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Abstract

Future computer vision systems must have the
ability to discover new object models. This prob-
lem can be addressed by relational concept forma-
tion systems, which structure a stream of observa-
tions into a taxonomy of discovered concepts. This
paper presents a representation for images which
is invariant under arbitrary groups of transforma-
tions. The discovered models, also being invari-
ant, can be used as indices for 3D images. The
methodology is illustrated on a small problem in
molecular scene analysis, where discovered mod-
els, invariant under Euclidean transformations,
are efficiently recognized in a cluttered molecular
scene.

Introduction
An ultimate goal of a computer vision system is to
produce symbolic descriptions for scenes, identifying
objects and their locations. The approach which has
achieved the greatest success in this area is model-based
vision, where object models drawn from a precon-
strueted library are matched against segmented parts
of an image.

The classical model-based paradigm has two limita-
tions which seriously affect its use as a general-purpose
vision system. First, many systems explicitly search for
a transformation mapping the model coordinate frame
to the image coordinate frame. The model coordi-
nate frame may be object-centered (Mart, 1982). This
search can be very expensive, and is complicated by the
fact that not all features of an object may appear in a
3D reconstruction of the 2D image (some object parts
may be occluded in a particular viewpoint). It also
requires that the "correct" model be chosen rapidly.
Model-based vision systems usually work with rigid
models and cannot cope with the "contortion" (Koss-
lyn and Koenig, 1992) or "articulated object" (Wolf-
son and Lamdan, 1992) problem, where overall object
identity is preserved but object parts are positioned in
novel ways.

The second limitation of current model-based vision

systems is that they lack a facility for learning or dis-
covering new models. A general-purpose vision system
must be able to encounter new types of objects, relate
them to existing types, and thereafter recognize them
(Pentland, 1986; Edelman and Poggio, 1992). The ulti-
mate goal of computer vision is unlikely to proceed un-
til this limitation is overcome. Supervised learning sys-
tems for object models (e.g., (Connell and Brady, 1987;
Winston, 1975)) only partially address the model for-
mation problem since they assume that a model is gen-
eralized/specialized by positive/negative examples of
a particular class of object. General model formation,
though also relying on similar learning operators, is an
unsupervised learning process.

In this short paper I argue that techniques from ma-
chine discovery and concept formation research can ad-
dress many of the above problems. First I present
a knowledge representation for models which facili-
tates transformation-invariant descriptions of objects
and their parts. Second, I show how recurrent sub-
structures in scenes can be discovered, abstracted, and
incorporated into a knowledge base of models orga-
nized by subsumption. Finally, I discuss how these
principles are being applied to a project in the analy-
sis of 3D molecular scenes.

Transformation-invariant indexing
The task of establishing a correspondence between ob-
ject model and scene is highly underconstrained. The
mapping from model parts to image parts may not be
uniquely determined; there may be occlusions in the
image (not all parts of the model can be mapped),
and there may be multiple objects and/or spurious
parts in the image (not all parts of the image are
mapped onto) (Grimson, 1990). These problems, com-
bined with the further problem of model selection and
database search, have led to other approaches to the
model-based vision problem.

Many researchers have departed from the 2D image
- 3D model "reconstructionist" paradigm of model-
based vision. One such technique that is gaining pop-
ularity is the use of 2D characteristic view classes of
objects (Wang and Freeman, 1990). A characteristic
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view is a "stable" arrangement of an object, in that the
view is invariant as the vantage point changes within
a neighborhood. There may be several characteristic
views of an object: each is a node in that object’s as-
pect graph. During object recognition the characteris-
tic views of the selected model are tested for graph iso-
morphism with parts from the segmented image. As-
pect graphs are a promising framework, but efficient
algorithms need to be developed for their matching
and indexing.

Another promising approach to the viewpoint prob-
lem is encompassed by the field of geometric invariance
(Mundy and Zisserman, 1992). This is the study 
geometric properties and relations that remain invari-
ant under transformations. Simply put, an invariant
of a representation, with respect to a group of trans-
formations, is a property or relation whose values re-
main unchanged after application of a transformation
from the group. Example transformation groups are
the Euclidean, Similarity and Affine groups; transfor-
mations can also be dimension-reducing (see (Mundy
and Zisserman, 1992) for a good collection of research
on invariance). For example, the relation "nearer" be-
tween three parts (van Benthem, 1991, Appendix A:
"On Space") is invariant under the Similarity group
of transformations (translation, rotation, scaling). In-
variant features of models can be measured directly
from images, have the same value regardless of the im-
age coordinate frame, and can subsequently be used to
index a model directly.

Wolfson and Lamdan (1992) describe the Geometric
Hashing paradigm for transformation-invariant index-
ing. For a given model object, an aiTine basis is a triplet
of non-collinear points. All other points in the model
can be expressed in the reference frame determined by
an affine basis. The GH paradigm uses a hash table of
(model, affine basis) pairs. During tr aining stage, for
every affine basis of a model object with n points the
model is transformed, and all other n - 3 coordinates
in the model are indexed in the hash table. During the
matching stage an affine basis for the image is chosen,
the hash table is consulted for all points in the trans-
formed image, and the number of votes for each model
are tabulated. Models with many votes are promising
candidates for further examination.

The Gtt transformation-invariant indexing method
can be costly; for a database of m models with an
average of n points in each, O(mn4) hash table entries
are needed. The method is also sensitive to noise and
minor variation in an input image, and has difficulty
with the contortion problem.

Representation and Machine Discovery

In this section I propose a new approach to
transformation-invariant indexing, where a subsump-
tion taxonomy of transformation-invariant indices is
used to retrieve candidate models. These indices are
not hand-crafted, rather they are automatically pro-

duced by a machine discovery procedure. In addition
to guiding the selection of models based on the struc-
ture of the image, this subsumption taxonomy can
provide a method for model-driven segmentation of a
scene, that is, integrating the selection and indexing
phases of object recognition.

The approach is based on knowledge representation
principles of description logics (Nebel, 1990). The cen-
tral mode of reasoning in description logics is subsump-
tion; reasoning about the relative generality of con-
cepts. In our extension to description logics images,
like all concept terms, are given an extensional seman-
tics and subsumption is sound with respect to this se-
mantics. The result is ST)f~, a spatial description logic.
More formally, an image term is a pair (I, R), where:

I is a symbolic image. This is a multidimensional
point-data spatial data structure (Samet, 1990):
concept terms are placed at coordinates in the struc-
ture. The canonical form of a symbolic image is a
set of components, which are (concept term / coor-
dinate) pairs. The components can inductively refer
to image terms.

R is a set of transformation-invariant relations pre-
served by this image. The relations are of arbitrary
arity and are computed by functions which detect
the validity of a relation by directly manipulating
the symbolic image data structure.

This representation for object models provides a di-
agrammatic rather than a sentential representation
(Larkin and Simon, 1987) of invariant spatial relations.

Subsumption between two image terms is a
(directed) relational monomorphism (Haralick 
Shapiro, 1993) between them; this is a standard graph-
theoretic technique in computer vision. Similarity be-
tween images is related to the size of a maximal mor-
phism between them -- see (Conklin and Glasgow,
1992) for details. Subsumption morphisms between
image terms are cached in the subsumption taxon-
omy (in effect, implementing a mathematical category
structure (Conklin and Jenkins, 1993)), providing 
compilation mechanism for efficient image indexing.
The subsumption taxonomy will have general mod-
els close to the root, and instances of models at the
leaves. The general models may occur in many differ-
ent scenes.

One of the main facilities of a description logic is
a classifier:, this procedure places a new concept in
its correct location in the taxonomy, just below all
most specific subsumers, and just above all most spe-
cific subsumees (Woods, 1991). As a new concept
progresses down the taxonomy during the classifica-
tion process, models which are increasingly specific and
similar to the concept are encountered.

An important aspect of the knowledge representa-
tion scheme outlined above is that image terms can be
generalized like all concept terms. It is not clear what
the generalization of symbolic images alone should be
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(i.e., what is the "generalization" of an image?); how-
ever when they are associated with relations they take
on a semantics in which generalization must be logi-
cally sound. Generalization in S:DZ: is based on non-
deterministic rules applied to image terms. For any
symbolic image I and relation set R, the image term
(I, R) can be generalized in various ways, for example:
(~- denotes the subsumption relation):

1. by replacing a part p of a component (p, c) in I by 
more general concept term q:

q~-p

(replace(/, (p, c), (q, c)), >- (I, R)

2. by deleting a component C from the image I:

(delete(/, C), R) (I, 
3. by removing relation identifiers from the relation set

R:
R’C R

(I, R’) >- (I, R)

The contributions of 87)/: are that relational models
are structured into a subsumption taxonomy and can
be created dynamically by generalization as new scenes
or objects are indexed by the system (although image
terms can also appear as background knowledge). The
IMEM (Image MEMory) algorithm (Conklin and Glas-
gow, 1992) is a structured concept formation algorithm
which incrementally develops a knowledge base by ex-
panding it with new image terms. Recurrent spatial
arrangements of parts are found by classifying an inter-
preted image with respect to a current knowledge base,
performing matching and generalization with similar
image terms having the same classification (see Fig-
ure 1). During scene analysis these discovered image
terms, being recurrent patterns, are good indices into
the knowledge base of models.

The IMEM discovery algorithm is similar to Levin-
son’s (1985) graph discovery algorithm, however it dif-
fers in that 1) a broader class of spatial relations can
be expressed using the image term representation, 2)
the category-theoretic structure of the concept tax-
onomy leads to a very efficient classifier implementa-
tion, and 3) hierarchical models can be expressed in
our formalism. Also, we use a similarity threshold to
guide the creation of new concepts, whereas Levinson
uses a match cost heuristic. IMEM is similar in spirit
to Thompson and Langley’s (1991) LABYRINTH struc-
tured concept formation algorithm -- see (Conklin and
Glasgow, 1992) for a discussion of key differences.

In contrast to the IMEM approach, where inter-
image similarities trigger concept formation, the pro-
cess described by Holder et al. (1992) analyzes a sin-
gle image to discover substructures. Heuristic criteria
such as compression, compactness, and connectivity
are used to guide the discovery. It would be an inter-
esting exercise to combine the inter- and intra-image
discovery methods used by these two approaches.

incorporate (image)

let S be the most specific subsumers of image.
for each concept C in S do

(a) place a substmption link between C and
image.
(b) merge(image,C).

merge (image, C)

if there exists an immediate substmee D of C
which is compellingly similar to image, then

(a) form a new concept vhich is a least
common subsumer of image and D, and give it
a unique name U.
(b) classify(U).

classify (concept)

if concept is not equivalent to an existing
concept, place concept in the current concept
taxonomy just below all most specific
subsumers, and just above all most general
subsumees.

Figure 1: The IMEM algorithm. Top-level call:
incorporate(image).

The success of the S:D/: approach to knowledge
representation and learning depends intimately on
the relations used to describe images. Merely stat-
ing that they must be transformation-invariant is not
enough -- the "universal" relation and many others
are transformation-invariant, but clearly differ in util-
ity for discrimination during concept formation or for
filtering out invalid object models. On the other hand,
if very specific relations are used then little similar-
ity between instances can be detected. Overly general
and overly specific relations will therefore violate, re-
spectively, the separability and stability requirements
of object models (Wolfson and Lamdan, 1992). The
transformation-invariant relations we have used for the
molecular scene analysis domain (next section) include
proximity, planarity, qualitative orientation, and con-
nectivity.

Application
Our main application of computer vision techniques
is molecular scene analysis (Glasgow et al., 1992;
Fortier et al., 1993): the reconstruction of an inter-
preted symbolic image from an electron density map
of a molecule. The initial image data is complex and
noisy, but various image processing techniques are be-
ing developed to reduce this complexity. In particular,
we are interested in extracting parts corresponding to
peaks of electron density; peaks may will correspond
to meaningful parts of the molecule in question. This
image preprocessing will transform the image data into
a peak map which has the same form as the discovered
models. The technique of matching model to image
using the concept taxonomy, called abductive subsump-
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I~p4 (z)

[] p4 (L)

Figure 2: The A relation, pl-p2-p3-p4 form a con-
nected chain.

tion, will be discussed and demonstrated below.

The molecular scene analysis problem has several in-
teresting properties from a machine vision standpoint.
First, the electron density images are 3D and no 2D-
3D reconstruction is necessary (hence no parts are oc-
cluded). Second, at the outset of a scene analysis we
usually know the covalent structure of the molecule,
that is, its atomic constitution and bonding topology.
This prior knowledge provides strong constraints on
possible scene interpretations. Third, there is much
spurious data in the peak map. Finally, molecules are
not rigid objects, rather, they assume a number of en-
ergetically favourable conformations (contortions).

Machine discovery and transformation-invariant in-
dexing is critical to the molecular scene analysis pro-
cess. Very large databases of 3D molecular structures
exist, and it is highly likely that substructures from the
databases can be used to accurately construct a signif-
icant portion, if not all, of the new molecule. Defining
these substructures and their various conformations is
an excellent problem for machine discovery. The sub-
structures should be transformation-invariant so that
they subsume any image containing them, regardless
of the coordinate frame of the image.

For example, a six-member ring exists in various
contortions; what remains constant is the covalent
structure. IMEM was applied to a small set of training
instances of six-member rings, drawn from the Cam-
bridge Structural Database (Allen et at., 1991). Each
instance was described using the relations of connec-
tivity (two parts within a distance of 1.7/~), and the
A relation. The quaternary A relation measures the
"qualitative orientation" of a fourth part relative to a
plane formed by three other connected parts. It takes
on four values: U, L, Z, and J (see Figure 2). Both con-
nectivity and A are invariant under Euclidean trans-
formations. Figure 3 depicts two of the models dis-
covered by IMEM; these correspond to the accepted
conformational classes "chair" and "phenyl" used by
chemists.

Figure 3: Two discovered models: Left: the chair,
Right: the phenyl ring.

Abductive subsumption

I stated earlier in this paper that a subsumption taxon-
omy of concepts provides a method for model-driven
segmentation of a scene. This includes finding the most
specific subsumer of the input image with respect to
the taxonomy. However, the parts of an imagewill ini-
tially be completely uninterpreted, and therefore their
identity must be assumed by abduction during the sub-
sumption test with a concept. When an image reaches
a most specific subsumer, each morphism from concept
to image gives a plausible interpretation of its parts.
No explicit segmentation of the image is necessary.

The inference process of abductive subsumption can
be viewed as one step in the spatial analogy process
(Conklin and Glasgow, 1992); transferring structure
and/or part identity from similar instances to an im-
age.

The principles of abductive subsumption can be il-
lustrated on a peak map interpretation problem. Fig-
ure 4 depicts a peak map for a small molecule (CSD re-
fcode ACLYCA10). Virtual bonds are drawn between
peaks within 1.7 ~. Hand interpretation of such a map
requires expert knowledge of chemistry. By abductive
classification of the peak map, using the taxonomy de-
scribed in the previous section, we were able to find
a phenyl ring (lower right corner of Figure 4). To 
able to interpret other six-member rings present in the
molecule and the peak map would require that addi-
tional conformations be encountered in a larger train-
ing set.

Conclusions
This paper has outlined a framework for the discov-
ery of transformation-invariant object models. These
models are organized into a subsumption taxonomy,
and in addition to being useful abstractions, they ac-
celerate the model indexing task. The framework has
been illustrated on a small problem in the automated
interpretation of a high resolution electron density
peak map.

The S:DZ: knowledge representation language is ap-
plicable to domains where the identity of object parts
and their interrelationships determines to a large ex-
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Figure 4: A peak map for the ACLYCA10 molecule.

tent the identity of the object. In this paper we did
not consider volumetric or surface representations of
objects. For the peak map interpretation problem this
was a reasonable restriction, although it may not be so
for general vision, where shape matching may also be
necessary to determine part or object identity. The
knowledge representation language 87)£ is used by
the IMEM machine discovery procedure which, per-
forming relational concept formation, discovers recur-
rent patterns in scenes and hypothesize them as new
transformation-invariant object models.
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