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Abstract

Methods for planning in stochastic domains often aim
for finding plans that minimize expected execution cost
or maximize the probability of goal achievement. Re-
searchers have largely ignored the question how to incor-
porate risk-sensitive attitudes into their planning mech-
anisms. Since utility theory shows that it can be ra-
tional to maximize expected utility, one might believe
that by replacing all costs with their respective utilities
(for an appropriate utility function) one could achieve
risk-sensitive attitudes without having to change the ex-
isting probabilistic planning methods. Unfortunately,
we show that this is usually not the case and, more-
over, that the best action in a state can depend on
the total cost that the agent has already accumulated.
However, we demonstrate how one can transform risk-
sensitive planning problems into equivalent ones for risk-
neutral agents provided that utility functions with the
delta property are used. The transformation of a risk-
seeking planning problem can then be solved with any
AI planning algorithm that either minimizes (or saris-
rices) expected execution cost or, equivalently, one that
maximizes (or satisrices) the probability of goal achieve-
ment. Thus, one can extend the functionality of these
planners to risk-sensitive planning.

Introduction

In recent years, numerous planning methods have been
developed that are able to deal with stochastic domains.1

In some domains, it is difficult or impossible to determine
probabilistic plans that are guaranteed to achieve a given
goal, When planning in such domains, one is usually sat-
isfied with finding plans that succeed with a given proba-
bility, see [Bresina and Drummond, 1990] and [Kushmer-
ick et al., 1993]. In other domains, however, it is easy to
construct plans that succeed with probability one. Out
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1Examples of probabilistic planning methods include
[Smith, 1988], [Bresina and Drummond, 1990], [Christiansen
and Goldberg, 1990], [Hansson et al., 1990], [Koenig, 1991],
[Dean et al., 1993], [Kushmerick et al., 1993], and many
others.

of all plans that guarantee to achieve the given goal, re-
searchers then often choose the one for execution that
minimizes the expected total execution cost (when opti-
mizing) or, at least, one whose expected total execution
cost is smaller than a given number (when satisficing).
Probabilistic plans, however, are lotteries. Whereas a
risk-neutral agent does not care about the variance, a
risk-seeking agent ("gambler") is willing to accept a plan
with a larger expected total execution cost if the uncer-
tainty is increased and vice versa for a risk-averse agent
("insurance holder"): If a plan is executed only once (or
a small number of times), then -- among all plans with
the same expected total execution cost -- the larger the
variance of the total execution cost, the larger the chance
to do much better than average. Of course, the chance
to do much worse rises as well.

Imagine, for example, that your task is to design a
robot for the annual AAAI robot competition, where it
has to complete a given task (for example, "find the cof-
fee pot") in as short a time as possible. You want the
robot to win the competition, but -- in case it loses
-- do not care whether it makes second or last place.
You know that your robot is not much faster than your
competitors’ robots, maybe even a bit slower, but can-
not assess the capabilities of the other robots in enough
detail to use them for determining the utilities of the var-
ious task completion times of your robot. In this case,
you probably want your robot to take chances, and thus
a risk-seeking attitude should be built into the robot’s
planning mechanism.

It is possible to achieve a risk-sensitive attitude by
ranking plans not according to their expected total ex-
ecution costs, but according to their expected total ex-
ecution costs plus or minus a fraction of the variances
[Filar ctal., 1989] [Karakoulas, 1993]. However, utility
theory [yon Neumann and Morgenstern, 1947] provides a
normative framework for making decisions according to
a given risk attitude, provided that the agent accepts a
few simple axioms and has unlimited planning resources
available. The key result of utility theory is that there
exists a utility function that transforms costs c into real
values u(c) ("utilities") such that it is rational to maxi-
mize expected utility. Its application to planning prob-
lems has been studied by [Etzioni, 1991], [Russell and
Wefald, 1991], [Haddawy and Hanks, 1992], [Wellman
and Doyle, 1992], [Goodwin, 1992], and others. There-
fore, we would like to stay within this framework.
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In the following, we will first describe a general plan-
ning framework ("probabilistic decision graphs"). Next,
we will show that replacing all costs with their respective
utilities, but leaving the planning mechanism unchanged,
usually leads to erroneous results and, moreover, that
the best action in a state can depend on the total Cost
that the agent has already accumulated when deciding on
the action. However, for utility functions with a certain
property, we will demonstrate how risk-seeking planning
problems can be transformed into equivalent planning
problems for risk-neutral agents, that can then be solved
with existing probabilistic AI planning methods or, alter-
nativelyi dynamic programming methods. Our approach
builds on previous work by [Howard and Matheson, 1972]
in the context of Markov decision theory. We will then
use a blocks-world example to illustrate how the opti-
mal plan depends on the degree of risk-sensitivity of the
agent.

The Planning Framework

The following representation of stochastic planning prob-
lems was used in [Koenig~ 1991]. A similar framework
has recently been used by [Dean et al., 1993] and is com-
monly used for table-based reinforcement learning.

Planning is done in a state space..S is its finite set of
states, so E S the start state, and G _C S a set of goal
states. A plan determines at every point in time which
action the agent has to execute in its current state. In
a goal state s, the agent receives a (positive or negative)
one-time reward ("goal reward") r[s] and then has to
terminate the execution of the plan. The goal rewards
reflect that different goal states can be of different value
to the agent. In a non-goal state s, the agent can choose
an action a from a finite set of actions A(s). Nature
then determines the outcome of the action with a coin
flip: with transition probability pa[s, s’], the agent incurs
a negative reward ("action cost") ca[s, s’] < 0 and is in
successor state s’: Thus, we assume in this paper that the
outcomes of all action executions are mutually indepen-
dent given the current state of the agent (Markov prop-
erty). The action costs reflect the prices of the consumed
resources, for example time needed or effort spent. We
assume that the values of all parameters are completely
known and do not change over time. We do not assume,
however, that the planner uses a planning approach that
operates in the state space (instead of, say, the space of
partial plans).

The expected total reward v[s] of state s for a given
plan is the expected sum of the reward of the goal state
and the total cost of the actions that the agent executes
from the time at which it is started in s until it stops in
the goal state (given that it obeys the plan). Similarly,
the expected total utility u[s] of state s is the expected
utility of the sum of the goal reward and the total cost
of the executed actions.

Although the planning framework is -- at least for
risk-neutral agents -- isomorphic to Markov decision
problems, we use an easier-to-depict representation here
("probabilistic decision graphs") that resembles the kind
of decision trees that are used in utility theory. Its build-

Figure 1: Building Blocks of Decision Graphs

ing blocks are shown in Figure 1. Every state corre-
sponds to a (large) circle. The large circle of a non-goal
state s contains a decision tree that consists of a decision
node (square) followed by chance nodes (small circles),
one for every a E A(s). For every outcome of an ac-
tion, one specifies its transition probability and action
cost. The circle of a goal state contains a value node
(diamond) for the goal reward. To represent a planning
problem, these building blocks have to be connected such
that there are no dangling outcome arrows.

The Problem

We suspect that researchers have largely ignored the
question of how to incorporate risk-sensitive attitudes
into their planning mechanisms, because they assume
that by replacing all costs and rewards with their respec-
tive utilities (for an appropriate utility function) one can
achieve risk-sensitive attitudes without changing their
planning mechanisms. In the following, we will use the
acyclic probabilistic decision graph shown in Figure 2 to
demonstrate that this is not necessarily the case.

It is well known that the following dynamic
programming technique ("[averaging-out-and-]folding-
back") solves acyclic probabilistic decision graphs for
risk-neutral agents in linear time. Dynamic program-
ming algorithms, such as this one, can be used, because
the Markov property holds for all states: the expected
total reward v[s]of every state s (and thus the optimal
action a[s] for the state) is independent of how the agent
reached the state.

r[s] for s E G
v[s] := max ~-’p"[s,s’](ca[s,s’]+v[s’]) otherwise

aEA(s)
s’ES

a[s] := arg max ~’~pa[s,s’](ca[s,s’l+v[s’l) for se S\G
aEA(s)

s~qS

For risk-sensitive agents, it is not optimal to simply re-
place all costs and rewards with their respective utilities
and then use folding-back on the resulting tree, because
-- in general -- u(cl +c~) # u(cl)+u(c2) for two rewards
cl and c2. Instead, one could first propagate the ac-
tion costs to the value nodes (which involves duplicating
shared subtrees if they exist). Next, all rewards at the
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Figure 2: A Planning Problem with a Shared Subtree

value nodes would be replaced with their respective util-
ities. Finally, one would use folding-back to determine
an optimal plan. Figure 3 demonstrates this method for
a risk-seeking agent with utility function u(e) = -vc’Z-’c
(for e < 0) and the planning problem from Figure 2. The
method has an exponential run-time in the worst case
(and is not directly applicable to cyclic probabilistic de-
cision graphs).~ In fact, dynamic programming methods
can no longer be used in any way without considering the
total cost that the agent has already accumulated when
deciding on an action, because the Markov property is
not Guaranteed to hold for risk-sensitive agents [Raiffa,
1968].

Consider again the planning problem shown in Fig-
ure 2. The shared subtree represents the choice between
a deterministic lottery A (reward -0.48 for sure) and
a non-deterministic lottery B (rewards -0.10 and -1.00
with equal probability). As demonstrated in Figure 3 for
u(c) = -V/’:"c, the agent should choose lottery B if it has
already accumulated cost -0.10 when deciding between
the two lotteries. However, if its accumulated cost is
-1.00, it should prefer lottery A. This can be explained

2For acyclic probabilistic decision graphs and some util-
ity functions one can do much better by remembering for
every state the functional dependency between the utility of
the state and the total cost that the agent has already ac-
cumulated. However, it is important to keep in mind that
probabilistic planning methods must be able to cope with
cyclic probabilistic decision graphs as well, since -- for many
planning problems -- either the agent cannot avoid to repeat
some of the states or it is not optimal to do so.

1.0010.00 .0010.00 OJOlO.O0

-0.76 = -~ = u (-0.58) etc.

-0.4s : -~ = u (-0.7.0)

Figure 3: Solution for a Risk-Sensitive Agent

as follows: The agent is risk-seeking, since its utility
function -V/-L-c is convex, but the convexity decreases
the more negative c gets.3 Since the agent accumulates
more and more action costs over time, it becomes less
and less risk-seeking.

One can try to circumvent the complexity problem by
using planning methods that have a limited look-ahead
[Kanazawa and Dean, 1989]. However, since heuristic
approaches that rely on hill-climbing suffer from the lim-
ited horizon problem, their success depends critically on
the structure of the planning problem.

A Solution
In the following, we will outline one possible way for in-
corporating risk-sensitive attitudes into arbitrary prob-
abilistic planning methods. Consider utility functions
with the following property (called "constant local risk
aversion" [Pratt, 1964] or "delta property" [Howard and
Matheson, 1972]): if all rewards of an arbitrary lottery
are increased by an arbitrary amount, then the certainty
equivalent of the lottery is increased by this amount as
well. (If the expected utility of a lottery is x, then u- l(x)
is called its certainty equivalent.) The only utility func-
tions with this property are the identity function, con-
vex exponential functions u(e) = 7c for 7 > 1, concave
exponential functions u(c) = -7c for 0 < 7 < 1, and
their strictly positively linear transformations [Watson
and Buede, 1987]. Since these utility functions are pa-
rameterized with a parameter 7, one can express a whole
spectrum of risk-sensitivity, ranging from being strongly

3For a quantification of this statement, see for example
[Pratt, 1964].
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risk-averse over being risk-neutral to being strongly risk-
seeking. The larger 7, the more risk-seeking the agent
is, and vice versa. For 7 approaching infinity, for ex-
ample, the agent is "extremely risk-seeking": it assumes
(wrongly) that nature does not flip coins to determine
the outcomes of its actions, but makes the ones happen
from which the agent benefits most [Koenig and Sim-
mons, 1993]. Similarly, for 7 approaching zero - the
other extreme case - it thinks that nature hurts it as
much as it can [Koenig and Simmons, 1993]. Such "ex-
tremely risk-averse agents" believe in Murphy’s law: If
anything can go wrong, it will. They have recently been
studied in the AI literature by [Moore and Atkeson, 1993]
and [Heger, 1994].

Utility functions with the delta property are exactly
the ones that maintain the Markov property [Howard
and Matheson, 1972]. In the following, we will demon-
strate how to utilize the utility functions u(c) = 7c with
-/ > 1 for risk-seeking planning. 4 Howard and Math-
eson [Howard and Matheson, 1972] apply utility func-
tions with the delta property to Markov decision prob-
lems with finite and infinite time horizons. In the later
case, they assume a non-goal oriented task, and every
state-action mapping has to determine an irreducible and
acyclic Markov chain. Unfortunately, our goal-oriented
planning tasks do not possess this property, and thus we
cannot proceed in exactly the same way.
Calculating the Expected Total Utility of a Plan
We use the term "plan" synonymously to "state-action
mapping." A state-action mapping specifies for every
state the action that the agent has to execute when it
is in that state. Assume that, for some planning prob-
lem, a plan is given that assigns action a[s] to non-goal
state s. The expected total utility of this plan, that is,
the expected total utility u[s0] of its start state so, can
recursively be calculated as follows.

The expected total utility of a goal state s is u[s] =
u(r[s]) = 7r[°]. After the agent has executed ac-
tion a[s] in a non-goal state S, it incurs action cost
ca[sl[s,s ’] and is in successor state s’ with probability
p°[°][s, s’]. In state s’, it faces a lottery again. This lot-
tery has expected total utility u[s’] and certainty equiv-
alent u-l(u[s’]) = log.~ uts’]. According to the axioms
of utility theory, the lottery can be replaced with its
certainty equivalent. Then, the agent incurs a total re-
ward of ca[~l[s, s’] + u- l(u[s’]) with probability f[~l[s, s’].
Thus, the expected total utihty of s can be calculated as
follows:

= p"("][s, +
slES

¯ = ~ Pa[sl[s,sl]Tc°[.lfs’s’l+u-l(u[s’l)
slES

4One can proceed similarly for risk-averse agents if one
addresses two additional issues, one of which might require
modifications of some existing probabilistic planners. See
[Koenig and Simmons, 1993] and [Koenig and Simmons, 1994]
for details.

= ~ pals][s,s’]~c"t’][s’’’l’/"-q"(~’])

slES

s~ES

These equations specify a system of linear equations
that is always uniquely solvable.

Transforming the Planning Problem To show
how every planning problem for a risk-seeking agent
can be transformed into an equivalent planning prob-
lem for a risk-neutral agent, we assume again that a
state-action mapping is given. We use the same sym-
bols for the risk-neutral planning problem that we used
for the risk-seeking planning problem, but overline them.
Since (without loss of generality) a risk-neutral agent
has utility function fi(c) = c, it holds that fi[s] = ~[s]
for all s E S. A goal state s has expected total utility
fi[s] = fi(P[s]) = P[s]. The expected total utility of 
non-goal state s is

a[8] = +
slES

= rE%, ¢1 + a[;])
slES

Comparing these results with the ones in the previ-
ous section shows that fi[s] = u[s] for all states s E S
and all plannin~ problems if and only if three equalities
hold: ~[s] = 7rt°l for s E G. Furthermore, ~a[,l[s, s’] =
pa[sl[s, s’]’y c°l’l[s’s’] and ~a[~l[s, s’] = 0 for s E S \ G and
s’ ES.

Thus, a planning problem for a risk-seeking agent with
utility function u(c) = 7¢ is equivalent to the following
planning problem for a risk-neutral agent: Introduce one
additional state g with expected total reward zero. (We
assume here that g is modeled as a non-goal state in
which only one action can be executed. This action has
action cost zero and leads back to state g with prob-
ability one. However, state g could also be modeled
as a goal state with goal reward zero.) Otherwise, the
state space, action space, start state, and goal states re-
main unchanged. The goal reward of a goal state s is
7~[~l. When the agent executes action a in a non-goal
state s unequal to g, it incurs an action cost of zero
and is in successor state s’ with transition probability
pa[sl[s, s,]Tc’t’l[s,s’l. These probabilities do not sum up
to one. With the complementary transition probability

1 -~’~s pa[sl[s, s’]Tc’H[s,s’l, the agent incurs an action
cost of zero and is in successor state g.

This transformation is trivial and can be done in linear
time, since both representations are of equal size. The
only reason for introducing state g is to make the prob-
abilities sum up to one. Since its expected total reward
is zero, it can be omitted from the calculations. The
specification of the risk-neutral planning problem that
corresponds to the risk-seeking planning problem from
Figures 2 and 3 is shown in Figure 4.

Finding Optimal Plans The transformed planning
problem can be solved with existing probabilistic AI
planning methods or, alternatively, with dynamic pro-
gramming methods. If the probabilistic decision graph
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Figure 4: Transformation

is acyclic, it can be solved in linear time with folding-
back. For cyclic probabilistic decision graphs, it can be
formulated as a Markov decision problem, that can then
be solved in polynomial time with dynamic programming
methods (called Markov decision algorithms). The rep-
resentation as Markov decision problem proves that one
can indeed restrict plans to state-action mappings with-
out losing optimality and, furthermore, that there exists
at least one state-action mapping that is optimal for all
possible start states.5

Markov decision algorithms are brute-force search al-
gorithms, since they do not utilize available domain
knowledge such as how different actions interact with
each other. AI planning methods, on the other hand,
are knowledge-based. Although AI planning methods
are usually not able to guarantee the optimality of their
plans, they can be used for risk-seeking planning instead
of Markov decision algorithms. The larger the expected
total reward of the plan that they determine for the
transformed, risk-neutral planning problem, the better
the same plan is for the original, risk-seeking planning
problem.

Instead of planning methods that maximize or satis-
rice the expected total reward, we can also use AI plan-
ning methods that maximize or satisfice the probability
of goal achievement provided that we transform the risk-
neutral planning problem further. We can divide all goal
rewards ~[s] by the same arbitrary constant x > 0 with-
out changing the planning problem. We denote these
new goal rewards by ~’[s]. Note that 0 _< ~[s] _< 1 for

5See [Bertsekas, 1987] for a good review of Markov deci-
sion theory.

There are sevea goal states, all of which are equally preferable.

In every blocks-world state, one can move ¯ block that has a clear top
onto either the table or a different block that into a clear top, or paint ̄
block white or black.

Moving a block takes only one minute to ¢gecute, but is very unreliable.
With probability 0.I0, the moved block ends up at its intended destina-
tion. With probability 0.90, however, the gripper line6 the block and it
ends up directly on the table. (Thus, moving a block to the table always
succeeds.)
Painting a block takes three minutes and is always successful.

Figure 5: A Blocks-World Problem

0 < Z _~ 7max’E° e[s]. This allows us to replace every goal
state s with a non-goal state in which only one action can
be executed. This action leads with probability ~l[s] to
a new goal state, that has goal reward one, and with the
complementary probability 1 - ~l[s] to non-goal state $.
This transformation does not change the expected total
reward of any plan, but now the expected total reward of
a plan always equals its probability of goal achievement,
since all action costs are zero. This implies that one
can use planning methods that maximize (or satisfice)
the probability of goal achievement on this risk-neutral
planning problem in order to find an optimal (or satisfic-
ing) plan for the original, risk-seeking planning problem.
Thus, perhaps surprisingly, these planners can be used
to take cost considerations into account.

An Example: A Stochastic Blocks-World We
use the blocks-world problem that is stated in Figure 5
to illustrate our ideas. Figure 6 shows four of the state-
action mappings that solve it, and Figure 7 illustrates
how the certainty equivalents u-l(u[s0]) of the four plans
vary with the natural logarithm of the risk parameter 7.

Plan A, that involves no risk and can be executed in
six minutes (that is, has total reward -6.00), has the
largest expected total reward of all plans (not just the
four plans shown) and will therefore be chosen by a risk-
neutral agent. However, plan A is not necessarily op-
timal for a risk-seeking agent. The optimal plan for a
risk-seeking agent is the one with the largest expected
total utility or, equivalently, certainty equivalent. Since
plan A is deterministic, its certainty equivalent equals
the total reward of its start statei no matter what the
risk-attitude of the agent is. The other three plans are
non-deterministic. Thus, their certainty equivalents in-
crease, the more risk-seeking the agent becomes, and dif-
ferent plans can be optimal for different degrees of risk-
seeking attitude. We used a simple Markov decision algo-
rithm to determine the optimal plan for any given value
of 7 [Koenig and Simmons, 1993]. Figure 7 shows that
plan A is optimal in the interval In7 E (0.00,0.93]. For
ln7 E [0.94,4.58], plan C is optimal, and plan D should
be chosen for In7 E [4.59,c~). (Again, these statements
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Figure 6: Some Plans for the Blocks-World Problem

hold for all plans, not just the four plans shown in the
figure.)

For ln7 approaching zero (that is, 7 approaching one),
the certainty equivalent of any plan approaches its ex-
pected total reward. For plan D, for example, the cer-
tainty equivalent approaches -21.00. Since plan A is op-
timal for In 7 approaching zero, it is optimal for a risk-
neutral agent. In contrast, for In 7 approaching infinity
(which is equivalent to 7 approaching infinity), the cer-
tainty equivalent of any plan approaches its total reward
for the case that nature acts as a friend. When execut-
ing plan D, for example, the agent can reach a goal state
in only three minutes if it is lucky. Thus, the certainty
equivalent approaches -3.00, and plan D is optimal for
an extremely risk-seeking agent.6

In order to be able to apply probabilistic planning
methods other than Markov decision algorithms, we ex-
plicitly transform the planning problem into one for a
risk-neutral agent. The original planning problem can
for example be expressed with augmented STRIPS-rules
[Koenig, 1991], one of which can be formulated as fol-

°The certainty equivalent of plan C also approaches -3.00.

move(X,Y,Z)
precond:

outcome:
prob:
reward:
delete:
add:

outcome:
prob:
reward:
delete:
add:

on(X,Y), clear(X), clear(Z), block(X),
block(Y), block(Z), unequal(X,Z)
/* the primary outcome */
0.1
-1
on(X,Y), clear(Z)
on(X,Z), clear(Y)
/* failure: block X falls down */
0.9
-1
on(X,Y)
clear (Y), on (X, table)

The transformation changes the transition probabili-
ties, action costs, and goal rewards. In accordance with
our earlier comments, we do not model the transition
into state 8. The goal states remain goal states, but now
get assigned a goal reward of one. For 7 - 2, the above
STRIPS-rule is transformed into the following one:

move(X,Y,Z)
precond: on(X,Y), clear(X), clear(Z), block(X),

block(Y), block(Z), unequal(X,Z)
outcome: /* the primary outcome */

prob: 0.05
reward: 0
delete: on(X,Y), clear(Z)
add: on(X,Z), clear(Y)

outcome: /* failure: block X falls down */
prob: 0.45
reward: 0
delete: on(X,Y)
add: clear(Y),on(X,table)

With the complementary probability (0.5), the action
execution results in the new non-goal state $, from which
no goal state can ever be reached.

Now, one can use any AI planning method on the
transformed STRIPS-rules that maximizes (or satisfices)
expected total reward or, in this case equivalently, the
probability of g0al achievement in order to determine an
optimal (or satisficing) plan for the risk-seeking agent.
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Conclusion
In this paper, we were concerned with probabilistic plan-
ning for risk-sensitive agents, since there are many sit-
uations where it is not optimal to determine plans that
minimize expected total execution cost or maximize the
probability of goal achievement. We used acyclic and
cyclic probabilistic decision graphs as planning frame-
work, and utilized utility functions that possess the delta
property. These utility functions cover a whole spectrum
of risk-sensitive attitudes from being strongly risk-averse
over being risk-neutral to being strongly risk-seeking and
thus fill a gap between approaches previously studied in
the AI literature. We obtained the following result:

While it is indeed true that -- in order to incorporate
risk-seeking attitudes into planning methods -- one only
has to change the planning problem and can leave the
planning method untouched, it is not enough to replace
all costs with their respective utilities. However, one can
transform the risk-seeking planning problem into a dif-
ferent planning problem of equal size, that one then has
to optimize for a risk-neutral agent. This can be done
with either dynamic programming methods (in polyno-
mial time), any probabilistic AI planning algorithm that
minimizes (or satisfices) expected total execution cost7,

or equivalently one that maximizes (or satisfices) the
probability of goal achievements. Although the deriva-
tion of the transformation requires some knowledge of
utility theory and Markov decision theory, the transfor-
mation itself is very simple and can be applied without
any understanding of the formalisms involved.
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