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Abstract

In this paper, we will exemplify compositionality is-
sues of neural networks using logical theories. The
idea is to implement first-order logic on the neural level
by using category theoretic methods in order to get a
variable-free representation of logic with only one op-
eration (composition). More precisely, logic as well as
neural networks are represented as algebraic systems.
On the underlying algebraic level it is possible to con-
sider compositionality aspects of first-order logical for-
mulas and their realization by a neural network. We will
demonstrate the approach with some well-known logi-
cal inferences using a straightforward implementation
of a simple backpropagation network.

Introduction
The syntactic structure of formulas of classical first-order
logic (FOL) is recursively defined. Therefore it is possi-
ble to construct new formulas using old formulas by ap-
plying a recursion principle. The same is true for comput-
ing the semantic value of such formulas, because the mean-
ing of a complex expression is determined by the meaning
of the parts constituting the complex expression (Hodges
1997). This compositionality principle of first-order logic
is intuitively plausible, because it makes a recursive model-
theoretic definition of the meaning of logical expressions
possible and it is in accordance with the usual style math-
ematicians develop approaches based on algebraic theories
and, more generally, inductive structures.

On the other side, compositionality principles in artificial
neural networks are usually considered as problematic. Even
worse generally it is assumed that neural networks are non-
compositional on a principal basis: Complex data structures
like lists, trees, tables etc. are – if at all – only implicitly used
and the representation of structured and complex objects is
a non-trivial challenge. Furthermore logical inferences are
rarely considered as lying at the heart of the theory of neural
networks (Gl̈ockner 1995).

It is well-known that classical logical connectives like
conjunction, disjunction, or negation can be represented
by neural networks. Furthermore it is known that every
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Boolean function can be learned by a neural network (Stein-
bach & Kohut 2002). Although it is therefore straightfor-
ward to represent propositional logic with neural networks
(Rojas 1996), this is not true for first-order predicate logic
and theories involving first-order expressions. The problems
are caused by the usage of quantifiers∀ and∃ and the corre-
sponding variables as well as the compositionality of logical
theories. Taking into account that many higher cognitive ca-
pacities of humans like problem-solving, reasoning, or plan-
ning are often based on forms of first-order logical deduc-
tions, it seems to be odd that such capacities are problematic
for neural networks to be learned. It is therefore no surprise
that there was a certain endeavor to solve the representa-
tion problem of neural networks during the 90ies in a variety
of different accounts ranging from sign propagation (Lange
& Dyer 1989), dynamic localist representations (Barnden
1989), to tensor product representations (Smolensky 1990)
and holographic reduced representations (Plate 1994). Al-
though these accounts can be seen as major developments
in the problem space of representing logical reasoning with
neural networks these accounts have certain non-trivial side-
effects. Whereas sign propagation as well as dynamic lo-
calist representations lack the ability of learning, the tensor
product representation results in an exponentially increasing
number of elements to represent variable bindings, only to
mention some of the problems.

We will present a different approach of modeling (and
learning) first-order inferences using neural networks. Be-
cause of the fact that the usage of variables and the prop-
erties of quantification are at the heart of the problem, a
(partial) solution can be achieved by using a variable-free
logic induced by a category called a topos (Goldblatt 1984).
In such a category theoretic representation only objects and
arrows exist and the task is to construct new arrows given
certain other arrows. The evaluation of terms and formu-
las correspond to the construction of certain arrows between
objects of the category. For example, the semantic value of
a formula with one variable is an arrow from the universe
into the set of truth values{true, false}. The computation
of a semantic value, i.e. the reference of a term or the as-
signment of a formula with one of the truth valuestrue or
falsecorresponds to aconstructionof an arrow using given
arrows guided by principles of topos theory. Using this rep-
resentation of logic we want to bridge partially the obvious



differences between symbolic and subsymbolic approaches
by representing logical inferences with artificial neural net-
works. If this can be achieved then it is possible to draw
conclusions with respect to the compositionality principle
that is usually assumed to hold when we talk about logical
meaning.

The paper will have the following structure: First, we will
present the basic ideas of variable-free first-order logic us-
ing a representation of FOL induced by category-theoretic
means in a topos. Second, we will discuss roughly the prob-
lems neural networks have in representing structured objects
and compositionality. Third, we will examine the overall ar-
chitecture of the account, the structure of neural networks to
code variable-free logic, and the construction of inferences
in deduction processes. Fourth, we will discuss a simple ex-
ample of how predicate logic inferences can be learned by
a neural network with a relatively small error. Last but not
least, we will add some concluding remarks.

Variable-Free Logic
Classical first-order logic uses variables in order to express
general laws. A general law can either express that if for an
arbitrary element of the universe a certain propertyP1(x)
holds, then the propertyP2(x) holds as well or that there is
a certain element of the universe for which two predicates
P3 and P4 apply. Hence, those rules have the following
form.

∀x : P1(x) → P2(x)
∃x : P3(x) ∧ P4(x)

In classical logic, variables are not only used to express
quantification but also to syntactically mark multiple occur-
rences of terms. Variable management is usually a problem-
atic issue in logic. In particular the problem arises that al-
gorithms have certain difficulties with quantified variables:
The non-decidability of FOL is a direct consequence of this
fact.

In order to circumvent this problem a certain endeavor
was invested to develop a theory of variable-free logic. A
prominent approach is the category theoretic approach us-
ing the concept of a topos (Goldblatt 1984). Intuitively a
topos is a category that has all limits (products, coproducts,
pullbakcs, pushout etc.), that allows exponents, and that has
a subobject classifier. The intrinsic properties of a topos in-
duce a semantics on the logical constructions.

Formally, a categoryC consists of a set of objects
|C|, a set of arrows (or morphisms)Ar(C), and two
functions dom : Ar(C) → |C| (called domain) and
cod : Ar(C) → |C| (called codomain) relating the arrows
to the objects. Furthermore a partial composition operation
on Ar(C) is defined with the following properties:g ◦ f
if cod(f) = dom(g), dom(g ◦ f) = dom(f), and
cod(g ◦ f) = cod(g). Finally, the composition of arrows
is associative, i.e.(h ◦ g) ◦ f = h ◦ (g ◦ f), and for every
objectc in |C| there is an identity arrowidc ∈ Ar(C) such
thatf ◦ iddom(f) = f andidcod(f) ◦ f = f

Table 1: The translation of first-order formulas into arrows
in a topos

LOGIC TOPOS

Constantc c : ! → U
Functionf f : Un → U or f : ! → UUn

Termt t : ! → U
Predicatep p : Un → Ω or p : ! → ΩUn

1-ary connective Ω → Ω
2-ary connectives Ω× Ω → Ω

Quantifiers ΩX×Y → ΩX

Closed formulaA A : ! → Ω

The type of categories we are interested in is a so-called
topos. The properties of a toposC that are important for our
account can be summarized as follows:

• C has productsa× b and exponentsab

• C has pullbacks

• C contains a terminal object!
• C has a truth value objectΩ together with a subobject

classifiertrue : ! → Ω
• For every morphismf there exists an epi-mono factoriza-

tion

A prototypical category that satisfies the properties of a
topos is the categorySET. The objects ofSET are sets,
the morphisms set theoretic functions. Productsa × b can
simply be identified with Cartesian products of setsa andb,
exponentsab with the set of functionsf : b → a. Given two
functionsf : a → c andg : b → c an example of a pullback
is a triple〈D, f ′, g′〉 where

D = {〈x, y〉 | x ∈ a, y ∈ b, f(x) = g(y)}
f ′(〈x, y〉) = y
g′(〈x, y〉) = x

In category theory, products and pullbacks are so-called
limit constructions. They allow the construction of new ar-
rows. For example, in the case of a Cartesian producta × b
the following condition holds: if arrowsf : c → a and
g : c → b are given, then there exists a unique arrow
h : c → a × b such that the corresponding diagram com-
mutes. We will crucially use the possibility of constructing
new arrows – provided some other arrows are given – in the
account presented in this paper. The terminal object ! in
SET is the one-element set{0}, because for every arbitrary
seta there is exactly one function froma into {0}. The sub-
object classifier can be constructed by taking! = {0} and
Ω = {0, 1} andtrue mapping0 to 1. Factorization is clear
in SET.

There is a straightforward way of interpreting first-order
logical formulas in a topos (Goldblatt 1984). Table 1 sum-
marizes the crucial connections. First of all, notice that vari-
ables are not explicitly represented in a topos. Constants and
terms are represented as arrows from the final object! to the
universeU . In other words, one could say that this arrow
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Figure 1: The construction of the formulaλy.(∃x : q(y, x))
as an arrow∃p[a]b : q. The expressionp[a]b is the projection
from a× b into b, Ω denotes the truth value object.

determines the reference of the term. Similarly functionsf
of arity n are arrows from then-ary product of the universe
to the universe. Predicates of arityn are represented by ar-
rows from then-ary product of the universeU into the truth
value object. As usual, logical connectives are arrows from
the truth value objectΩ to the truth value objectΩ in the
case of unary connectives (e.g. negation) and arrows from
the product of the truth value object with itself into the truth
value object (e.g. conjunction). Interesting cases concern
free and quantified variables: Formulas containing free vari-
ables are considered as complex predicates (i.e. elements
of ΩX whereX is the range of the sequence of free vari-
ables), whereas quantified formulas correspond to an opera-
tion mapping predicates to predicates. Quantification over a
sequence of variables with a corresponding rangeY reduces
the complex predicateΩX×Y (whereX is the range of the
remaining free variables) to the complex predicateΩX rep-
resented in the topos by an arrowΩX×Y → ΩX . Closed
formulas are formulas without any free variables (henceX
is the empty set∅).

The idea how to interpret truth values of formulas is to
construct new arrows between objects provided some arrows
are given as input. Clearly this is done in a compositional
way by using existing arrows: the unique construction prin-
ciple in a topos is the composition of arrows. We sketch
the idea how an existential quantifier can be constructed in
SET (Figure 1). The construction of the arrow∃p[a]b :q cor-
responding to the logic expressionλy.(∃x : q(y, x)) works
as follows. First, we need to justify the construction of the
arrow ext(q). This can be achieved by the fact thatSET
has pullbacks. To justify the arrowse andm we notice that
exp(q) ◦ p[a]b allows an epi-mono factorization represented
by the arrowse andm. Finally the arrow∃p[a]b : q can be
constructed because a subobject classifier exists.

The Problem of Composing Formulas in
Neural Networks

Rule-based inferences like in logical calculi are difficult to
realize in artificial neural networks (Shastri & Ajjanagadde
1990). The first problem arises because of the fact that log-
ical inferences are performed on structured objects, namely
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Figure 2: The general architecture of the account.

on variables, terms, atomic formulas, and complex formu-
las. All these different entities can only be represented in a
neural network by a vectorx ∈ Rn wheren ∈ N. Therefore
a structural distinction between these entities cannot be rep-
resented explicitly. The same problem arises with respect to
the semantic value of a certain logical expression. Whereas
the symbolic computation of a semantic value of a formula
is a highly structured process, no such an analogy exists on
the side of neural networks.

A possible way out of this gap is to use algebraic char-
acterizations of both, logic and neural networks. This ac-
count provides a possibility to find a common language for
both accounts. An important approach was proposed in (Pol-
lack 1990) later further generalized in (Sperduti 1993). Pol-
lack uses implicitly algebraic means to represent structured
objects like trees and stacks over a finite universe in neu-
ral networks. Another more explicit direction was taken by
(Glöckner 1995) where the author shows which classes of
algebras can be represented by multilayer perceptrons. This
approach reconstructs the compositional structure of logic
by the composition of networks.

In contrast to this idea, we will not use multilayered per-
ceptrons to approximate functions, rather we will use a neu-
ral network to represent the behavior of functions and predi-
cates by approximating the composition process of these en-
tities. More precisely, not the structural properties of these
entities will be represented (simply because all these entities
are viewed as atomic in our account), rather the behavior
in the composition process is modeled. In order to achieve
this, we want to use the topos representation of logical terms
and formulas in order to implement a backpropagation algo-
rithm on a neural network that is able to perform (and learn)
elementary first-order inferences.

Learning Evaluations of Formulas
The idea of modeling logical evaluations using neural net-
works is based on the idea that compositionality in logic can
be reduced to compositionality principles in a topos, i.e. the
construction of arrows resulting in a commuting diagram.
The existence of such commuting diagrams can be inter-
preted as equations between two terms on the term level and
equivalences of complex expressions on the formula level.
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Figure 3: The structure of the neural network that learns
composition of first-order formulas.

The Overall Architecture
Figure 2 depicts the general architecture of the presented ac-
count in four steps: First, input data is given by a set of
logical formulas (determining a partial theory) relative to a
given logical languageL. Second, this set of formulas is
translated into objects and arrows of a topos based on the
fundamental theorem that first-order predicate logic can be
represented by a topos.1 Third, a PROLOG program is gen-
erating equations in normal formf ◦ g = h identifying new
arrows in the topos. It order to make this work, we devel-
oped a simple topos languageLT to code the definitions of
objects and arrows in a way such that they can be processed
by the program components. The idea is that a given arrow
f can be used to generate new equations likeid ◦ f = f ,
f ◦ id = f and so on. Last but not least, these equations
are used to train a neural network. The structure of the used
neural network will be described below.

The motivation of the proposed solution is based on the
idea that we need to transform an interpretation functionI
of classical logic into a functionI ′ : Rn → Rm in order to
make it appropriate as input for a neural network. The first
step to achieve this can loosely be associated with reification
and elimination of variables, both standard techniques com-
monly used in AI: Formulas of first-order predicate logic are
interpreted as objects and arrows in a topos. The second step
is motivated by the challenge to represent logical formulas
as equations and finally to represent formulas as equations
in a real-valued vector space. In the last step, a necessary
issue is to hard-wire certain principles like the one thattrue
andfalseis maximally distinct.

Figure 3 depicts the structure of a neural network that is
used in order to model the composition process of evaluat-
ing terms and formulas. Each object of the topos is repre-
sented as a point in ann-dimensional real-valued unit cube.
In the example used in this paper,n = 5. Each arrow in the
topos is again represented as a point in then-dimensional
real-valued unit cube together with pointers to the respec-
tive domain and codomain. The input of the network is rep-
resented by weights from the initial node with activation1.
This allows the backpropagation of the errors into the rep-
resentation of the inputs of the network. The input of the

1Compare (Goldblatt 1984). Although this could quite easily
be done automatically by a program, we still do the translation by
hand.

network represents the two arrows to be composed by the
following parts:

• The domain of the first arrow

• The representation of the first arrow

• The codomain of the first arrow which must be equal to
the domain of the second arrow

• The representation of the second arrow

• The codomain of the second arrow

These requirements lead to a net with5 · n many input
values (first layer in Figure 3). The output of the neural net
is the representation of the composed arrow. Up to now we
have no good experience how many hidden nodes we need.
In the example, we use2 · n many nodes.

In order to enable the system to learn logical inferences,
some basic arrows have static (fixed) representations. These
representations correspond directly to the role of these ob-
jects in the underlying topos. Here is a list of these objects:

• The truth valuetrue : (1.0, 1.0, 1.0, 1.0, 1.0)

• The truth valuefalse: (0.0, 0.0, 0.0, 0.0, 0.0)

Notice that the truth valuetrue and the truth valuefalse
are considered to be maximally distinct. All other objects
and arrows are initialized with random values. The defining
equations of the theory and the equations corresponding to
the used categorical constructions (like products) are used to
train the neural network.

Inference Example
We want to give a simple example of how a neural network
can learn logical inferences on the basis of equations and
static objects that are listed above.

Table 2: Example code of the objects and arrows
!. # the terminal object
@. # the truthvalue object
! x ! = !.
u. # the universe
static t: ! --> @, # true
static f: ! --> @. # false
not: @ --> @, # negation
->: @ x @ --> @. # implication
not o t = f,
not o f = t,
-> o t x t = t,
-> o t x f = f,
-> o f x t = t,
-> o f x f = t.

In Table 2, elementary logical operators and equations are
defined specifying the behavior of classical connectives like
the composition of the implication or the product oftrue×
true results intrue. Furthermore static arrows are used to
definetrueandfalseand static objects are used to define the
terminal object! and the truth value objectΩ. The coding
of topos entities inLT is straightforward: in the first part
we define objects and arrows and in the second part we pro-
vide the defining equations. Table 3 summarizes the impor-
tant constructs. FurthermoreLT provides a simple macro



Table 3: The specification ofLT

LT Intended Interpretation

! Terminal object!
@ Truth value objectsΩ
t Truth valuetrue
f Truth valuefalse

Y x Z Product object ofY andZ
y x z Product arrow ofy andz
! X Terminal arrow ofX

x: Y --> Z Definition of an arrow
y o z Composition of arrowsx andy

mechanism to allow a compact coding for complex equa-
tions (compare the definition of==> in Table 4).

In Table 4, an extension of the premises of the classical
Socrates syllogism is modeled. The information coded is
not only that all humans are mortal (and Socrates is hu-
man) but also that all mortals ascend to heaven and every-
one in heaven is an angle. As constants not onlySocrates
but alsorobot and somethingare introduced with the ad-
ditional information thatrobot is not human. There is no
knowledge aboutsomething. These types of information are
represented by equations. For example, the composition of
the arrowhumanandsocratesis resulting intrue represent-
ing that ”Socratesis human”. Slightly more difficult is the
representation of universally quantified expressions like the
following predicate logic formula:

∀x : human(x) → mortal(x)

The equation is constructed as follows:2

∀(⇒ ◦ human×mortal ◦ d) = true

This is equivalent with

⇒ ◦ human×mortal ◦ d = true ◦ !

The diagonal arrowd : U → U ×U is composed with the
arrows for predicateshuman : Ω → Ω andmortal : Ω →
Ω and the arrow for the implication⇒: Ω×Ω → Ω. Notice
further that the construction is only possible because a topos
guarantees the existence of the relevant arrows.

Finally, test equations are represented in Table 4.
They correspond to the logically possible combinations of
mortal, human, andangle on the one hand andSocrates,
robot, andsomething on the other. All combinations can
be eithertrueor false.

Results of the Inference Example
The input generated by the Prolog program is feeded into
the neural network. The result of an example run is then
given by the errors of the test equations. These test equa-
tions query whether the composition ofangleand robot is
false, whether the composition ofangleand robot is true,

2Notice that the following are expressions in the topos not log-
ical expressions.

Table 4: Example code of an extension of the famous
”Socrates inference”

# predicates of the theory
human, mortal, heaven, angel: u ---> @ .
X ==> Y: -> o X x Y o d u = t o ! u .
human ==> mortal.
mortal ==> heaven.
heaven ==> angel.

#individuals
distinctive

socrates, robot, something: ! ---> u.
human o socrates = t.
human o robot = f.

# test the learned inferences
tests

mortal o something = t,
mortal o something = f,
mortal o robot = t,
mortal o robot = f,
mortal o socrates = t,
mortal o socrates = f,
heaven o something = t,
heaven o something = f,
heaven o socrates = t,
heaven o socrates = f,
heaven o robot = t,
heaven o robot = f,
angel o something = t,
angel o something = f,
angel o socrates = t,
angel o socrates = f,
angel o robot = t,
angel o robot = f.

whether the composition ofangleandsocratesis false etc.
The results of test run of our example is depicted below:

Tests:
angel o robot = f 0.636045
angel o robot = t 0.886353
angel o socrates = f 2.197811
angel o socrates = t 0.011343
angel o something = f 0.053576
angel o something = t 2.017303
heaven o robot = f 0.454501
heaven o robot = t 1.080864
heaven o socrates = f 2.153396
heaven o socrates = t 0.013502
heaven o something = f 0.034890
heaven o something = t 2.111497
mortal o socrates = f 1.985289
mortal o socrates = t 0.030935
mortal o robot = f 0.195687
mortal o robot = t 1.488895
mortal o something = f 0.025812
mortal o something = t 2.159551

The system convincingly learned thatSocratesis mortal,
ascended toheaven, and is anangle. Furthermore it learned
that the negations of these consequences are false. In other
words, the system learned the transitivity of the implication
in universally quantified formulas. With respect torobot the
system evaluates with a relatively high certainty thatrobot
is not mortal. The other two properties are undecided. In
the case ofsomethingrelatively certain knowledge for the
system is thatsomethingis neither in heaven nor mortal nor
an angle.

Error Rate of the Inference Example
The maximal error of the neural network of 10 runs with
1.6 · 106 iterations is depicted in Figure 4. The curves show
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Figure 4: The maximal error of the neural network with
respect to the extended Socrates example (10 runs with
1.6 · 106 iterations).

four characteristic phases: in the first phase (up to 50,000
iterations), the randomly chosen representations for the in-
put arrows and objects remains relatively stable. During the
second phase (between 50,000 and approx. 200,000 itera-
tions) the maximal error dramatically increases due to the re-
arrangement of the input representations. In the third phase
(between 200,000 and 600,000 iterations) the maximal error
rapidly decreases which is again connected with the reorga-
nization of the input representation. In most cases, the max-
imal error decreases in the fourth phase (between 600,000
and above iterations), but the input representations stay rel-
atively stable.

The models approximated by the network behave as ex-
pected: Test equations which are logically derivabletrue
or falsewill be mapped in all models tot or f respectively.
Those equations for which no logical deduction of the truth
value is possible, are more or less arbitrarily distributed be-
tweenf andt in the set of models. Nevertheless, the mod-
els seem to tend to realize a closed world interpretation,
i.e. the truth value ofmortal(robot), heaven(robot), and
angle(robot) tend to befalse.

Conclusions
In this paper, we presented first results of modeling predi-
cate logical inferences by neural networks. The idea was to
to use a variable-free representation of first-order logic in a
topos and to reduce logical inferences to constructions of ar-
rows via composition in a topos. This can be implemented
in a neural network and the example shows that quantified
inferences can be learned by the system with a surprisingly
small error. The complexity of determining the truth value
of a query depends only on the complexity of the query and
not on the number of inference steps needed for a logical
deduction. The features of the system can be summarizes as
follows:

• The network is able to learn

• The static pre-established connections of the network are
minimal

• Variables of logical formulas are not (explicitly) repre-
sented, hence there is no binding problem

All features above give a solution to the problem of learn-
ing first-order inferences by neural networks without the
trouble generated by accounts mentioned in the introduction.

Future work concerns, first, a careful evaluation of the re-
sulting models. Until now, we do not precisely know which
types of models are generated by the system. Second, a
natural idea would be to use the system for non-monotonic
reasoning. Third, the topology of the representation space
needs to be examined. Connected with this issue is the ques-
tion whether concepts can be extracted from configurations
of the network.
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