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Introduction 
Hilbert's Foundations of Geometry was hailed as 
finally putting geometry on solid formal ground. And 
so it did. However, has it helped anyone to actually 
learn or do geometry? One could argue that it helped 
non-standard forms of geometry, that is not the issue. 
The issue is, does it help in doing Euclidean geometry? 

Most logics and proof systems have minimal intuition 
built into them. However, they do have some. It is the 
intuition for the style of argument the system is push
ing. So the Fitch style system for Relevance Logic has 
built in the intuition that conclusions should have some
thing to do with their premises. Typically in geometry, 
one uses a classical logic, even if as a metalogic, and 
whatever intuition it contains has retreated to merely a 
recording and verification device of the style of the ar
gument. As such, it is particUlarly unhelpful in actually 
doing geometry. 

Euclid built the intuition about geometry into the 
diagrams and uses Shimojima's free rides and Barwise 
and Etchemendy's observes and cases exhaustive to 
glean valid domain information out of the formal ap
paratus. A trace of this function of diagrams can be 
seen in Hilbert where almost every proof contains a di
agram of some sort which he uses as annotation. The 
direction of the proof, the intuition, has been left out 
of the formal apparatus and the proof itself, sans the 
diagrams, appears to wonder mystically to a conclusion. 

The Greek System 
The Greek system of mathematics and in particular, 
geometry, has to be understood within a context of as
sumptions which were not necessarily spelled out as ax
ioms. According Aristotle, any science must assume the 
existence of its subject matter. For geometry, we are 
to assume the existence of points and lines 1 . However, 
Heath goes on to remark that the first axiom2 does in
deed postulate the existence of straight lines. This can 
only be so if Aristotle is thinking model theoretically 
and Euclid is thinking proof theoretically. This is an 
amazing distinction in retrospect. 

IHeath, pp. 118-119 
2Heath, pp. 195 
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The role of diagrams in Euclid has been done an in
justice by the modern push to formalization through 
sententialiy based languages. According to Aristotle, 

The geometer bases no conclusion on the particu
lar line which he has drawn being that which he 
has described, but (he refers to) what is illustrated 
by the figures. Further, the postulate and every 
hypothesis are either universal or particular state
ments; definitions are neither. 

There are two aspects of the first sentence of the quote 
upon which we must rely. That the geometer has not 
confused syntax and semantics in using figures to refer 
to something. And that the geometer has a notion of 
the diagram as showing a universal condition, i.e. , one 
that holds under all interpretations. The Greeks were 
most likely not aware of the distinctions between syn
tax and semantics, and the use of interpretations, but 
their understanding of their own methods implies that 
these methods were certainly used in the spirit of these 
distinctions and uses. 

The Euclidean System 
The axioms and common notions below are from Heath 
(Heath 26). It is well known that no one can be sure 
precisely which axioms and common notions the Greeks 
used. Most of what we have has been passed down to 
us by Proclus in the 5th century A.D and he was re
lying on a host of sources some of which are derivative 
of the actual Greek writings and some of which have 
been lost. If the present paper were an historical pa
per, much more attention should be paid to this issue. 
However, since Heath is the most commonly used ver
sion of the Greek system, it will be sufficient for the 
main arguments. 

Euclid's Axioms and Common Notions 
Euclid Postulate 1 To draw a straight line from any 
point to any point. 

Euclid Postulate 2 To produce a finite straight line 
continuously in a straight line. 

Euclid Postulate 3 To produce a circle with any 
centre or distance. 
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Euclid Postulate 4 That all right angles are equal to 
one another. 

Euclid Postulate 5 That, if a straight line falling on 
two staight lines make the interior angles on the same 
side less than two right angles, the two straight lines, 
if produced indefinitely, meet on that side on which are 
the angles less than the two right angles. 

Euclid Common Notion 1 Things which are equal 
to the same thing are also equal to one another. 

Euclid Common Notion 2 If equals be added to 
equals, the wholes are equal. 

Euclid Common Notion 3 If equals be subtracted 
from equals, the remainders are equal. 

Euclid Common Notion 4 Things which coincide 
with one another are equal to one another. 

Euclid Common Notion 5 The whole is greater 
than the part. 

Comments on the Euclidean System 
Heath contains a good analysis of all the axioms and 
common notions. A serious reader would do well to re
view that material. However, there are some particular 
aspects of the system that need to be brought out in 
view of the additional formalization in this paper. 

Postulates I and 2 yield the existence of line segments 
and points respectively. The Greeks assumed the exis
tence of points, lines, and planes in what their geometry 
was about. It is not at all clear whether they intended 
PI and P2 to also serve as existence axioms. However, 
any consistent diagram, under interpretation, contains 
a postulated existence of the model theoretic entities 
used in the interpretation. Hence PI and P2 will also 
serve in this paper as existence axioms. 

Postulate 3 can be held to be a form of continuity 
axiom since a radius of any length may be used and the 
Greeks had the concept of an irrational number from 
Pythagorus. However, we will not do so here. 

There is a point about diagrams that needs to be 
brought out. Suppose we have a line with three points 
A, B, and C with C between A and B. About A we 
draw a circle such that B falls inside the radius. Hence 
we have the following situation: 

We have automatically specified that the radius of the 
circle is larger than the distance from A to B by virtue 
of the fact that the radius does not clearly intersect the 
line at B and that the radius cuts the line beyond B. 
To specify that the radius cut the line at B, the black 
dot for B must line on the diagrammatic circle which 
it clearly does not. We have also done something else, 
the radius is now automatically larger than the distance 

from A to C. This last is an instance of Atsushi's "free 
ride" 3 . By drawing the arbitrary circle outside of B, we 
have specified the radius as greater than the distance 
from A to B. 

Euclid++ 

The main addition to Euclid provided by Euclid++is a 
more rigourous definition and use of diagrams. The for
malization of the diagrams is intended to bring back in
tuition in a controlled way so that the resulting system 
supports "in its bones" Euclidean geometric reasoning. 
This is not a general logic system. One could change 
the intended interpretation to some other domain, but 
that is not the concern of this paper. 

In the sequel, diagrams are formal objects. In that 
case, there must be some rules and regulations concern
ing their use. Heavy lines refer to objects in Euclidean 
space. Thin lines are used to denote the magnitude of 
lines and angles. Cross hatch lines are used to denote 
equality of line magnitudes and angle magnitudes. A 
fat point is a solid, round blob of ink used to denote 
points. Line segments frequently have the fat points at 
their ends elided. 

A point may appear more than once in a diagram 
with the same label on all instances and similarly for 
lines. More than one diagrammatic surface may also 
have the same label. In the latter two cases, the re
sulting diagram or diagrams have the effect of standing 
for multiple cases of concrete diagrams. That is, all the 
possible combinations of orientations of points and lines 
must be assumed to occur on similarly labelled objects. 
This is noted by Heath, pp. 245 where the Greeks dis
tinguished cases by differences in data, whereas modern 
geometers distinguish cases by construction. It would 
be nice to follow the Greeks but the presentation would 
then become needlessly (and painfully) pedantic as us
ing the modern method cuts down the number of cases 
dramatically for constructive proofs. 

In the case where a diagram has different objects with 
the same label, any interpretation must take those ob
jects to the same model theoretic entity. Put another 
way, the diagram is a meta-diagram ranging over all its 
possible cases. The interpretation function then needs 
no further restrictions. 

Diagrammatic planes are drawn (when needed) as 
parallograms and labelled with Greek letters. Lines 
are labelled with lower case, italicized, Roman letters. 
Points are labelled with upper case, italicized, Roman 
letters. Line segments are referred to by their end 
points. Angles are referred to sometimes with end 
points of line segments and as the acute angle between 
two lines. The following two diagrams are inconsistent 
with respect to magnitude. 

Diagrams come in two flavors, consistent and incon
sistent. Inconsistent diagrams contain one of the forms 
below. 

3see Atsushi, Thesis 
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The following inconsistent diagram expresses the as
sumed notion in Euclid that any two lines may not en
close a space. 

A~ : -=:>B 

Parts of diagrams can always be projected out of a 
diagram to form a new diagram. And we will specify 
this a rule. 

Euclid++Rule 1 Any part of a diagram may be pro
jected out of a larger diagram. 

Although this is a diagrammatic rule, there is no way 
to state the rule diagrammatically. One could state 
it symbolically by using meta-symbols over the object 
level diagrams contained in this paper, but no addi
tional clarity would result. 

Any diagram which admits an inconsistent diagram 
as a projection will be considered inconsistent. 

Remark 1 In the sequel where diagrammatic rules 
when are stated diagrammatically, the labelled diagram
matic elements are the active components to the rule. 
In this sense, these rules are metarules. The blank space 
surrounding the diagrammatic components may contain 
other diagrammatic components and these are paramet
ric with respect to the rule. 

Remark 2 It is the case for the next two rules that 
there are multiple diagrams in the conclusion of the 
rule. Each diagram is a particular case where the 
magnitude relationships of length and angle determine 
which cases will appear in the consequent of the rule. 
Since only the active elements of the diagrams in the 
rules are shown, there is only one case shown in the 
consequent. In actuality, the parametric elements in 
any use of these rules would need to be shown. The 
relationships among the parametric elements will cause 
there to be many cases. An example of this is shown 
below in the proof of Euclid's Proposition 4. 

As is pointed out in Heath (Heath 26), Euclid 's def
inition of a plane is entirely inadequate. Our repre
sentation of a plane will be the surface the diagram lies 
upon (paper for most of us). If more than one surface is 
used, then each surface must be labelled. Equiform la
bels refer to the same plane. We will need the following 
additional axiom, where the parallelograms with their 
Greek labels refer to diagrammatic surfaces. 

Euclid++Rule 2 

The following rule is superposition for lines: 

Euclid++Rule 3 Two plane diagrams having no ele
ments in common may have a single line of common 
length superimposed (see diagram below). 

There are no restrictions on the planes to which Q and 
{3 refer. The sequence of labels for the four points in
dicates which pairs of points relate to a single line seg
ment. 

Paired with the superposition rule, we must have an
other rule of transference: 

Euclid++Rule 4 Two diagrammatic objects in two 
different diagrams sharing equiform labelling also share 
the magnitude relationships of their respective lines and 
angles. 

This rule can be used to translate facts derived from a 
diagram after superposition to the original diagram. 

It seems there are two ways to interpret superposi
tion, as a logical device where any underlying inter
pretation does not actually change the position of any 
model theoretic entities and must keep them distinct, 
and where the underlying model theoretic entities are 
actually changed via changing any interpretation. We 
will follow the latter. The reason is that the language 
of Euclid clearly says to "apply" one figure to another . 
Also, if the figures are in two distinct planes, the fig
ures can still be involved in superposition. One figure 
must be moved to the other diagrammatic plane. The 
point is that the "motion" preserves what we will call 
local Euclidean transformations. The underlying con
cept is the same as Euclidean transformations except 
that only some geometric objects are moved, not the 
whole plane. This is sound because the relationships 
among the objects are preserved. 

Remark 3 Greek proofs usually had a generalization 
step which essentially introduced universal quantifica
tion. We adopt this form of generalization. 

Continuity 

Continuity as a postulate is certainly not in the Eu
clidean system. However, in the Greeks' use of dia
grams, it was assumed that the intersection of lines and 
circles existed as points. Hence we will pick from Heath, 
page 242, an axiom attributible to Killing: 

Euclid++Postulate 5 "If a line belongs entirely to a 
figure which is divided into two parts, and if the line 
has at least one point common with each part, it must 
also meet the boundry between the two parts." 
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The Rule of Observe 

Euclid++Rule 6 One may write down in textual lan
guage any of the relations IABI :::; IGDI, L(h, k) = 
L(h, k), IABI < IAGI and, L(h', k) < L(h, k) that can 
be seen in a diagram. The first two are from indicators, 
the latter two from instances of 

A---G 
B 

One may also observe of the diagrammatic relation
ships of betweeness of points on a line, from three points 
on the same line that exactly one is always lies between 
the other two, the vertices of a triangle do not lie upon 
a single line, and the magnitude of an angle cut by a 
line radiating from the same vertex is equal to the sum 
of the magnitudes of the two smaller angles formed on 
either side of the line. 

In Barwise and Etchemendy, Hyperproof, there is 
a rule called Observe. This rule says that of a diagram, 
you may write down in some language what you see is 
the case in the diagram. That the rule is sound means 
that you will never mistake something in the diagram 
for something that is not true under any interpreta
tion. This rule is only sound, however, of consistent 
diagrams. Since all the diagrams in Hyperproof are 
consistent, this was not an issue for Hyperproof. The 
use of Observe in Euclid++is only allowed in diagrams 
with no inconsistent parts. 

A Sample Proof 

Euclid Proposition E.4 If two triangles have the 
two sides equal to two sides respectively, and have the 
angles contained by the equal straight lines equal, they 
will also have the base equal to the base, the triangle will 
be equal to the triangle, and the remaining angles will be 
equal to the remaining angles respectively, namely those 
which the equal sides sub tend. 

Proof; The initial situation is thus: 

Now superimpose AB and A' B' and assume for a 
reductio that G and G' do not coincide. Then there are 
five cases. Either (Ia) BG < B'G' and G lies between 
B'G', (Ib) BG > B'G' and G' lies between BG, (2a) 
AG < A'G' and G lies between A'G' (2b) AG > A'G' 
and G' lies between AG, and (3) G lies somewhere else. 
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The (la) and (2a) cases can be pictured with 

G 

C' 

A,A' B,B' A,A' B,B' 

Here there it is easy to generate inconsistent diagrams, 
the first is inconsistent with respect to the angle based 
at A and A'. The second case is consistent with respect 
to the lines AC and A'C'. Cases (Ib) and (2B) look 
similar with points labelled with C and G' reversed. 

The last case is pictured with the following diagram 
on the left: 

C' C 

A'A,ifLB' , 

And this case is inconsistent either with respect to the 
angle based at A or the line segments AG and A' G' 
(should the angle based at A and A' be consistent. The 
diagram on the right is the only remaining case of the 
superposition. Using the rule of transference, and the 
initial diagrams, we may conclude the following situa
tion obtains 

• 
Semantics and Auxillary Constructions 

Length considerations prevent any formal treatment of 
semantics in this paper. However, a few comments are 
here made which will be greatly expanded in a sequel to 
this paper. Hilbert in Foundations of Geometry never 
proves soundness, he shows consistency. A proof of con
sistency for Euclid++would be similar. 

The Greek system is a workshop in which points, 
lines, and planes as raw materials are freely available. 
Other objects can be built from these and thence proofs 
about the properties of classes of these other objects can 
thence be obtained using reasoning. Auxilary construc
tions, or what we would refer to as scaffolding, using the 
same raw materials can also be used to aid the reason
ing. These auxilary constructions are particularly ob
jected to within modern formal logic which desires to 
extract all information out of the initial data. It is as 



though you were to build a house and are not allowed to 
run to the hardware store to get some widgets you need 
to hold yourself onto the roof. The widgets are taken off 
after the roof is finished. One view of synthetic meth
ods in mathematics is that they are the suppression of 
premises from an equivalent analytic system and the 
subsequent necessary tools for building infrastructure 
are now contained in the proof system and these are 
used to construct the now missing and needed widgets. 

The consequences of auxilary constructions are that 
soundness must be treated with some delicacy. The 
assumption of Euclid that points, lines, and planes al
ready exist underwrites our ability to add points and 
lines to any diagram we like. The ability to even draw 
a diagram presumes that planes exist. Hence an inter
pretation which in a previous stage of the proof assigns 
entities to syntactic elements must be extended. Isabel 
Lueng04 showed how to formulate a notion of geometric 
consequence. So while her system was not sound under 
the usual meaning of soundness with respect to logi
cal consequence, i.e., any truth conditions verifying the 
premises must also verify the conclusions, her system 
was sound under geometric consequence. 

Definition 1 A rule is sound with respect of geometric 
consequence if any interpretation making the premises 
true can be extended in some way to make the conclu
sions true. 

Superposition is rather hard to deal with. In effect, 
Euclid has used the intuition behind a geometry being 
a system of relations which remain invariant under cer
tain transformations. The rule of superposition does 
nothing more than realize this. Superposition, how
ever, does however complicate geometric consequence 
and Isabel's insistence that interpretations be 1-1. In
terpretations will be spared the requirement that they 
take elements in two plane diagrams to different model 
theoretic entities unless they have equiform labels. Is
abel's system does not have the concept of planes and 
so this is merely an extension of her requirement. Her 
requirement must still hold within any individual dia
gram. The current superposition rule is quite harsh in 
requiring the two diagrams in the premise have no el
ements labelled the same in both diagrams. This may 
be overly harsh and later research may allow this re
striction to be removed with a subsequent tightening of 
the 1-1 restriction for multiple diagrams. However, one 
can always use diagram projection to only use superpo
sition on the parts requiring it, and subsequently using 
transference to make the proper logical deductions in 
the original diagrams. 

Interpretation of Hilbert within 
Euclid++ 

In this section, we prove all of Hilbert's axioms within 
Euclid++except the last which requires semantics for 
Euclid++ . 
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Axiom Group I: Axioms of Incidence 

Axiom H. I, 1 For every two points A, B, there exists 
a line "a" that contains each of the two points A, B. 

Proof: Verbatim from Euclid 's first axiom, "to draw a 
straight line from any point to any point". • 

Axiom H. I, 2 For every two points A, B, there exists 
no more than one line that contains each of the points 
A,B. 

Proof: Two distinct lines between two points would 
result in an inconsistent diagram .• 

Axiom H. I, 3 There exist at least two points on a 
line. There exist at least three points which do not lie 
on a line. 

Proof: For the Greeks, the existance of points and 
lines was never in question. In Euclid++, anything you 
can draw that is consistent is automatically assumed to 
exist . Hence given any diagram of a line, we can place 
two points on it. And for any diagrammatic surface, we 
can place at least three points upon it which do not lie 
upon a single line .• 

Axiom H. I, 4 For any three points, A , B, G" that 
do not lie on the same line, there exists a plane 0 that 
contains each of the points A, B , G. For every plane 
there exists a point which it contains. 

Proof: Again, the existance of planes and their points 
was assumed. However, Hilbert's axiom does more than 
that. It asserts that three points may be contained 
on one plane. For any three points, we can draw a 
plane diagram referring to them. The points and the 
plane previously exist and the diagram presumes that 
everything in it lie on the same plane .• 

Axiom H. I, 5 For any three points, A, B, G, that do 
not lie on one and the same line, there exists no more 
than one plane that contains each of the three points A, 
B, G. 

Proof: Using the rule for planes, any three equiformly 
labelled points on two diagrams will cause those dia
grammatic planes to be equated .• 

Axiom H. I, 6 If two points A, B of a line a lie on 
plane 0 then every point of a lies on the plane o. 

Proof: This is simply the way diagrammatic planes 
work. • 

Axiom H. I, 7 If two planes 0, {3 have a point in com
mon then they have at least one more point B in com
mon. 

Proof: Consider two diagrammatic planes each con
taining the point A. Add to those d-planes one more 
point B .• 



Axiom H. I, 8 There exist at least four points which 
do not lie in a plane. 

Proof: Existence of planes was not an issue for the 
Greeks, so assume we have two planes a and {3 such 
that a f:. {3. Assume we have the following situation 

Without loss of generality, assume A = D, B = E, 
C = F, then a = {3 via the plane rule contrary to our 
assumption. So either A f:. D or B f:. E or C f:. F. 
In any of these cases, there are at least four distinct 
points. I 

Axiom Group II: Axioms of Order 
Axiom H. II, 1 If a point B lies between a point A 
and a point C then the points A, B, G 

ABC 
•• • 

are three distinct points of a line, and B then also 
lies between G and A. 

Proof: Draw any three points A, B, C such that B 
lies between A and C, from the requirement that any 
interpretation be 1-1, these are all distinct points. And 
B can be observed to be between C and A. I 

Axiom H. II, 2 For two points A and G, there always 
exists at least one point B on the line AC such that C 
lies between A and B. 

A C B . .. 
Proof: Draw any two points A and C on a line and 
then draw another point B past C on the opposite side 
of C on the line AG from the point A. 1 

Axiom H. II, 3 Of any three points on a line there 
exists no more than one that lies between the other two. 

Proof: Draw any three points on a line and observe 
that only one lies between the other two. I 

Axiom Group III: Axioms of Congruence 
Axiom H. III, 1 If A, B are two points on a line "a", 
and A' is a point on the same or another line a', then 
it is always possible to find a point B' on a given side 
of the line a' through A' such that the segment AB is 
congruent or equal to the segment A' B'. In symbols 

A==B 

Proof: We have the initial situation: 

A B a A' a' 
• • • 

Construct a circle using E.2 with center A' and radius 
equal to IABI. Label with the point B' the intersection 
of the circle with line a'. Then AB == A' B'. 
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A B a a' 
• • 

B' 

1 

Axiom H. III, 2 If a segment A' B' and a segment 
A" B" are congruent to the same segment A" B", or 
briefly, if two segments are congruent to a thi'ro one, 
they are congruent to each other. 

Proof: This is a direct consequence of Common Notion 
1.1 

Axiom H. III, 3 On the line "a" let AB and BC be 
two segments which except for B have no point in com
mon. Furthermore, on the same or on another line a' 
let 

A B 
• • 
A' B' 
• • 

C 
• 
G' 
• 

a 

a' 

A' B' and B' C' be two segments which except for B' 
also have no point in common. In that case, if 

AB == A' B' and BC == B'C' 

then 
AG == A'G' 

Proof: Assume the initial situation with the Hilbert's 
diagram now a diagram of Euclid++. (Note that if 
a = a' then we have several cases but there is no telling 
difference amongst them, hence we use the modern di
vision of cases by construction here and label both lines 
by a.) Then the result is direct consequence of Common 
Notion 2. I 

Axiom H. III, 4 Let L.(h, k) be an angle in the plane 
a and let a' be a line in a plane a' and let a definite 
side of a'in a' be given. Let h' be a rayon the line of a' 
that emanates from the point 0'. Then there exists in 
the plane a' one and only one ray k' such that the angle 
L.(h, k) is congruent or equal to the angle L.(h', k') and 
at the same time all interior points of the angle L.(h', k') 
lie on a given side of a'. Symbolically 

L.(h,k) == L.(h',k'). 

Every angle is congruent to itself, i. e., 

L.(h,k) == L.(h,k) 

is always true. 

This requires several of Euclid's propositions as lem
mas. The propositions are EP 3, EP 4, EP 5, EP 7, 
and EP 8. E.8 relies on E.7 which relies on E.5 which 
relies on E.4 and E.3. E.4 has already been shown in a 
preceding section. So we prove E.3, E.5, E.7, and E.8. 



Euclid Proposition E.3 Given two unequal straight 
lines, to cut off from the greater a straight line equal to 
the less. 

Proof: (Following Euclid in Heath) Let a and AB refer 
to the two lines such that lal < IABI. Now construct 
the circle based at A with radius laI- From continuity, 
the circle cuts AB at a point C, and by construction, 
IACI = lal and hence IAGj < IABI by observation. 

• 

a 
I --~~--~----B 

C 

Euclid Proposition E.5 In isosceles triangles, the 
angles at the base are equal to one another, and if the 
equal straight lines be produced further, the angles under 
the base will be equal to one another. 

Proof: (Following Euclid in Heath) Let ABC be an 
isosceles triangle with IAB I = IAGj . Extend AB to 
AD, and AC to AE such that IAE I ~ IAD I. Pick point 
F at random along B D and find point G along AE such 
that IAGI = IAFI, EP 3. Now draw lines FC and BG. 
We have the resulting diagram: 

A 

D E 

Since IABI = lAC!, IAFI IAGI and L.F AG == 
L.GAF, the base FC of AFC is equal to the base BG of 
ABG and the remaining angles are equal, EP 4, hence 
L:.F AC = L:.GAB, and in particular, L.ABG = L.ACF 
and IPCI = IBGI· 

From CN 3, IP BI = IGGj. By observation, the 
L.AFC = BFC and L.AGB = CGB. From this, and 
the fact that IPCI = IBGI, it is clear that L:.FBC = 
!::.GCB, and in particular, L.GBC = L.FCB. Also 
L.F BC = L.GC B, therefore the angles under the base 
BC are equal. 

By observation, L.ABC = L.ABG - L.GBC and 
L.AC B = L.AC F - L.FC B. Since L.ABG = L.AC F 
and L.GBC = L.FCB, from CN 3, L.ABC = L.ACB . • 

Euclid Proposition E.7 Given two straight lines 
constructed on a straight line (from its extremities) and 
meeting at a point, there cannot be constructed on the 
same straight line (from its extremities), and on the 
same side of it, two other straight lines meeting at an
other point and equal to the former two respectzvely, 

namely each to that which has the same extremity with 
it. 

Proof: (Following Euclid in Heath) Assume line seg
ment AB and draw the following diagram: 

where it is noted that C =f. D since there is a line be
tween them. From EP 5, L.ADC = L.AC D, and that 
L.BCD = L.BDC. By observation, L.BCD < L.ACD 
and hence L.BCD < ADC. Also by observation, 
ADC < BDC, and hence ADC < BCD. Since 
BCD < ADC < BCD, there is a contradiction and 
the proposition is proved .• 

Euclid Proposition E.8 If two triangles have the 
two sides equal to two sides respectively, and have also 
the base equal to the base, they will also have the angles 
equal which are contained by the equal straight lines. 

Proof: (Following Euclid in Heath) Assume the situa
tion on the left below, 

D A 

E,B 

If, via superposition, we apply !::.ABC to !::.DEF, 
and in particular apply BC to EF, and point A does 
not coincide with point D, then we have the situation 
on the right above. This is a contradiction by EP 7 .• 

Proof: (Proof of 4) (Following Heath who follows Pro
clus) Pick a point at random along ray h and another 
along k, both different from 0, and label these A and 
B. Draw line segment AB. Thus we have the diagram 
on the left below: 
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Label a point along h' with A' such that OA = 0' A'. 
Now construct a circle at A' with radius IABI and an
other circle at 0' with radius lOBI. Label the point 
where the circles intersect B' and draw ray k' . Our 
construction using h' is on the right above. By con
struction, AB = A'B', OA = O'A', and OB = O'B'. 
From EP 8, L(h, k) = L(h', k'). 

Uniqueness is proved using EP 5, suppose there were 
two rays, k' and k" that satisfied the axiom the initial 
conditions. Then in the construction may be altered to 
produce the following figure: 

k' 

However, EP 7 may now be invoked to show that 
this leads to a contradiction, hence the angle L(h', k') 
is unique . 

• 
Axiom H. III, 5 If for two triangles ABC and 
A' B' C' the congruences 

AB = A' B' , AC = A'C', LBAC == LB' A'C' 

hold, the the congruence 

LABC = LA' B' C' 

is also satisfied. 

Proof: This is EP 4 which was proved in a preceding 
section of this paper .• 

Axiom Group IV: Axiom of Parallels 

Axiom H. IV, 1 Let "a" be any line and A a point 
not on it. Then there is at most one line in the plane, 
determined by a and A, that passes through A and does 
not intersect "a". 

Proof: Hilbert makes the note that this is Euclid's 
axiom .• 
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Axiom Group V: Axioms of Continuity 
Axiom H. V, 1 (Axiom of Measure or Archimedes' 
Axiom) If AB and CD are any segments then there ex
ists a number n such that n segments CD constructed 
contiguously from A, along the ray from A through B, 
will pass beyond the point B. 

Proof: Both Hilbert and Euclid rely on the field of real 
numbers used for magnitudes and both rely on order 
properties of the integers. 

Assume AB and CD are line segments. There are 
only a finite number of segments each with magnitude 
ICDI such when the magnitudes are added together the 
resulting magnitude is greater than IABI and less than 
IABI + ICDI. From E2, any length finite straight line 
can be drawn on a straight line, so draw one of mag
nitude n x ICDI on h. This can be done using the 
construction of EP 3 n times. • 

Axiom H. V, 2 (Axiom of Line Completeness) An 
extension of a set of points on a line with its order and 
congruence relations that would preserve the relations 
existing among the original elements as well as the fun
demental properties of line order and congruence that 
follows from Axioms I-III, and from V,l is impossible. 

This axiom requires the semantics for Euclid++. 
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