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Abstract

In this paper, we provide a nonmonotonic logic
for analogical reasoning and a graphical represen-
tation method to facilitate the calculation of analo-
gies.

1. Introduction

Analogical reasoning is one of major forms of
human reasoning, if not the most privileged form.
Ascribing the capability of analogical reasoning to
computers is one of the long-term goals of artifi-
cial intelligence research. The method of reason-
ing by analogy has been widely used in theorem
proving, problem solving, machine learning, plan-
ning, pattern recognition and some other fields, see
Hall[6] for a survey. In contrast to other forms of
reasoning(e.g, deductive reasoning and inductive
reasoning), however, the logical aspect of reason-
ing by analogy has been rarely studied, with a few
exceptions such as Davies and Russell[2]. Among
the reasons for the situation, there are mainly two
reasons: the complexity of the concept of analogy
and the defeasibility of analogical conclusions. The
real role of analogical reasoning has not been recog-
nized fully. We believe that logic can give us much
help. In this paper, we will discuss some logical
aspects of analogical reasoning from! the view of
nonmonotonic reasoning.

The plan of the paper is as follows. In section 2,
we give a short review of previous work of logical
approach to reasoning by analogy. Also, we dis-
cuss analogical reasoning from a view of analogical
reasoning as nonmonotonic reasoning.

In section 3, we introduce a nonmonotonic ana-
logical logic NAR. Some properties of our logic will
be proved.

In section 4, we propose a formalism of knowl-
edge representation to facilitate the calculation of
analogies.

In section 5, we focus the integration of
similarity-based and determination-based analogi-

cal reasoning.
Finally, in section 6, we give some conclusions.

2. Logical analysis of analogy" a review

Analogical reasoning may be defined as the pro-
cess of inferring that a conclusion property Q holds
of a particular situation or object T ( the target
) from the fact that T shared a property or set of
properties P with another situation/object S (the
source or base) which has property Q. The set of
common properties P is the similarity between S
and T, and the conclusion property Q is projected
from S onto T. Generally, we can summarize the
process schematically as follows:

P(S) A Q(S)
P(T)

Q(T)

Evidently, the above schema of argument is not
deductive. We cannot justify the plausibility of
conclusion by the argument itself. The justifica-
tion aspect of the logical problem of analogy leads
Davies and Russell[2] to develop a theory of deter-
mination. They define analogical reasoning within
a deductive logical framework. If adding determi-
nation rules to premises, the analogical conclusion
can be followed soundly. To prevent the redun-
dancy problem, determination rules rather than im-
plicational rules are assumed. The problem of this
theory is that in many circumstances, it is not easy
to get the determination rules if any. Moreover,
the determination rules have exceptions. Loui[8]
demonstrates the possibility of accounting for ana-
logical reasoning in Kyburg’s theory of statistical
inference.

In this paper, we regard analogical reasoning as
nonmonotonic reasoning. In this respect, the con-
clusions of analogical reasoning have the defeasibil-
ity. Also, we can explain the phenomena of mul-
tiple conflict analogical conclusions. We can in-
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fer Q(T)from F = {P(S), Q(S), P(T)}, but 
not obtain Q(T) from F = {P(S), Q(S), P(T)} 
{-~Q(T)}. The defeasibility of analogical conclu-
sions is due to the incomplete information. If we
add some default rules, we can make incomplete
information complete.

3. Nonmonotonic analogical logic system-
NAR

3.1 An universal many-sorted first order
language L

In this subsection, we define a many-sorted first
order language. The definition of the language is
based on that in Thiele[13]. The purpose to use
such a language is to facilitate the definitions of
some concepts used in our system.

We are given the pairwise different symbols
c, v,g, q, and the set S~ with card S~ = R0. El-
ements of S~ are called sorts and denoted by s
(eventually with arbitrary indices ), the set S~ 
said to be the universal set of sorts.

The set of all natural numbers (including zero 
is denoted by N.

By the following definition, we form individual
constants, variables, functional symbols and predi-
cate symbols.

Definition 3.1.1
1. for every s E Su and j E N,
c] is an individual constant ( of the sort s 
2. for every s E Su and j E N,

vf is an individual variable ( of the sort s 
3. for every s E Su and j E N,
g~ is a functional symbol ( of the type w 
4. for every s E S~ and j E N,
qjW is a predicate symbol ( of the type w 
We define terms and formulae (denoted by A 

in a similar way to other many-sorted languages.

Definition 3.1.2(Exchange)
Given a wffp, a, b be two terms or predicate sym-

bols. Exchange(p, a, b) is defined as the formulas
obtained by exchanging a and b in all their occur-
rences in P. Similarly, we define the exchange be-
tween two terms or predicate symbols in a set of
wits.

Evidently, we have the following conclusions.

Exchange(Exchange(P, a, b), a, b) 

Exchange(P, a, a) = 

Definition 3.1.3 (Clusterabillty)

Given a consistent set of closed wffs F, a, b be
two terms or predicate symbols. We say a,b is
clusterable in F denoted by Cr(a, b), if r(a, 
Exchange(F, a, b) isconsistent.

Theorem 3.1.4
Given a consistent set of wiTs F, Cr is a reflexive

and symmetrical relation.

Definition 3.1.5 (Similarity)

Given a consistent set of closed wits F, as, bs be
two terms or tuples of terms (with the sort s ), 
say as, bs is similar in F( denoted Simr(as, bS)), if it
exists predicate symbols p8 such that both PS(aS)
and PS(bS) are in F.

Theorem 3.1.6 For two sets of first order wffs
F1, F2, F1 C_ F2, if Simrl(a, b) then Simr2(a, b),
where a, b are two terms or predicate symbols in L.

Definition 3.1.7 (Relevance)
Given a consistent set of closed wffs F, a, b be two

terms or predicate symbols. We say a, b is analogi-
cally relevant in F denoted by Rr(a, b), if Cr(a, b)
and Simr(as, bS)).

Example 1 Given a consistent set of wffs S =
{P(a),-~P(b),Q(a),P(c)}, we have Rs(a,c) but
not Rs(a, b).

3.2 A nonmonotonic analogical logic sys-
tem NAP

Definition 3.2.1 (Analogical extensions)
Let W be a set of closed wits. For any set of

closed wits S C L let F(S) be the smallest set sat-
isfying the following three properties:

D1. W C_ r(s)
D2. TH(F(S)) = r(s)
03. If Cr(s)(a, b), Simr(s)(a, b) is true and
Cr(s)o{~p}(a,b) is false, then P E r(s) where

a, b are two terms or predicate symbols.
A set of wits E C L is an extension for W iff

r(E) = 
Theorem 3.2.2
Let S be a set of consistent wits. If

Cr(s)(a, b), Simr(s)(a, not Cr(s)u{.p} (a, b) t
F(S) O {p} is consistent.

Proof. Suppose F(S) O {p} is inconsistent, 
have F(S) ~- -~p. Thus F(S) O -~p = F(S). This 
in contradiction with the premises.

3.3 Some properties of NAR

Theorem 3.3.1(Exchange is closed within the
extensions)
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Given a consistent set of first-order wffs S,
a,b be two terms or predicate symbols. If

P E £(S), Simr(s)(a, andCr(s)(a, b) t rue, then
Exchange(P, a, b) E F(S).

Proof. It is enough to show that

CF(s)u-.Exchange(p,a,b)(a, is fal se. Thelatt er is
true because F(S) U {--p} is inconsistent.

To well understand the behaviours of our logic,
let us consider some examples.

Example 2. Given a consistent set of wffs
S = {P(a),-,P(b),Q(a)}, we have the following
reasoning process:

(1) Cs(P, Q)
(2) Sims (P, Q)
(3) -’CSuQ(b)(P,Q)
(4)
Example 3. Given a consistent set of wffs S =

{P(a), P(b), Q(a)}, we have the following reasoning
process:

(1) Cs(P, Q)
(2) Sims(P, Q)
(3) -~Csu-~Q(b)(P,Q)
(4) Q(b)
For some sets of wits, there may be multiple ex-

tensions.
Example 4. Given a consistent set of wffs

W -- {P(a), R(a), R(c),-~P(b),-~S(b),-~S(c)}, we
have two extensions

Wt = Th(WU{’,S(a), P(c)}) and W2 Th(WU
{--P(c), R(b))).

4. Graphical representation and computa-
tion

To facilitate the calculation of analogical conclu-
sions, a good formalism representing the informa-
tion about analogy is important. Here, we present
a graphical knowledge representation method. Our
method is inspired by the work of Pearl[23]. Sim-
ilar to belief network, it is difficult to detect the
conditional independence relationship by numeri-
cal computation. Here it is difficult to detect the
clusterability relationship. Graphical representa-
tion may reveal some important properties of clus-
terability. We must develop concepts similar to the
d-separation of belief network, etc. Further study
of this problem is beyond this paper.

We define types of predicate nodes and term
nodes, thus represent a theory as a graph. Ac-
cording to the types of different predicate symbols,

we can differentiate between the types of predicate
nodes. The arcs link the predicate nodes and term
nodes. We give two examples to explain the basic
ideas of our method.

Example 2.(cont.) Graphical representation:

@

Clustering:

P, Q is clusterable, a, b is not clusterable. After
the clustering, we have

CP’Q

From the new graph, we can obtain the conclu-
sion -~Q(b).

Example 3. (cont.) Graphical representation:

Clustering:

P, Q is clusterable, a, b is also clusterable. After
the clustering, we have
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Q,p )

£
2.

.

,

From the new graph, we can obtain the conclu-
sion Q(b).

5. Integration of similarity and determi- 5.

nation

In our logic NAR, the determination informa-
tion is ignored. One reason is that there exist some 6.

situations where this information is not available.
Another reason is for the simplicity. In this sec-
tion, we discuss the integration of similarity and
determination. 7.

As argued by many authors[2,3,11], the determi-
nation is more important than the similarity infor-
mation for establishing the validity of the analogi- 8.
cal conclusion. We extend our logic to deal with
this problem. The basic idea is that one agent
A makes similarity-based analogical inference, the
other agent B makes determination based analogi-
cal inference. If A get a conclusion p without con- 9.
fliction with the conclusion made by B, we accept
P, otherwise accept the conclusion made by B.

6. Conclusions 10.

In this paper, we have discussed some logical as-
pects of analogical reasoning. The major contribu- 11.
tions of this paper are a nonmonotonic logic which
can make some kind of analogical reasoning and 12.
a formalism of knowledge representation for ana-
logical reasoning. Our theory provides a suitable
extendible framework to account for more logical
aspects of analogical reasoning. More specifically 13.
speaking, both the nonmonotonic reasoning and
the graphical representation are easily extended.
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