~*] an inter-
val, S a symbol or a clause representing the support of
the assignment of the interval [a.,a*] as the belief of
a, E a list of clauses to be evaluated, and Q a list of
clauses that support an inconsistent truth-value assign-
ment. Both E and Q are initially empty.

Input: a, c~., a*, S, Q.
Output: Q.
Step 1: If a. < P.(a) go to Step 5.
Step 2: If a. > P*(a) then:

Step 2.1: If S is a clause then add S to Q and
go to Step 5, otherwise signal an unrecover-
able contradiction and go to Step 10.

Step 3: Set P.(a) = or..
Step 4: For each clause C/ such that a appears

negated in Ci, add Ci to E.
Step 5: If or* > P*(a) go to Step 9.
Step 6: If c~* < P.(a) then:

Step 6.1: If S is a clause then add S to Q,
otherwise signal an unrecoverable contra-
diction.

Step 6.2: Go to Step 10.
Step 7: Set P*(a) = a*.
Step 8: For each clause Ci such that a appears un-

negated in Ci, add Ci to E.
Step 9: For each clause C in E, call

evaluate-clause on C and Q.
Step 10: End.

The procedure evaluate-clause basically checks the
consistency of a clause and enforces constraint 2.

Algorithm 2 Let C be a clause, and Q a list of violated
clauses.

Step Clause P(a) P(b) Constraint
1 (a v b) [0.0,0.8][0.0,0.8] 1
2 [0.1,0.8][0.1,0.8] 1
3 (aV~b) [0.1,0.61[0.4,0.8] 1
4 [0.4,0.4][0.5,0.5] 3
5 [0.4,0.4] 1

Table 1: The behavior of the LBMS when fed with a set of
clauses representing a complete probability distribution.

Input: C, Q.
Output: Q.
Step 1: If the sum of the maximum beliefs of the

propositions in C is lower than P(C) (condi-
tion (4)) 1 then add C to Q and go to Step 4.

Step 2: If the maximum belief of all propositions
in C but a is lower than P(C) then set the
minimum belief of a according to constraint 2
with C as the support.

Step 3: If the maximum belief of all propositions
in C is lower than P(C) then set the minimum
belief of all propositions in C according to con-
straint 2 with C as the support.

Step 4: End.

The propagation is produced by the interplay of these
two algorithms, and stops when the list E of the clauses
to be evaluated is empty, and hence the network is qui-
escent.

Both algorithm 1 and algorithm 2 return a (possibly
empty) list Q of violated clauses. If Q is empty, the
network is consistent and the process terminates; other-
wise, the network has become inconsistent. In this case,
the system can flow backward the chain of supports to
find the set of assumptions leading to the inconsistency.
If any such assumptions are found, the user is given a
chance to retract them in order to try to restore consis-
tency, otherwise the network is intrinsically inconsistent
and cannot be recovered.

Algorithm 2 slmws that the efficient computation of
the overlapping factor is critical for the overall per-
formance of the system. Our implementation exploits
the presence of the tables of clauses used to apply con-
straint 3 to incrementally update the overlapping factor
of a clause according to formula (7).

Let us go back to example (5), and suppose the LBMS
is fed with the four clauses in succession. We now obtain
the behavior displayed in Table 1:

1: Constraint 1 lowers the maximum beliefs of a and b
to 0.8.

2: Constraint 1 lowers the maxinmm beliefs of -~a and
-~b to 0.9 thus raising the minimum beliefs of a and
bto 0.1.

3: Constraint 1 lowers the maximum belief of a and -~b
to 0.6 thus raising the minimum belief of b to 0.4.

1Condition (3) is never met due to constraint 1 that 
immediately applied when the clause is added to the network.
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4: Constraint 3 raises the minimum belief of a to 0.4
and the minimum belief of-,b to 0.5. and hence the
maximum belief of b to 0.5. Since the clause table is
complete for a and ",b, the constraint sets also the
maximum belief of a to 0.4 and the maximum belief
of -~b to 0.5 and hence the minimum belief of b to
0.5.

5: Since the clause (-,a Y b) is satisfied for the cur-
rent truth-values of a and b, it is just checked for
consistency, and no modifications take place in the
network.

If, after step 2, the user had assumed the truth-value
[0.4,0.4] for proposition a rather than adding a new
clause, the LBMS would have behaved as follows:

3: The truth-value of a is set to [0.4, 0.4].

4: Since both the minimum and maximum belief of a
have been changed, both the clauses (a V b) and
(-~a V -~b) are enqueued for evaluation.

5: The application of constraint 2 to the clause (a V b)
raises the minimum belief of b to 0.5.

6: The application of constraint 2 to the clause (--,a 
--,b) raises the minimum belief of -,b to 0.5, thus
lowering the maximum belief of b to 0.5.

The first good result we are presented with is the cor-
rect assignment of probability values to a and b. More-
over, we have tested the LBMS with several randomly-
generated probability distributions involving up to ten
propositions, and we found that the probability bounds
converge quickly and quite often a subset of the clauses
representing the complete distribution is sufficient to
reach point-valued assignments.

4 Logical Properties of the LBMS

In this section we will discuss how the traditional log-
ical properties of soundness and completeness apply to
the LBMS with respect to the notion of probabilistic en-
tailment [Nilsson, 1986], and we will address some is-
sues concerning its computational tractability. Since the
standard concepts of soundness and completeness apply
to point-valued truth-values, we need alternative defini-
tions able to deal with interval truth-values. We will fol-
low the extended definitions of soundness and complete-
ness for probabilistic inferences due to Grosof [Grosof,
1986].

4.1 Soundness

We assume the following definition of soundness.

Definition 1 (Soundness) A set of p~vbabilistic infer-
ences is sound if and only if for each proposition a the
inferred truth-value for P(a) is a superset of the entailed
truth-value for P(a).

Intuitively, this definition states that a sound set of prob-
abilistic inferences will return a superset of the proba-
bilistically entailed range assigned to a proposition, thus
preventing the exclusion of legitimate values. The fol-
lowing theorem ensures that the LBMS is sound.

Theorem 2 (Soundness) For any set of clauses II,
the truth.value [~., ~*] assigned by the LBMS to a propo-
sition a is a superset of the truth-value [ft., fl*] assigned
to a by II through probabilistic entailment.

In order to prove this theorem, it is sufficient to note that
all the inequalities used by the LBMS as constraints, being
direct consequences of the axioms of the theory of prob-
ability, are able to assign the correct truth-value [fl., fl*]
to a proposition when all the needed pieces of informa-
tion are available; on the other hand, it is easy to verify
that in presence of incomplete information, the inferred
bounds of probability will be a. < fl. and c~* > ~*.
Since label refinement with the Waltz algorithm is known
to be deductively sound, so is the LBMS which simply it-
erates the application of a sound set of constraints.

4.2 Completeness

According to Grosof [Grosof, 1986], the definition of
completeness is the following.

Definition 2 (Completeness) A set of probabilistic
inferences is complete if and only if for each proposi-
tion a the inferred truth-value for P(a) is a subset of the
entailed truth-value for P(a).

Intuitively, this definition states that a set of probabilis-
tic inferences is complete when it returns a subset of
the probabilistically entailed range assigned to a proposi-
tion. Note that if a set of probabilistic inferences is both
sound and complete, it will assign to each proposition an
interval truth-value coincident with the probabilistically
entailed one.

It turns out that the LBMS is not complete. Just con-
sider the following example:

P(a v b v c) = 0.9
P(-~a v ~b) = 0.8
P(’~a V -,c) = 0.7
P(’,b V -,c) = 0.7
P(-’,a V "~b V "~c) = 0.9

Given the assumptions P(a) = [0.5,0.5] and P(b) 
[0.5,0.5], through probabilistic entailment we can eas-
ily derive P(e) = [0.6, 0.6] on the basis of formula (6).
On the contrary, the LBMS will derive P(c) [0.3, 0. 8].
This incompleteness is due to the fact that the LBMS cal-
culates the overlapping factor of a clause C using just a
particular set of clauses (i.e., those that contain exactly
the same set of negated and unnegated propositions as
C) and does not exploit the other sets of clauses that
define the overlapping factor of C.

There are two motivations behind the choice of this
particular set of clauses. First of all, we found that the
calculation of the overlapping factor is the only source of
complexity in the LBMS which, being assimilable to the
BoP, is expected to run in linear time. Since we have
devised an efficient method to calculate the overlapping
factor, and since probabilistic entailment is known to be
intractable in nature [Nilsson, 1993] the incompleteness
of the LBMS represents a compromise between function-
ality and efficiency.

Furthermore, the representation in the LBMS of a prob-
abilistic model expressed in terms of conditional proba-
bilities produces a set of clauses that is exactly the one
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needed to calculate the overlapping factor. For instance,
the probabilistic model defined in example (5) can 
expressed in terms of the two conditionals P(alb) = 0.2
and P(al-@) = 0.6 with P(b) - 0.5. On the basis of the
chain rule for conditional probabilities,

P(a ̂ b) = P(alb) ̄ 
we obtain the set of clauses (5). It is easy to see that,
when the number of antecedents in the conditionals is
greater than one, the set of clauses representing them in
the LBMS is the one used by formula (7) rather than the
one used by formula (6).

5 Conclusions

Belief maintenance systems are natural extension of
truth maintenance systems. Therefore, the LBMS pro-
vides the explanation facilities typical of the TMSs: it
is able to identify the set of assumptions supporting a
particular truth-value assignment to a proposition. This
ability, coupled with an efficient mcthod to retract previ-
ous assumptions, can be extremely useful to implement
effective contradiction handling procedures.

The LBM$ also inherits from the TMSs the consumer-
based architecture [de Kleer, 1986b] that allows an easy
development of problem solvers on top of it. We have im-
plemented the ideas presented in this paper in a working
prototype, which we plan to use as a core for applications
requiring the ability to reason from uncertain beliefs and
incomplete information.
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