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Abstract

The challenge we address is to create autonomous,
inductively learning agents that exploit and mod-
ify a knowledge base. Our general approach, em-
bodied in a continuing research program (joint
with Stuart Russell), is declarative bias, i.e., to use
declarative knowledge to constrain the hypothesis
space in inductive learning. In previous work, we
have shown that many kinds of declarative bias
can be relatively efficiently represented and de-
rived from background knowledge. We begin by
observing that the default, i.e., revisable, flavor
of beliefs is crucial in applications, especially for
competence to improve incrementally and for in-
formation to be acquired through communication,
language, and sensory perception in integrated
agents. We argue that much of learning in hu-
mans consists of "learning in the small" and is
nothing more nor less than acquiring new plau-
sible premise beliefs. Thus representation of de-
faults and plausible knowledge should be a central
question for researchers aiming to design sophis-
ticated learning agents that exploit a knowledge
base. We show that such applications pose sev-
eral representational requirements that are unfa-
miliar to most in the machine learning community,
and whose combination has not been previously
addressed by the knowledge representation com-
munity. These include: prioritization-type prece-
dence between defaults; updating with new de-
faults, not just new for-sure beliefs; explicit rea-
soning about adoption of defaults and precedence
between defaults; and integration of defaults with
probabilistic and statistical beliefs. We show how,
for the first time, to achieve all of these require-
metats, at least partially, in one declarative formal-

ism: Defeasible Axiomatized Policy Circumscrip-
tion, a generalized variant of circumscription.

1 INTRODUCTION; DECLARATIVE
BIAS

Guide to Reader: In the main, this paper is at
a fairly high, survey level; we discuss the importance
and the integration of a number of representational
issues, rather than discussing any one in full technical
detail. Thus the form of this paper is: observations,
plus a set of pointers to other papers that elaborate on
various aspects. If you are already familiar with our
idea of declarative bias, its motivations, and its non-
monotonic aspects in our previous work, you can skip
to section 4 without much loss, using just the abstract
as your introduction. Sections 1.1, 2, 3, and 6 are
drawn from previously published work; the rest of this
paper is new.

The challenge we address is to create autonomous,
inductively learning agents that exploit and modify a
knowledge base. We are especially concerned in this
paper with competence (what the program is able to
infer, unlimited by computation time) i , as opposed to
pure speed-up (how fast the program can infer), learn-
ing. By "inductive", we mean involving inductive leaps
that go beyond what is known for-sure and posit a fal-
sifiable hypothesis. By "autonomous", we mean that

tWhat we are calling "competence" is very similar to
"the knowledge level"; but some, e.g., Dietterich [1986],
define the knowledge level as monotonic. Many have also
leveled the criticism that organization and form that makes
for more computational efficiency is also a kind of knowl-
edge, albeit more "heuristic" in flavor than "epistemolog-
ical", in the terms of [McCarthy and Hayes, 1969]. (We
sympathize with this criticism.) We therefore use a more
neutral term, common in psychology.
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manually-programmed bias is not required for each
new inductive learning problem, and, more generally,
programmer intervention / interaction is minimized.

In our view, the greatest difference in inductive
learning (competence) capability between humans and
current automatic methods is that humans are able to
bring to bear a great deal of background knowledge
to formulate and decompose their learning problems,
and to reduce the space of hypotheses for each learn-
ing problem. This saves in example complexity and
computational complexity.

Our general approach, embodied in a continuing re-
search program (joint with Stuart Russell), is declar-
ative bias. In the declarative bias approach, the sys-
tem’s current knowledge base serves not only for per-
formance and prediction (i.e., non-learning activities),
but also to identify and constrain the instance language
and the hypothesis space that the inductive compo-
nent of a learning agent must search. This background
knowledge is represented declaratively. By "declara-
tive" in this paper, we mean formulable, more or less,
in terms of classical logic or its extensions that, for ex-
ample, handle default reasoning and probabilistic rea-
soning.

In previous work [Russell and Grosof, 1987] [Grosof
and Russell, 1990] [Russell and Grosof, 1990a] [Grosof
and Russell, 1989], we have shown that many kinds
of declarative bias can be relatively efficiently repre-
sented and derived from background knowledge that
embodies a partial domain theory. A key kind of back-
ground knowledge that implies bias is about relevant
features. Knowledge about such relevancy can be cap-
tured in the classical logical form of determinations.
E.g., size, speed and weaponry determine whether or
not an animal is a predator.

1.1 DECLARATIVISM
The declarative approach to AI is just one broad
methodological approach among several in AI. Briefly,
in it, one views the sequence of transformations that
a program performs on its data structures as inference
steps in a logical system. The logical sentences in-
volved in these steps are the attributed meanings of
the corresponding data structures.

We are attracted by the general advantages of the
declarative approach. Some of those advantages are
that declarativism:

¯ cleanly separates beliefs and premises from inferen-
tial processing;

¯ helps unify and integrate both procedures and data
across systcms;

¯ aids concise communication and understanding;

¯ provides semantics -- therefore, a check on intuition,
and formal guarantees enabling partial validation;

¯ facilitates incremental modifiability of programs,
due to the existence of standard implemented infer-
ence systems and re-usable canonically-interpreted

knowledge bases. One may update a program with
new axioms, or with new inference mechanisms.

(For some more discussion of the declarative approach
in AI and its advantages, see [Genesereth and Nilsson,
1987] (chapter 1)[Nilsson, 1983] [Doyle, 1985] [Mc-
Carthy, 1987].)

Declarativism has not heretofore been greatly ac-
cepted in machine learning; its impact has been rather
decidedly less than in many other areas of AI. We sus-
pect that much of the reason is socio-culturah many
researchers in the machine learning community do
not feel comfortable with logic, just as many in the
AI community do not feel comfortable with probabil-
ity and statistics. Explanation-based generalization
(EBG) [Mitchell et al., 1986] can be viewed, however,
as an early, relatively simple, successful penetration
of declarativism to the realm of machine learning. We
aim to extend the scope (and, hopefully, the successes!)
of declarativism’s use for learning.

One specific advantage of our declarative approach is
that it facilitates combining the results of learning with
other kinds of background knowledge. This enables
"prior" knowledge (i.e., background knowledge that is
present prior to a particular, given learning problem)
to be accumulated, in part, from past learning. Thus
as the agent progresses in time, it modifies its own
bias. A positive feedback loop is created for learn-
ing. More generally, the declarative approach makes
it easier for learning programs and their designers to
take advantage of declaratively-formulated knowledge
and inference methods developed for other purposes in
the AI community. Part of our aim is agents that inte-
grate several kinds of learning, both inductive and non-
inductive (e.g., EBG-type speed-up), along with non-
learning activities, using a common knowledge base.

1.2 SUMMARY

In this paper, we identify several representational
issues that arise in this declarative approach to
knowledge-based, autonomous, inductively learning
agents, and give some partial solutions. Rafting along
the main stream of knowledge representation in AI, we
concentrate here mostly, but not entirely, on the mak-
ing by the program (learning agent) of true-false dis-
tinctions, skirting the complexities of probability and
similar kinds of uncertainty. (But see sections 7 and
8.)

We begin by observing that the default, i.e., revis-
able, flavor of beliefs is crucial in inductive learning
applications, especially for competence to improve in-
crementally and for information to be acquired through
communication, language, and sensory perception in
integrated agents. We argue that much of learning
in humans consists of "learning in the small" and is
nothing more nor less than acquiring new plausible
premise beliefs. Thus: Representation of defaults and
plausible knowledge should be a central question for re-
searchers aiming to design sophisticated, inductively
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learning agents that ezploit a knowledge base.
We show that such applications pose several repre-

sentational requirements that are unfamiliar to most
in the machine learning community, and whose com-
bination has not been previously addressed by the
knowledge representation community. These include:
prioritization-type precedence between defaults; up-
dating with new defaults, not just new for-sure be-
liefs; explicit reasoning about adoption of defaults and
precedence between defaults; and integration of de-
faults with probabilistic and statistical beliefs.

To reap the full advantages of a declarative approach
requires a strong semantics: so that reasoning steps
can be described aa inferences that are semantically
valid with respect to the logical system. We show
how, for the first time, to achieve all of the above re-
quirements, at least partially, in one declarative for-
malism: Defeasible Axiomatized Policy (DAP) Cir-
cumscription, a generalized variant of circumscription
[McCarthy, 1980] [McCarthy, 1986] [Lifschitz, 1984].
DAP circumscription extends the capabilities of the
formalism that we previously developed, the Circum-
scriptive Language of Defaults (CLD) [Grosofand Rus-
sell, 1990], a tool for specifying prioritized circumscrip-
tions [McCarthy, 1986] [Lifschitz, 1985] [Grosof, 1991].
Prioritized circumscription and CLD are studied in
[Grosof, 1992c]. CLD is just a syntactically sweetened
special case of DAP circumscription.

2 INDUCTIVE LEARNING IS

NON-MONOTONIC REASONING

In [Grosof and Russell, 1990] (elaborating the second
half of [Russell and Grosof, 1987]), we analyzed in-
ductive leaps, and the shifts of bias underlying them
(e.g., cf. Utgoff’s STABB [1984] [1986]), as logically
non-monotonic from the declarative viewpoint. The
following paragraph from [Grosof and Russell, 1990]
(sub-section 11.1) recapitulates that argument.

One of the most fundamental characteristics of
empirical inductive learning, e.g. the process of
experimentally-grounded science, is that the agent
must be prepared to retract working hypotheses as it
accumulates new observations (or otherwise acquires
information about which it is highly confident). When
we ascribe a declarative status to these working hy-
potheses as sentences that the agent believes about
the external world, then the agent’s believed set of
sentences evolves, in general, non-monotonically. If an
agent is completely sure of its initial bias, no "inductive
leap" is required to reach a definition for the target con-
cept. In such a case, though the agent’s starting (bias)
theory may be incomplete, once the agent has observed
enough instances, the concept’s definition follows as a
purely deductive conclusion from the bias plus the ob-
servations. From the viewpoint of logical semantics,
the change in the agent’s knowledge at any point in the
learning process is no more than the information in the
instances already observed. All the agent’s predictions

are correct. Additional observations simply narrow the
zone of instance space where the agent is predictively
uncertain. By contrast, in the most interesting kinds
of empirical learning, the agent risks error in its pre-
dictions; it adopts beliefs that are semantically novel,
i.e., that are.not entailed simply by the knowledge in
its initial certain beliefs plus its observations. For an
agent to manifest such potential for retraction, for it
to be capable of drawing conclusions that are merely
plausible rather than completely certain, means that
its inductive learning must be treated as a process of
non-monotonic inference.

3 USEFULNESS OF DEFAULTS FOR

REPRESENTING SHIFT-ABLE

VERSION-SPACE-TYPE BIAS IN

INDUCTIVE RULE AND CONCEPT

LEARNING

In [Grosof and Russell, 1990], we showed how to de-
rive many kinds of inductive leaps, and the shifts of
bias underlying them, from default background knowl-
edge, i.e, as deductions (formally, entailments) in 
non-monotonic logic of prioritized defaults, based on
circumscription (CLD, discussed below). In particu-
lar, we demonstrated that "version space" bias can be
represented, via default (first-order) formulas, in such
a way that it will be weakened when contradicted by
observations. This built on a first-order formulation
[Russell and Grosof, 1987] of the biases in the Version
Space method [Mitchell, 1978]. Implementation of in-
ference in the non-monotonic logic then enables the
principled, automatic modification of the description
space employed in a concept learning program, which
Mitchell [1982] remarked "would represent a significant
advance in this field", and which Bundy et al. [1985]
named as "the most urgent problem facing automatic
learning".

We also showed how to formulate with prioritized
defaults two kinds of "preference" biases previously re-
garded as "syntactic" or "symbol-level" (e.g. by [Diet-
terich, 1986]): maximal specificity and maximal gen-
erality.

In [Russell and Grosof, 1990a] and [Grosof and Rus-
sell, 1989], we showed that our approach was adequate
to represent and derive almost all of the bias employed
in Meta-DENDRAL [Mitchell, 1978], one of the most
substantial inductive concept learning programs in the
literature to date.

4 MORE GENERAL ROLE FOR

DEFAULTS IN LEARNING AGENTS:
REPRESENTING KNOWLEDGE

INPUTS AND

ERROR-CORRECTION

A Broader, More Ambitious, Picture of a
Learning Agent:
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Picture an agent that learns as it goes, while acquir-
ing information from various sources, especially per-
ception. The current knowledge base feeds learning,
and learning modifies that knowledge base. The agent
picks its learning problems (e.g., to maximally improve
some measure of performance) and modifies its own
bias(es) as it goes, while it improves its competence,
making errors then later correcting them. Much of
humans’ competence learning has, as an information
source, communication and language use. We expect
future highly competent integrated learning agents to
oftentimes have these properties.

So, how to get closer to this kind of correcting, so-
phisticated learning agent? We believe that the declar-
ative approach holds promise. Next, we discuss a num-
ber of representational issues in pursuing it. (For con-
venience, we will speak of this aimed-at sophisticated
learning agent in the present tense; this is, naturally,
to be interpreted by you as really subjunctive or in the
fntnre.)

Defaults Are Needed For Sophisticated Learn-
ing Agents, e.g., Their Knowledge Inputs:
We begin by arguing for the thesis that: Defaults are
not just useful, but very much needed, in a declarative
approach to sophisticated learning agents. This goes
beyond their ability to represent shift-able version-
space of the kind we investigated previously. The abil-
ity to correct errors means that the agent’s reasoning
is non-monotonic, when viewed declaratively (by an
argument very similar to section 2). Defaults are the
most widely accepted declarative tool for describing
(e.g., specifying) non-monotonic belief and reasoning.
They are "bite-size" chunks of information, similar to a
well-formed formula in first-order logic. Almost every
non-monotonic logical formalism has some analogue of
a default.

Many inputs to a sophisticated learning agent’s
knowledge base, when viewed declaratively, take the
form of defaults:

¯ Initial background knowledge entered by a designer,
may employ defaults, e.g., default inheritance. Many
kinds of background knowledge need defaults to rep-
resent them: e.g., about common-sense or proto-
types.

¯ More fundamentally, reasoning about the effects
of actions, including frame assumptions, is non-
monotonic; to express knowledge concisely in this
realm needs defaults.

¯ Empirical information, whether or not arrived at by
the agent’s own inductions, is typically revisable,
i.e., plausible, in status.

¯ Defaults are needed to faithfully represent input
knowledge gleaned from natural language and com-
munication (e.g., reading), either by being told or 
observing. For example, a word sense or anaphoric
(pronoun) reference must be guessed at; that guess 

essentially a default. Speech acts also involve default
reasoning. [Perrault, 1987] [Appelt and Konolige,
1988] [McRoy, 1989] [Morgenstern, 1990] [Morgen-
stern and Guerriro, 1991] [Zadrozny, 1988].

Defaults are also needed to faithfully represent in-
terpreted sensory perceptions, e.g., that Ball61 is
on Table302. These perceptions may be errorful;
and the situation that the perceptions describe may
change. One can view the perception as having had
revisable status, or else the reasoning based on it as
having had revisable status; either way, defaults are
needed. (One may reply that perceptions are better
represented via probabilistic-type uncertainty than
by a definitive true-false belief. However, even that
does not, essentially, remove the need for default rea-
soning: see section 7.)

Representing Preference-Type Bias:
A default p can be viewed as a preference for believing
p over believing -~p. One can thus view a default as a
preference-type belief. As such, it is able to represent
some preference-type inductive biases, i.e., preferences
among inductive hypotheses. By contrast, restriction-
type bias (on a hypothesis space) corresponds to for-
sure (i.e., purely monotonic) beliefs.

Match Between Defaults and Errorful
Competence-Level Learning:
To summarize, then, there is a good qualitative match
between defaults and the kind of knowledge-based
competence learning that involves the correction of er-
rors, especially in sophisticated agents. Indeed, one
can view the evolution under updating of any expres-
sive default theory (or, more generally, non-monotonic
theory) as the evolution of competence with correc-
tion; i.e., one can view it as competence learning with
correction.

Principles for Learning New Defaults:
Two oft-asked questions about defaults, both in the
non-monotonic reasoning community, and in the ma-
chine learning community, are: "What are the norma-
tive principles for learning them?"; and: "Why should
we use them if we don’t know how they arise epis-
temologically?". These are interesting and legitimate
concerns. However, we do not believe they should be
obstacles to using defaults for learning agents. We
point out, firstly, that defaults are useful as input to
a learning agent even if they are not being learned
"from scratch" via induction. For example, they are
useful, and, we argued above, crucial, to represent on-
going input information from language and communi-
cation. Secondly, we point out that the normative prin-
ciples for learning "for-sure" beliefs are far from a set-
tled question. Indeed, there are deep philosophical ob-
jections to the learnability of a universally-quantified
statement over an infinite domain. A case can be made
that inductive learnability of a default is more justifi-
able than inductive learnability of a for-sure empirical
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statement. Thirdly, we point out that a general nor-
mative basis for adopting a default, like for adopting
any kind of belief, may be found in decision theory
applied to some evaluation criterion over the learner’s
behavior.

Why Be Declarative About Defaults?:
Another question / criticism in many researchers’
minds, is: "Why bother with declarative formalism for
defaults and non-monotonic reasoning"? E.g., "Why
can’t I just treat default reasoning as simply the re-
placement, under direct updating, of the truth value
(say: true, false, or unknown) associated with a data
structure representing a statement p?" I.e., to do what
is the current least-common-denominator style of de-
fault reasoning in practical systems, e.g., in AI frame-
based systems with default inheritance.

One good reason is that an update (knowledge in-
put) may not be directly about the same proposition(s)
as previous beliefs. E.g., when an agent believes p and
q and p A q D r, and then an update asserts -~r. This
cannot be handled by the direct-replacement method
alluded to above. In general, there are subtleties and
trickinesses in default reasoning. It is easy to get
global incousistency if one is not careful. Declarative
formalisms for default reasoning bring with them an
evolving body of understanding about ways to manage
belief change, and conflict between beliefs, in a ratio-
nalized fashion.

A second good reason is that incorporating (as-
similating, integrating) new input knowledge is aided
by non-monotonic logical systems. They distinguish
premises (axioms) from conclusions, and eliminate the
need to revise premises. When this distinction is not
made, previously acquired default rules may have to
be modified immediately with qualifications in order to
deal with interactions, to preserve consistency. By con-
trast, in a non-monotonic logical system, the ramifica-
tions of new update knowledge can be worked out later.
The working theory is at risk of inconsistency with that
update (i.e., with the new global set of premises) until
the ramifications are worked out, but a kernel basis for
the belief revision is always present, in the meantime:
the premises.

Another style of non-declarative treatment of de-
faults is to do highly limited, incomplete consistency
checking, e.g., in a negation by failure to prove. This
method produces unsoundness, and, often, global in-
consistency.

5 IMPORTANCE OF

P RIO RITIZATION-TYPE

PRECEDENCE

Conflict:
In general, a set of two or more defaults may conflict,
in the sense that they contradict each other, i.e., can-
not consistently all "go through", given the for-sure
beliefs. A classic example is Quakers-and-Republicans.

One default says that, typically, Quakers are Pacifists.
Another default says that, typically, Republicans are
not Pacifists. For-sure, Nixon is a Quaker and a Re-
publican. The two defaults conflict about Nixon (more
precisely, their Nixon instantiations conflict). Neither
the conclusion that Nixon is a Pacifist, nor the conclu-
sion that Nixon is not a Pacifist, is sanctioned (in the
sense of skeptical / cautious entailment).

Precedence:
An important concept in representation of defaults is
prioritization-type precedence. 2 Precedence is a kind
of information that may be specified about defaults.
For one default to have precedence over a second means
that in cases of conflict between them, the first "wins":
its conclusion goes through. E.g., if the Republican de-
fault has precedence over the Quaker default, then the
conclusion that Nixon is not a Pacifist is sanctioned.
Precedence resolves the conflict.

Precedence can be viewed as a kind of confidence
information about a default belief.

Bases for Precedence:

I. One well-known kind of precedence is the specificity
dominance principle employed in inheritance with
exceptions, e.g., cf. [Touretzky, 1986]. To represent
default inheritance requires precedence for more spe-
cific rules over less specific rules. E.g., the more spe-
cific default rule that the New York subway does not
run when there is a electrical power blackout takes
precedence over the default rule that the New York
subway runs at any time.

However, we showed previously [Grosof, 1991] that
there are several bases for precedence information
other than specificity.

Need for Non-Layered Precedence:
We also showed there that, in most useful default the-
ories the partial order of precedence among the global
set of defaults does not obey the condition of being
stratified or layered. (By "stratified" or "layered", we
mean isomorphic to the system of military rank: gen-
erals are all higher-precedence than colonels, who are
all higher than majors, etc.; there is no precedence be-
tween two members of the same rank.) This goes even
for simple default inheritance theories with precedence
only on the basis of specificity. Most AI researchers
who do know about precedence are familiar only with
this layered case of precedence, to which the original
definition of prioritization in [Lifschitz, 1985] was re-
stricted.

Need for Non-Speclficlty Precedence in Sophls-

2By "prioritization" here, we mean the concept of prior-
itization developed in [Grosof, 1991] and studied in [Grosof,
1992c], that generalizes the concept of prioritization in cir-
cumscription developed by [McCarthy, 1986] and [Lifschitz,
1985] and many other kinds of precedence developed by
others in non-monotonic reasoning.
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ticated Learning Agents:
We observe here that several kinds of precedence, other
than specificity, are especially important for represent-
ing defaults in sophisticated learning agents:

2. Reliability of sources. A source might be a commu-
nicating agent. E.g., from a child’s point of view,
"things my mother told me" have precedence over
"things my brother told me", which in turn have
precedence over "things the school bully told me".
Or a source might be a sensor.

3. Temporal precedence, which is closely related to re-
liability. For example, fresher reports are regarded
as more reliable. We observed in the last section
that to represent over-ride-able true-false input be-
liefs (e.g., percepts) in sophisticated learning agents
requires them to be treated as defaults. But for a
new input belief (e.g., Likes(She, Me)) to be part
of the agent’s current theory, i.e., to "go through"
as a default, means that it must over-ride any tem-
porally earlier information (e.g., ~Likes(She, Me))
that conflicts with it. This needs precedence: for the
new over the old.
Another example is disambiguation of context-
dependent meaning in natural language and com-
munication. Often one must guess, only to have the
guess corrected by a later clarification. Again, this
needs precedence: for the new over the old.

4. Authority in tile legal and organizational senses. For
example, federal law takes precedence over state law;
policy directives from the head of an organization
take precedence over those from subordinates; hol-
iday parking rules take precedence over weekday
parking rules. Sophisticated agents will have to deal
with such information.

5. To represent the combination, i.e., aggregation, of
different preference-type inductive biases. For exam-
ple, maximal specificity / maximal generality bias
(see section 3) is typically applied after (most) other
preference-type biases have affected ("had their say
about") the hypothesis space in concept / rule learn-
ing. This inferential ordering, i.e., the application
"after", needs precedence to represent it.

6. Difference in (probabilistically) expected utility 
actions based on defaults. For example, an action
policy oriented toward an emergency situation has
precedence over one oriented towards a routine sit-
uation, since in the case when both apply (i.e., in
an emergency), following the first policy but not the
second has higher expected utility than vice versa.
This basis for precedence is very related to the pro-
cess of inducing defaults and precedences from sta-
tistical and utility information.

Need for Explicitness of Precedence:
In many formalisms (e.g., Touretzky’s inheritance sys-
tem and its successors), specificity precedence is im-
plicit, ttowever, we observe here that it is important

that one be able to specify precedence ezplicitly in
the declarative formalism: firstly, because there are
so many different bases for it; and secondly, because it
is necessary to make precedence explicit to be able to
reason about it. For example, an agent may have the
default that default information gleaned from a mes-
sage that originates later should take precedence over
default information gleaned from a message that orig-
inated earlier from the same source. But, often, the
agent may know only the order of arrival of messages;
the order of arrival is not known for-sure to be the order
of origination. Rather, often, one applies the default
that, typically, later arrival indicates later origination.
We would like an agent to be able to engage in such
basic kinds of reasoning about precedence, e.g., to rea-
son by default about time-stamping of defaults. (See
section 8 for more.)

6 A CIRCUMSCRIPTIVE LOGIC OF
DEFAULTS

We have developed a logical formalism for default rea-
soning with explicit non-layered precedence: the Cir-
cumscriptive Logic of Defaults (CLD). CLD was de-
veloped specifically with learning applications in mind.
CLD is a meta-language for specifying prioritized de-
fault or predicate circumscriptions. [Grosof and Rus-
sell, 1990] and [Grosof, 1991] defined CLD. [Grosof,
1992c] elaborates and studies CLD and the prioritized
default theories that it specifies. CLD was the first
non-monotonic formalism to represent explicit non-
layered precedence as premise information. It also
represents updating with new premise defaults, not
just new for-sure premises, unlike previous variants of
circumscription and unlike many non-monotonic for-
malisms.

In core CLD, there are three types of axioms
(premises). base axiom isprefixed by o> andspec-
ifies a for-sure premise belief (a closed first-order for-
mula):

¯> Quaker(Nizon) A Republican(Nixon)

A de/ault axiom is prefixed by :> and specifies a
default premise belief (an open first-order formula). 
addition, a default axiom may, optionally, have a label
(e.g., dl), which is used as a name-tag to specify its
precedence via prioritization axioms (see below):

(dl) :> Quaker(z) Pacifist(z)

(d2) :> Republican(z) ~ -~Pacifist(z)

A prioritization axiom specifies a pairwise strict prece-
dence between two default axioms, via their labels.
E.g.,

"P’r~’fEr~(d2, dl)
says that the default with label d2 has higher prece-
dence than the default with label dl.
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A CLD axiom set ..4 non-monotonically entails a
CLD theory, which is the set of all conclusions en-
tailed (model-theoretically, in second-order logic) 
the prioritized default circumscription that is specified
by that axiom set:

def
PPC(A) =

B[Z] ̂  -~3Z’. B[Z’] ̂  Z-<(n;R)Z’
Here, Z is the tuple of all predicate (and function)

symbols in the first-order language used to express the
base and default formulas. B is the conjunction of the
base formulas from .4. D is the tuple of the default
formulas from .4. N is the index tuple of D. Dk in-
dicates the k~h default formula in the tuple D. The
precedence partial order R, defined over domain N, is
the transitive closure of the pairwise comparisons spec-
ified in the prioritization axioms from .4. R(j, i) means
that the jth default has higher precedence than the ith

default. _< stands for (universally quantified) implica-
tion. = stands for (universally quantified) equivalence,
i.e., .< A ~. -<(D;~) is defined as the strict version
(_~(D~R) A ~(D;R)) of the prioritized "formula" 
order _~(D;R):

def
Z<_(V;R)Z’ 
Vi C e. [Vj E N. R(j,i) 

(Vz. Dj[Z, x] =_ Dj[Z’, z])]
D (Vz. Di[Z, z] D Di[Z’, x])

Here Dj and Di refer to the jth and i th members,
respectively, of the tuplc D.3 We define the corre-
sponding circumscriptive prioritized default theory as
the set of all conclusions entailed (model-theoretically,
in second-order logic) by the prioritized default circum-
scription.

CLD extends in several directions. One is to express
for-sure (base) and default beliefs in higher-order logic,
not just first-order. Another is to specify the fixing of
function and predicate symbols. These extensions are
straightforward (see [Grosof, 1992c]).

More interestingly for our purposes here is that CLD
extends to explicit, non-monotonic (default) reasoning
about precedence (prioritization) among, and adoption
of, defaults: see section 8. And CLD can represent de-
fault reasoning about probabilistic beliefs, as wc show
next.

7 INTEGRATION WITH
PROBABILISTIC REASONING

Need for Integration of Probabilities and Statis-
tics:
Probabilistic-type uncertainty is a vital aspect of the
representation of plausible knowledge. For sophisti-
cated learning agents, it is imperative to integrate
probabilistic and statistical reasoning with true-false
reasoning, including default true-false reasoning. For

3For notational simplicity, we ignore the potentially dif-
ferent arities of the various open formulas Di.

our declarative approach, that implies the requirement
of integration in the declarative formalism. For ex-
ample, a sophisticated learning agent must be able to
reason about inducing the adoption (and precedence)
of a default on the basis of probabilities that were, in
turn, induced from a statistical history. This requires
explicit reasoning about adoption (and precedence) 
defaults, as well.

Monotonic Probabilistic Reasoning:
Monotonic reasoning about probabilities can be inte-
grated with monotonic true-false reasoning by express-
ing probability statements in classical logic (e.g., cf.
Probabilistic Logic [Nilsson, 1986]; extended to condi-
tional probabilities in [Grosof, 1986]) or modal logic
(e.g., cf. [Halpern, 1990]). Halpern’s modal approach
enables the reasoning about probabilities to be essen-
tially first-order, rather than essentially propositional
as in Probabilistic Logic.

Probabillstlc and Statistical Reasoning Is Usu-
ally Non-Monotonic:
However (as we were the first to observe), proba-
bilistic reasoning in practice is typically logically non-
monotonic; indeed (as we first showed), the basic kind
of Bayesian updating is equivalent to inheritance-type
prioritized default reasoning about probabilities. 4
In [Grosof, 1988], we showed that prioritized default
circumscription is able to represent the basic case of
Bayesian updating. This built on Probabilistic Logic.
The defaults are conditional independence assump-
tions.

Since then, Bacchus [1990] has shown how to extend
our method of representing Bayesian reasoning so as
represent first-order reasoning about probabilities, and
some kinds of statistical information. This built on
Halpern’s above-mentioned logic; he defined his own
new non-monotonic formalism for reasoning about the
probabilities and statistics; however, the essence of
the non-monotonic aspect in his system is, like ours,
inheritance-type default conditional independence as-
sumptions with specificity dominance-type precedence.

CLD Can Represent Basic Integration:
We observe here that CLD is able to express the pri-
oritized default theories we used to represent Bayesian
reasoning. CLD is thus able to integrate basic Bayesian
probabilistic reasoning with true-false prioritized de-
fault reasoning.

Probabilities Cannot Replace Defaults:
We observe here, secondly, that our above-described re-
sults imply that probabilities cannot replace defaults,
as some have argued that it should or might. Proba-
bilistic / statistical reasoning is itself non-monotonic;
the most common subset involves, essentially, default

4The non-monotonic quality was much earlier observed
by Henry Kyburg, in quite different terms, however, in his
work on reference classes.
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reasoning (with precedence) about the probabilities.
Non-monotonicity and probabilistic-type uncertainty
should be viewed as two different dimensions of knowl-
edge representation and reasoning.

8 EXPLICIT REASONING ABOUT

PRECEDENCE AND ADOPTION
Earlier, we discussed two needs for explicit reasoning
about precedence among, and adoption of, defaults in
sophisticated learning agents. One is to reason, by
default, about precedence, e.g., for source reliability
based on presumed temporal precedence. Another is
to reason about induction of new defaults from proba-
bilistic / statistical history.

We report here that we have developed, for the
first time, a method to represent such explicit, non-
monotonic (i.e., default) reasoning about precedence
and adoption: via a new formalism, Defeasible Axiom-
atized Policy (DAP) circumscription, that generalizes
(’LD and prioritized predicate / default circumscrip-
tion.

8.1 DEFEASIBLE AXIOMATIZED
POLICY (DAP) CIRCUMSCRIPTION
DAP circumscription is the first formalism to ex-
press defeasible prioritization. DAP circumscription
can represent one or more (generally, a finite reflec-
tive tower of) meta-levels of such defeasible reasoning
about prioritization, without resorting to a more pow-
erful logical language; i.e., without promiscuously pro-
liferating any additional meta-languages to represent
these meta-levels. We have shown that this represen-
tational generalization can often be achieved with only
a modest increase in the mathematical complexity of
inference: DAP circumscription often reduces to a se-
ries of prioritized predicate circumscriptions, for which
inference procedures are currently available.

(DAP circumscription also offers an improved ap-
proach to pointwise prioritization and circumscription,
even in the basic, monotonic case of reasoning about
prioritization. We observe that unsatisfiability and
representational awkwardness trouble the previous ap-
proach, due to Lifschitz [1988]. DAP circumscription
overcomes these difficulties.)

DAP circumscription is (defined as) a special case 
general circumscription el. [Lifschitz, 1984]. However,
DAP circumscription’s expressive power is fundamen-
tally greater than prioritized predicate circumscription,
which is the kind almost all previous work on circum-
scription has studied. DAP circumscription includes
CLD and prioritized predicate circumscription as spe-
cial cases. Thus, like them, it is able to represent ba-
sic integration of Bayesian probabilistic reasoning with
true-false prioritized default reasoning.

Unfortunately, we do not have space here for the
full technical details of these results about DAP cir-
cumscription (nor even for its definition, which is a bit
hairy); they are given in [Grosof, 1992a].

9 FUTURE WORK: MORE
REPRESENTATIONAL

CHALLENGES

There are a number of further challenges in represent-
ing and reasoning with defaults for sophisticated learn-
ing agents, that we plan to address in future work.

The computational complexity of default rea-
soning, and, especially, of belief revision in
default theories: The complexity results currently
available tell us that default reasoning is significantly
harder than monotonic reasoning, for reasonably ex-
pressively rich cases of most non-monotonic formalisms
of interest. For example, even for query-answering in
propositional default theories without priorities, cur-
rent results show worst-case is exponential (NP-hard)
[Selman and Kautz, 1989] [iautz and Selman, 1989]
[Selman and Levesque, 1989]. For current expressively
rich default formalisms (e.g., circumscription, Default
Logic, Autoepistemic Logic), the only procedures avail-
able for forward inference and belief revision are ex-
haustive and thus impractical, especially for creating
and maintaining a working body of conclusions. These
procedures compute the entire non-monotonic theory,
then re-compute from scratch upon updating with new
axioms (e.g., some new premises arriving from senses
or communication). In [Grosof, 1992c] and [Grosof,
1992b], we address this problem, and give theoretical
results for prioritized circumscription that show how
to reformulate default theories so as to "divide and
conquer": enabling selective forward inference and re-
stricted (yet sound) belief revision.

The non-monotonic normative principles
guiding more complex kinds of probabilistlc and
statistical reasoning, beyond basic Bayesian up-
dating: In the probability and statistics literature
(e.g., see [Loui, 1988], which builds on Kyburg’s ear-
lier work), a key problem is how to select a "reference
class" when specificity dominance is not present.

For example, suppose one is interested in whether
cars are lemons, in the sense that they will break down
in their first 5000 miles, and suppose one has (as the
only information relevant to lemon-ness) statistics on
lemon-ness for all American cars made by Ford (say,
frequency 0.1). Suppose one is looking at a particu-
lar American car (let us call it Betsy) that is a Ford,
was made on a Monday, is a blue Taurus station wagon
with serial number 2346791, has a ding in the front left
fender, and so on). Then in this basic case of Bayesian
updating, the usually-followed normative principle is
to conclude that the probability that this car (Betsy)
is a lemon is 0.1. That this is a default conclusion
(see section 7) rather than a monotonic conclusion 
illustrated by the following: suppose one receives the
additional information that the statistical frequency of
lemon-ness for the class of Ford Tauruses is 0.05; then
the usually-followed normative principle is to conclude
that the probability that Betsy is a lemon is 0.05, jus-
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tiffed by choosing the reference class to be the more
specific class of Ford Tauruses, rather than the less
specific class of all Fords. The previous conclusion that
the probability of Betsy being a lemon is 0.1 has been
retracted: it was defeasible.

Now suppose one also receives the additional infor-
mation that the statistical frequency of lemon-ness for
American cars made on Mondays is 0.2. Should one
choose the reference class of Fords Tauruses, leading
to the (default) conclusion that Betsy has probabil-
ity 0.05 of being a lemon? Or should one instead
choose the reference class of Monday-mades, leading
to the conclusion that Betsy has probability 0.2 of be-
ing a lemon? Perhaps one should compromise on some
value between 0.05 and 0.2? The above usual norma-
tive principle does not apply: neither class (Ford Tau-
ruses, Monday-mades) is more specific than the other.
What normative principles should guide such choices
of reference class are currently unclear. Moreover, how
should the sample sizes and confidence intervals asso-
ciated with the statistics affect matters? E.g., suppose
one class has only a small sample available.

IIow to do explanation-based learning from
default inferences: A default conclusion is justified
not only by what rules and facts appeared positively in
its proof, but also by the lack (omission) of any conflict-
ing overriding rules and facts. This makes explanation-
based generalization very much trickier than in the case
of monotonic reasoning: there may be a huge or infinite
space of such omission conditions.

Conditionality of defaults, in the sense of dis-
tinguishing asymmetrically between antecedent
and consequent in default rules, e.g., in the
manner of a conditional probability: We ne-
glected that issue in this paper, but it appears im-
portant, especially in learning sets of defensible rules
from statistics, where rules with overlappingly appli-
cable antecedents may have conflicting consequents.

10 CONCLUSIONS

Even without declarative formalism, the representa-
tional issues we have raised here are important: de-
signers of correcting learning agents should keep them
in mind. The subject of non-monotonic reasoning de-
serves much more attention from the machine learning
community; it is peculiarly important for knowledge-
based learning that involves inductive leaps and cor-
rection.

Summary: see sub-section 1.2 and/or the abstract.
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