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Abstract

Desired dynamics for physical systems can be synthe-
sized from the phase-space geometric point of view.
We have developed a phase-space method for synthe-
sizing control strategies and implemented the method
for a class of nonlinear dynamical systems. In this
paper, we examine how the phase-space method can
be applied to analyze and synthesize control laws for
physical systems that exhibit distinct phases of oper-
ation. Examples of such systems includes walking and
hopping machines successfully constructed by Marc
Raibert and power regulators containing switching el-
ements. We outline how useful control strategies for
these systems can be explored in phase space using
geometric constraints. The phase-space synthesis re-
lies on knowledge of applied mathematics and control
theory and techniques of geometric reasoning. We de-
scribe additional components that are necessary for
making this approach practical.

Background

We address the problem of synthesizing desired dynam-
ics for physical systems, using numerical explorations
guided by domain knowledge of dynamical systcms and
control theory.

In the past several years, we have developed

¯ computational techniques for automatically analyz-
ing qualitative behaviors of nonlinear dynamical sys-
tems in terms of asymptotic and equivalence classes
of behaviors, using a geometric analysis of phase
space;

¯ a computational mechanism for automatically syn-
thesizing control laws for nonlinear dynamical sys-
tems using a graph of equivalence classes of behav-
iors.

We have successfully applied our qualitative tech-
niques to the design of a maglev controller and to the
analysis of a nonlinear power regulator.

The phase-space modeling approach for analyz-
ing and synthesizing nonlinear dynamics relies on
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Poincare’s geometric method of modern dynamical sys-
tems theory. Important features of a dynamical system
can be qualitatively described in terms of geometries
of equilibria, limit cycles, and their stability regions
in phase space. Our qualitative phase-space structure
captures these features as well as bundles of similar
trajectories equivalence classes of trajectories. We
have developed algorithms for modeling thcse geomet-
ric features: distinct rcgions of phase space and equiv-
alence classes of trajectories are modeled with poly-
hedral structures. Consequently, a continuous phase
space becomes a discrete collection of geometric ob-
jects that can be further manipulated. We then for-
mulate the problem of control synthesis as a search in
the space of every trajectory. To facilitate the search,
a phase-space graph is constructed by geometrically
intersecting all the equivalence classes of trajectories
under different control actions. The search in this
graph produces switching control laws--control refer-
ence trajectories--that connect initial states of a sys-
tem with the desired states. In summary, our con-
trol framework consists of open-loop predictive plan-
ning that generates control reference trajectories and
closcd-loop reactive tracking of the reference trajecto-
ries (Zhao 1992; Zhao 1994).

The advantage of the phase-space approach lies in
its ability to analyze nonlinear systems. No local linear
approximation is introduced. As a result, the method
is able to explore a much larger space of possible con-
trol strategies and produces global control laws.

Analysis of Dynamics is Important in

Controlling Physical World

We consider the problem of understanding the prin-
ciples of balance and dynamic stability in human lo-
comotion and controlling legged machines that walk
and hop. The locomotion consists of different phases
of motion due to the intermittent interactions between
an agent (a robot or human) and the environment (in
this case, the ground). A successful control strategy
has to effect individual phases of the motion and en-
force global constraints of energy and stability at the
same time. We will argue, using the well-studied Marc
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Figure 1: The schematic drawing of phase space of
the vertical hopping motion: (a) A stable period-one
limit cycle consisting of compression, thrust (instanta-
neous), decompression, and flight phases; (b) A stable
period-two limit cycle.

Kaibert’s one-legged hopping machine as an example,
that the understanding of the dynamics is crucial in
synthesizing control laws that regulate the motion of
these autonomous robots.

Raibert’s hopper consists of a body and a springy
leg actuated by a pneumatic cyhnder. The task of mo-
tion control for the machine is to synthesize desired
hopping motion for the machine while maintaining dy-
namic stability. In the terms of nonlinear dynamics,
the desired motion is a stable limit cycle consisting of
compression, thrust, decompression, and flight phases
delimited by four distinct events of touch-down, bot-
tom, end-of-thrust, and haft-off. Raibert used an ele-
gant physically-based control strategy to regulate the
height of the hopping motion; a stable hopping height
is reached when the thrust delivered by the controller
exactly compensates the energy loss (Raibert 1986).

Using Raibert’s control strategy, the dynamics of the
hopping motion in the vertical direction is captured by
a simplified model ofKoditschek (Koditsehek & Buhler
1992)

f compresaio 
=~ 7/2(1/z) decompression

dr2 -g 1’light

where z is the vertical position of the hopper, and 7h
and ~/2 are spring constants. The 1/z term denotes
the inverse spring law of the pneumatic cylinder. The
model assumes instantaneous thrust phase.

Koditsehek’s simulation on the hopper model reveals
that the simulated behaviors correspond to those of
the real machine reasonably well: the model exhibits
two types of physically meaningful behaviors: a stable
period-one limit cycle under certain conditions (nor-

mal hopping) and a stable period-two limit cycle un-
der other conditions ("limping" gait); see Figures l(a)
and l(b). What will happen if a simpler model, a lian-
ear one, is used for the leg spring? Simulations show
that the new model has just one stable period-one limit
cycle.

This example illustrates that the analysis of dynam-
ics provides insights into the operations of real systems.
In particular,

Understanding of modeling consequences requires
analysis.

The model for the hopper contains a variety of sim-
plifying assumptions. Some of these simplifying as-
sumptions are made in order to obtain analytical
results on the dynamics. Others are introduced for
reasons of computational tractability. An analysis
on the model reveals the number and stability types
of limit cycles. The analysis provides justifications
for the simplifying assumptions by examining the
discrepancies between the result of analysis and that
of physical experiments. The linear spring model for
the hopper leg, for example, does not allow for the
physically meaningful "limping" behavior while the
nonlinear one does.

When an analytical solution is possible to obtain,
a simulation can help establish intuitions. When
a model admits no analytical solutions, a thorough
computational investigation is necessary for under-
standing the behaviors of the model. A more realis-
tic model for the hopper that includes effects of fric-
tion, length of thrust, and spring nonlinearity would
certainly demand a full computational simulation.

Ezploration o1’ control spaces requires analysis.

In synthesizing control strategies for the hopper, one
needs to explore the effects of control parameters on
the system’s behaviors. A systematic analysis of the
model for different parameter values generates the
totality of the behaviors and helps human experi-
menter select an optimal strategy.

Raibert’s successful control strategy for the hopper
relies on deep engineering knowledge, good intu-
itions about the problem, and many rounds of ex-
perimentations. Raibert wrote:

If strategies for performance of a task were
found automatically, optimal behavior might be
easier to find (Hodgins & Raibert 1987).

However, the nonlinear nature of these walking and
running machines complicates the analysis of dy-
namics. Since nonlinear systems can exhibit a large
number of interesting, distinct behaviors, the com-
putational exploration of control spaces can be very
expensive.
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Synthesize Good Control Strategies
Using Phase-Space Modeling

The qualitative phase-space analysis technique that we
have developed provides a way for analyzing nonlinear
motions and for exploring different nonlinear control
strategies.

Control theory and engineering provide a body of
tools for designing linear control systems. Mathemati-
cal results on stability and controllability of linear sys-
tems have successfully guided practical implementa-
tions of controllers. In contrast, little is known in the
realm of nonlinear control systems. Recent theoretical
work on the controllability of nonlinear systems using
a differential geometric approach is still far from being
practical (Isidori 1985).

Express constraints of control problems
geometrically

For the purpose of synthesizing dynamical behaviors
for physical systems, we are developing a vocabulary
that is able to describe control properties for a class of
nonlinear dynamical systems and is amenable to algo-
rithmic implementations. Elements of the vocabulary
include important concepts of controllability, stability,
robustness, and optimality. Once these concepts are
formalized, programs can exploit and use the concepts
to synthesize control systems. In phase space, these
concepts have natural geometric interpretations.

¯ The controllability criterion tests if a particular tar-
get state is reachable from a given initial state or an
operating region of a system under a control signal.
The set of reachable states form a subspace of phase
space that can be computed geometrically.

¯ The stability criterion tests if a system remains
within the neighborhood of a target state for a rea-
sonable amount of time period. Stability is char-
acterized by the stability region--the set of initial
states that evolve to the same limit set. The stabil-
ity region is a subspace of phase space that can also
be computed geometrically.

¯ The robustness criterion checks if a system attains
the same properties when parametric or structural
uncertainties are introduced. Geometrically, certain
types of uncertainties like noise or measurement er-
rors can be modeled as regions around states or a
sequence of states.

¯ The optimality criterion tests if the system achieves
the goal with an optimal amount of resources such as
time and energy. The consideration on the resource
consumption parameterizes phase-space trajectories.
Given an optimality metric, a search in phase space
finds an optimal trajectory.

Within the phase-space geometric representation of
dynamical systems, these control concepts correspond
to constraints and properties of the phase-space ge-
ometric structures of the systems. The design of a

control system subject to a combination of these con-
straints is accomplished by the manipulation of thesc
geometric constraints.

Synthesize control laws using geometric
constraints

After having successfully designed several generations
of walking robots, Raibert anticipated the need for and
the possibility of automatic control synthesis methods
for designing more complex legged machines such as
gymnastic robots:

The strategy we chose is based on several de-
cisions... Each of these decisions was made by hu-
mans based on knowledge of the mechanics of the
problem and intuition. It is not hard to imagine
that future control systems may be able to formu-
late strategies such as these automatically (Hod-
gins & Ralbert 1987).

Radically different control behaviors may be automat-
ically synthesized and experimented by systematically
varying operating conditions and initial states of the
robots.

The phase-space approach provides a concise vocab-
ulary for describing behaviors of dynamical systems.
For example, the robot’s hopping motion is described
by a limit cycle in a two-dimensional plane of posi-
tion and velocity, the phase plane. Distinct phases
and events of the motion are explicitly represented in
the phase-plane description. The information about
the number and shapes of the limit cycles character-
izes the behaviors of the hopper.

The phase-space approach also provides a system-
atic way for exploring the control spaces of physical
systems. Suppose the controllable parameters are the
magnitude of the thrust and the length of the thrust
phase of the hopping robot. Using the phase-space
modeling, distinct trajectories are generated and ex-
amined for different control parameter values. The
phase transition boundaries are represented as geomet-
ric surfaces in phase space. Depending on the rela-
tive position of the current state against the transi-
tion boundaries, relevant model pieces are retrieved for
generating trajectories. The union of all the distinct
trajectories form the phase-space teachability graph.
The graph is then searched out for trajectories satis-
fying optimality constraints. In other systems, it is
also possible to vary the number and places of phase
transitions; this gives additional degrees of freedom in
behavior synthesis.

The motion of the hopping machines is character-
ized by a sequence of phase transitions at discrete
events. Another class of systems exhibiting similar be-
haviors are power regulators containing switching el-
ements; see Figure 2 for an example of the operation
of such a circuit in a phase plane of voltage ~ versus
current i. These systems all exhibit distinct phases of
operation: in the case of hopping machines, the phases
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Figure 2: The operation of a switching power regulator
in a phase plane. The limit cycle consists of a sequence
of phase transitions. Compare this figure with that of
the hopping robot.

are compression, thrust, decompression, and flight; for
the power circuits, the phases are distinct topological
states of the switching elements of the circuit. The
system’s global behavior is a limit cycle traveling from
one phase to another. The phase transition is either
triggered by internal dynamics of the system or by the
interaction between the system and the environment.

An algorithm for exploring behaviors of this class
of systems involving discrete phase transitions is pre-
sented in the following:

I. Select values for operating parameters.
2. While a steady state is not reached,

Evolve system’s state until
phase boundary is reached,
in which case switch to a new model
and continue state evolution.

3. Record and classify the phase-transition
s e quenc e.

4. If no more parameter values to explore,
stop. Otherwise, go to I.

A unique phase transition sequence is called an oper-
ating mode. The algorithm maps out operating modes
of a system for a range of parameter values. The mode
map can be used to find control parameter values that
result in desired behaviors.

The phase-space approach requires a mathematical
model or the state observability of the physical system.
The complexity of the analysis scales exponentially
with the order of the system, i.e., the dimensionality
of phase space. However, constraints on physical sys-
tems reduce the degrees of freedom. In order to make
the phase-space method practical for high-dimensional
systems, techniques exploiting these constraints need
to be investigated to reduce the dimensionality of phase
space. Model construction is also a key component for
the control design task.

Towards Automatic Synthesis of
Behaviors

The phase-space method addresses the analysis and
synthesis of dynamics for physical systems. Dynamics

is a small but important piece of the larger picture--
the synthesis of desired behaviors for autonomous
agents interacting with the physical world. The com-
plexity of the physical systems to be controlled and the
incompleteness of the information about the environ-
ment call for additional pieces to collectively tackle the
larger problem. The work in hybrid systems (Kohn 
Nerode 1993) and in logical reasoning about continuous
models (Kuipers & Shults 1994) shows great promise
in understanding the interface between digital control
programs and analog environments.

We list some of the desired capabilities for the au-
tomatic synthesis of control strategies for physical sys-
tems:

¯ Predicting future through simulations on models.

¯ Interacting with environments through sensing and
action.

¯ Guaranteeing robustness through uncertainty mod-
eling and sensitivity analysis.

It seems natural that the development of these capabil-
ities requires a fur synthesis of numerical simulation,
domain theories of control and nonlinear dynamics, ar-
tificial intelligence techniques, and whatever applica-
ble.
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