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Abstract

We propose a definition of irrelevance based
on notions of plausibility and belief that are
well founded in an order-of-magnitude ab-
straction of probability theory. We then de-
scribe how this definition in conjunction with
a belief network (to record direct dependen-
cies), can be used to speed up the computa-
tions in updating belief after a sequence of
actions. The result is an algorithm whose
asymptotic complexity is O(E), where E is
the number of edges in the network, regard-
less of the structure of the network. The al-
gorithm presents a conservative behavior in
that it is always sound but not always com-
plete. We characterize precisely when the al-
gorithm is complete in terms of irrelevance,
and show that completeness can be decided
in O(E). Finally, we describe the applica-
tion of the algorithm for belief update in the
context of the kappa calculus (e-semantics),
conditional logics of belief, and as an heuris-
tic estimate for probabilistic reasoning.

1 Irrelevance and the Computation of
Beliefs

In this paper we will be concerned with the use of irrel-
evance to speed up the update and revision of beliefs
due to sequences of actions. The importance of irrel-
evance in this endeavor is clear. In order to compute
my new degree of belief in B, I would like to consider
only those items of information relevant to B, and ig-
nore all those events in the world that are irrelevant
to B. Implicit in this use of irrelevance is the ability
to encode knowledge in such a way that that the un-

¯ ignorable is quickly identified and is readily accessible.
We start by proposing a general definition of irrele-
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vance with respect to the assessment of beliefs. We
then propose a graphical structure that records which
items of information are directly relevant to others. In
the course of the paper we will refine this initial defi-
nition and describe an algorithm that takes advantage
of the new definition.

We define irrelevance in terms of belief change:

Definition 1 (Irrelevance)B is irrelevant to A
given a context represented by C, iff the degree of belief
in A given B in the context of C, is identical to the
degree of belief in A in the context of C.

In other words, adding B to the context represented
by C will not change the belief in A. This is hardly a
well founded definition. One of the objectives of this
paper is to provide different versions of Definition 1
by making precise the terms "degree of belief" and
"context". Throughout the paper we will use the three
place predicate Ir(A, BIC) to represent this relation of
irrelevance.

In order to quickly determine which are the immedi-
ate relevant items of information we will use depen-
dency networks. A dependency network consists of a
directed acyclic graph F and a quantification Q. The
nodes in F represent the variables of interest in the
domain, and the edges represent direct influences. If
x is a node in F, then ~r(x) will denote the parents 
x in F. The quantification Q of F usually specifies the
strength of the influence of the parents of x, ~r(x), 
x. In this paper the quantification will represent the
degree of belief in x in the context established by ~r(x).
The network encodes the following guarantees about
irrelevance: Let NS~ denote all the non-successors of
x in F, then Ir(x, NS~lTr(x)). In other words, in the
context given by the parents of x, ~r(x), any set 
non-successors of x (including predecessors of x) are
irrelevant to x.1

1We remark that the use of networks to encode irrel-
evance and the relation of statements of irrelevance such
as Ir(A, BIC) with paths in the network have been exten-
sively studied and characterized by Pearl and his group. A
summary of the principles and results can be found in [8].
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As an example, consider a formalization of Defini-
tion 1 in terms of probability. The degree of belief
of a proposition x is equated to the probability of z,
that is Pr(x), and contexts are resolved using Bayesian
conditionalization. We then have that Ip(A, BIC), iff
Pr(AIC) = Pr(AIB, ). We c an quantify a network
with a set of matrices Pr(xilTr(xi)), 2 one for each node
xi in the network, and then use the guarantees of ir-
relevance Ip(xi, NS~:, 17r(xi)) to reconstruct the distri-
bution Pr(xl,..., x,) as follows:

Pr(xn,..., Xl) ---- H Pr(xil~r(xi))" (1)
l<i<n

The use of a dependency network not only provides
an economical way of representing a probability distri-
bution, but there also exists an algorithm, called the
polytree algorithm, that computes belief change due to
both actions and observations based on local compu-
tations performed on the network [8, 9, 10]. The effi-
ciency of this algorithm depends directly on the struc-
ture of the network. If the network does not contain
cycles, then the algorithm is polynomial on the size
(edges and nodes) of the network. Yet if it contains
cycles all known exact algorithms are exponential [8].

The question that comes to mind is whether we can
find an approximation of probability that would yield
more efficient algorithms in belief-related inference
tasks, where the full precision of probabilistic degrees
of belief are not necessary. Default reasoning and belief
revision are examples of such inference tasks [1, 4, 5].
Belief revision is concerned with characterizing the
process by which an agent changes its epistemic state
(characterized by a set of propositions representing be-
liefs), as it gathers or receives new (and possibly con-
tradictory) information. Default reasoning refers to
the process by which an agent continuously jump to
conclusions on the basis of imperfect and defeasible
information. Goldszmidt and Pearl [6] have proposed
an order-of-magnitude abstraction of probabilities, in
terms of integer rankings called kappa rankings, for
default reasoning and belief revision. Moreover, using
a particular notion of irrelevance (different than the
one proposed here), this abstraction produced an algo-
rithm for inference that required O(n2 × log n) propo-
sitional satisfiability tests (where n is the number of
propositional variables in the knowledge base). Thus,
if information is expressed in Horn form, the algorithm
is polynomial [6].

Unfortunately, the algorithm in [6] does not work on
dependency networks, and therefore cannot be used to
reason about actions and their effects. If the influences
represented by the edges in the network are considered
to be causal influences (as they will be throughout
this paper), then the network can be used to represent
actions and their consequences [3, 5, 9, 10].

The main contribution of this paper is an algorithm
for predicting the effects of sequences of actions that

2Networks quantified with probabilities are commonly
known as Bayesian belief networks.

has complexity linear on the edges in the dependency
network. The correctness of the algorithm strongly
depends on a notion of irrelevance in terms of plausi-
bility and beliefs. This algorithm will be not only be
applicable to default reasoning and belief revision, but
given the relation of kappas with probabilities, it can
also be used as an heuristic estimate for exact proba-
bilistic algorithms.

This paper is organized as follows: Section 2 reviews
the main concepts behind kappa rankings. Section 3
provides a definition of irrelevance in terms of plau-
sibility and belief, and characterizes its main proper-
ties. Section 4 formally describes an algorithm for pre-
dicting the consequences of actions, and Section 5 de-
scribes the main applications of the algorithm. Finally,
Section 6 summarizes the main results, and discusses
future research.

2 Kappa Rankings: A Review

We will use Roman letters such as x, to denote both
nodes and atomic propositional variables. An instan-
tiated atomic proposition will be denoted by x, and
-~x will denote the "negated" value of the particular
instantiation x.3 Conjunctions of atomic propositions
will be denoted by A, B, C, and furthermore, they will
assumed to be disjoint. We will use 7r(x) to denote
the conjunction of the propositions that constitute the
parent set of x in the network F, and ~(x) to denote
an instantiation of these propositions.

Imagine an ordinary probability function Pr defined
over a set ~ of possible worlds (or states of the world),
and let the probability Pr(w) assigned to each world

be a polynomial function of some small positive pa-
rameter e, for example, ~, tic, Vc2, ..., and so on.
Accordingly, the probabilities assigned to any proposi-
tion x, as well as all conditional probabilities Pr(xly),
will be rational functions of e. Now define the func-
tion ~(xly) as the lowest n such that lim~__.oP(xly)/e’~

is nonzero. In other words, ~(xly) -- n is of the same
order of magnitude as Pr(xly).

If we think of n for which Pr(w) = a as measuring the
degree to which the world w is disbelieved, then ~(xly)
can be thought of as the degree of disbelief (or surprise)
in x given that y is true. In particular, g(x) = 
means that x is a serious possibility or plausible and
g(-~x) > 0 translates to "x is believed." Note that 
this case, Pr(--x) will approach zero in the limit as 
approaches zero and consequently Pr(x) will approach
one.

It is easy to verify that g satisfies the following prop-
erties:

3The generalization to variables accepting more than
two values is straightforward. We will use binary variables
for clarity of exposition.
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2. ~(x) = 0or~(--x) = 0, or 

3. ~(x V y) = min(~(x), ~¢(y))

4. ~(x ̂  y) = ~(xly) + 

These reflect the usual properties of probabilistic com-
binations (on a logarithmic scale) with rain replacing
addition, and addition replacing multiplication. The
result is a calculus, employing integer addition, for ma-
nipulating order of magnitudes of disbeliefs.

Similar to the numerical probabilistic case, we can for-
malize Definition 1 in terms of kappa rankings. The
degree of belief of a proposition x is equated to the
kappa ranking g(x), and contexts are resolved using
conditionalization. We then have

Definition 2 (Kappa Irrelevance) B is irrelevant
to A given a context represented by C, written
I~(A, BIC), iff ~(AIC) = x(AIB, C).

When quantified with kappas, dependency networks
are usually called kappa networks. This quantifica-
tion takes the form of a set of matrices ~(xi[Tr(xi)),
one for each node xi in the network. The complete
kappa ranking g(xl A ... A xn) can be reconstructed
from this matrices, using the guarantees of irrelevance,
I~(xi,NS~,l~r(xi)) embedded in the structure of the
network:

~(xnA...AXl)= ~ ~(xil~(x,)), (2)
l_<i<n

which reflect the usual property of probability distri-
butions quantifying a belief network as in Eq. 1.

3 Belief-Based Irrelevance

Note that for the purposes of establishing an epistemic
state conformed by the set of believed propositions, we
need only to determine the set of propositions that are
in the rank 0. The logical theory that results from the
conjunction of these propositions will constitute the
state of belief [1, 6]. Thus, we are interested in provid-
ing an algorithm for computing the set of propositions
in the zero rank. We start by defining plausibility and
belief in terms of kappa rankings.

Definition 3 (Plausibility and BelieL)
Given a ranking ~, we say that A is plausible given
B, denoted PL(A]B), iff ~(AIB) = 0. Similarly, we
say that A is believed given B, denoted BeI(A[B), iff
n(-~AIB) > O.

The following are two immediate consequences of this
definition:

1. If-~PL(-~AIB) then Bel(AIB)
2. PL(A A B) -- PL(AIB) A PL(B)

We have now the necessary formal machinery to refine
Definition 1, and define a notion of irrelevance based
on plausibility and belief:

Definition 4 (Belief-Based Irrelevance) We say
that B is irrelevant to A in the context of C, written
IB(A, BIC), iff PL(A[S) = PL(A) when Bel(C).

Note the difference with the notions of probabilistic
and kappa irrelevance Ip and Ia discussed previously.
In both Ip and I~, a context is established by Bayesian
conditionalization on known propositions. In the no-
tion of belief-based irrelevance, the context is estab-
lished by believed propositions.

An immediate consequence of belief-based irrelevance
is that if A is irrelevant to B when C is believed,
then the plausibility of A A B can be computed from
the plausibility of each conjunct in isolation. In other
words, if Is(A, BIG) then PL(AAB) ---- PL(A)APL(B)
whenever Bel(C). This is an important property that
will be used in algorithm Predict in Figure 1. The
other "relevant" properties are described in Proposi-
tion 1 and Theorem 1, and are related to the reading
of further irrelevances from the network structure. We
need one more definition:

Definition 5 (Backpaths) Let x and y be two nodes
in a network F. Let BP be an undirected path between
x and y such that all nodes in BP are ancestors of
either x or y. We call BP a backpath. We say that
the backpath is blocked, iff there exists at least one
node b in BP such that Bel(b).

Note that the definition of a blocked backpath not
only depends on the structural configuration of the
network, but also on the current state of belief repre-
sented by the kappa ranking.

Proposition 1 /fI~(A, BIC) then Is(A, BIC)

Thus, since belief-based irrelevance is weaker than
kappa-based irrelevance, any irrelevance in terms of
kappas that can be read from the network, can be used
in the computation of plausibilities. Moreover, we can
use these irrelevance relations and combine them with
the beliefs represented in the kappa ranking to uncover
further irrelevance relations:

Theorem 1 Let F be a dependency network, and let
x and y be two nodes in the network such that all back-
paths between x and y are blocked. Then PL(x A y) ----
PL(x) A PL(y)

4 Predicting Belief Change

The algorithm, called Predict is shown in Figure 1.
It takes as input a dependency network quantified
with kappas, and computes the set of plausible values,
P1Set(xi),4 for each node xi in the network. The algo-
rithm follows an order equal to any topological sort of
the nodes in the network, computing P1Set(xi) based
on the plausibility of xi’s parents.

4Thus, P1Set(xi) = {xi} such that PL(xi).

91



Let E denote the number of edges in the network, N
the number of nodes, and let L U represent a complete
matrix lookup operation.5 It is easy to verify that the
complexity of Predict is given by the following theo-
rem:

Theorem 2 The complexity
O(max[E, N × L U]).

of Predict is

The next set of results characterize the quality of the
output provided by Predict in terms of well defined
notions of soundness and completeness.

Definition 6 (Soundness) Given a g-ranking repre-
sented by a network (and its quantification) we say that
a run of Predict is sound iff the fact that x is not in
P1Set(x) implies that Bel(-~x)

Theorem 3 Predict is sound for any g-ranking rep-
resented by a network (and its quantification).

Soundness means that whenever the procedure estab-
lishes that a value of a certain variable is believed (i.e.,
its plausibility set P1Set contains only one element),
then the g-ranking represented by the network will
yield the same result.

The notion of completeness establishes the opposite: If
the g-ranking represented by the network establishes
that a certain value of a variable is believed, then run-
ning Predict on this network should yield a plausible
set for this variable containing a unique element cor-
responding to this believed value.

Definition 7 (Completeness.) Given a g-ranking
represented by a network (and its quantification) 
say that a run of Predict is complete iff the fact that
Bel(-~x) implies that x is not in P1Set(x).

Unfortunately, Predict is not complete in the general
case. What incompleteness means is that sometimes
Predict will remain uncommitted about the believe of
a node x, that is the plausible set of x will contain
more than one element, whereas there is enough infor-
mation in the g-ranking represented by the network to
determine which of the values of x is actually believed.
The source of the incompleteness is Eq. 4. This equa-
tion approximates the real value of the plausibility of
a node x with parent set equal to {xr,...,xs} given
by PL(x) - PL(xlxr A...Axs) APL(x~ A...Ax,), 

PL(x) - PL(xIx~ A...A x,) A PL(x~) A...A PL(x,).

This approximation is equivalent to the assumptions
that the parents of each node are irrelevant given the
context established by the network and its quantifica-
tion.

We use the results of the previous section to charac-
terize the instances where this assumption is valid and
thus the conditions under which Predict is complete.

5Recall that the network is quantified with matrices
~(~,1~(~,)).

Theorem 4 If the network does not contain cycles,
then Predict is complete.

This is a direct consequence of Proposition 1. Since if
there are no cycles, the parents of a node will always
be kappa-irrelevant and Eq. 3 is valid.

The next results are consequences of Theorem 1. They
depend on the particular run of Predict and constitute
a basis for a decision procedure for testing complete-
ness.

Theorem 5 If a run of Predict returns a set of be-
lieved nodes constituting a cutset for all cycles then
the run of Predict is complete.

Corollary 1 Deciding whether a run of predict on a
given network is complete is O(E) where E is the num-
ber of edges in the network.

The procedure for testing completeness takes as input
the set of believed nodes. It removes their outgoing
edges and then runs a breadth-first search algorithm to
construct a spanning forest. If a cross-edge is detected
a cycle is reported and the run is declared incomplete.

Finally, there is a special quantification of the network
that will guarantee completeness.

Definition 8 Let F be a network and let Q be its
quantification representing g-ranking. We say that Q
is definite iff for every xi E F and every instantiation
~(xi) of its parents, there exists a unique instantiation
x~ such that g(x~l~(~,)) 

Corollary 2 If Q is definite then a run of Predict is
complete.

5 Applications

The algorithm Predict is applicable to tasks of pre-
diction, where evidence is concentrated in root nodes.
These tasks include predicting the effects of sequences
of actions, as represented in [3, 5, 10]. In this context
an action exerts a direct influence on a node in the
network setting its value. Thus, in essence, an action
transform any node in the network into a root node.6

The prediction of the effects of actions is a particularly
difficult task for conventional algorithms on networks

(3)since the structure of such networks are the result 
a temporal expansion which usually introduces a large
number of cycles (see [3, 7]). Prediction of sequences 

6Note that for the effects of the procedure in Figure 1
and its implementation, adding evidence to the roots, or
setting the value of a node as the effect of a direct action
on the node is straightforward. In the first case, we simply
modify the prior uncertainty on the specific root-node to
reflect the observation, and in the second case in addition
to that, we start the algorithm from a specific node treating
it as if it were a root node.
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PROCEDURE Predict
Input: A to-network.
Output: P1Set(xi) = {xllPL(x|) } for each node xi in the
network.

1. For each root node ri

- PlSet(ri) {r. IPL(ri)};¯~t
mark ri as vmlted and add ri to Q.

2. While Q is not-empty

2.1 Remove a node xi from Q
2.2 For each descendant xj of xl do

- If all parents of x~ have been visited then
* P1Set(xj) = {xj[PL(xj)} where

PL(xj) -- PL(xj J~(x~)) PL(xp) (4

v

where {xp} constitute the set of xj’s par-
ents.
Mark zj as visited and add xj to Q

END Predict

Figure 1: Algorithm for computing the plausible values
of each node xi in a kappa-network.

actions is useful in applications such as decision sup-
port, plan evaluation and simulation, and diagnosis
and repair.

A second application of Predict is as providing an
heuristic estimate of conditioning states for exact
probabilistic inference algorithms based on the cutset-
conditioning technique [8]. Cutset-conditioning is a
technique for performing inference in probabilistic net-
works containing cycles. It essentially operates by se-
lecting a set of nodes constituting a cutset of the net-
work, and then performing inferences in each one of
the cases established by an instantiation of the nodes
constituting this cutset. Since there are an exponen-
tial number of these cases, the complexity of cutset-
conditioning will be exponential in general. The al-
gorithm Predict can be used to uncover which ones
of these cases are implausible, and can be thus ig-
nored, cutting down the number of cases to be con-
sidered. Thus, given a probabilistic network, we first
abstract the probabilistic values into kappas using the
relation between ~ and Pr given by the parameter
(see Section 2). 7 Then we run Predict on the con-
verted network and determine the states of the nodes
in the cutset that are plausible. Finally, we run a
cutset-conditioning algorithm on the original network,
ignoring those implausible states, since those states
will have a very small probabilistic degree of belief.
Such a procedure is explored by Darwiche in [2], who
provides precise bounds on the quality of the proba-
bilistic update and preliminary experimental results.

7Note that this requires the instantiation of e to a spe-
cific real value.

6 Summary and Future Research

We have proposed a definition of irrelevance based on
notions of belief and plausibility that are well founded
in probability theory. We then used this definition
to propose an algorithm for predicting the effect of
sequences of actions that computes belief changes in
polynomial time. Given that the algorithm does not
need any numerical representation, but purely qual-
itative notions of plausibility and belief, we expect
these results to carry on to conditional logic frame-
works for belief revision and default reasoning such as
the one proposed by Boutilier [1]. Such a result would
establish a connection between conditional logics and
Bayesian belief networks. The exploration of this con-
nection and the formal comparison to other notions of
relevance in the literature [4] constitute our immediate
research goals.
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