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Abstract

Law Encoding Diagrams, LEDs, are a form of
diagrammatic representation found in various
discoveries in the history of science. This
paper discusses the concept of LEDs, analyses
examples of inductive and deductive discovery
with LEDs, and considers the potential
benefits of reasoning and problem solving with
LEDs

1 Introduction

Under the paradigm that views scientific discovery as a
form of problem solving (Langley, et al., 1987) and
problem solving as complex information processing by
heuristic search (Newell and Simon, 1972), the nature
of representations are necessarily a significant part of
our understanding of the processes of discovery.
Diagrams are an important form of representations, as
shown by their ubiquity in the published works and note
books of scientists. Investigating the role of
diagrammatic representations has been identified as an
area for study in the field of computational scientific
discovery (e.g., Cheng, 1992; Shrager and Langley,
1990).

The work described here concerns the investigation
of a particular class of diagrammatic representations,
called Law Encoding Diagrams. The research aims to:
(i) elaborate the nature of this class of representations;
(ii) examine the range of scientific domains in which
they are found; (iii) identify the forms of reasoning and
problem solving that can be conducted with them; and,
(iv) build computational models that simulated
processes using LEDs in discovery, to better understand
their role in the creative processes.

The approach of this work differs from that
typically adopted in Artificial Intelligence (AI) in which
existing AI knowledge representation are adopted for
the purposes of developing discovery systems (e.g.,
Langley, et al., 1987; Shrager and Langley, 1990). The
focus of this work is on the study of the knowledge
representations themselves, with computational
modelling as one among several means to investigate
the representations. Here, the concept of Law Encoding

Diagrams will first be introduced. Then discoveries
with LEDs that have deductive and inductive characters
are described. Finally, there is discussion of the
potential benefits of reasoning with LEDs, from
different perspectives.

2 Law Encoding Diagrams

A Law Encoding Diagram, LED, is a representation that
encodes the underlying relations of a law, or a system
of simultaneous laws, in the structure of a diagram by
the means of geometric, topological and spatial
constraints, such that the instantiation of particular
diagram represents a single instance of the phenomena
or a particular case of the law(s).

Figure 1 shows an example of a law encoding
diagram to be found in Newton’s Principia
Mathematica, which has been called the Time-triangle
(Cheng, 1994a). This LED encodes distance, time and
speed for constant velocity straight line motion. The
base of the triangle, AB, represents the distance and
direction of the body. The time to cover that distance is
represented by the area of the triangle. As the area of a
triangle is one half its base times its height, then the
speed is inversely proportional to the height. Thus, a
fixed distance, AB, is covered at twice the speed (half
the height) in half the time (half the area). This is 
seemingly awkward representation for a simple relation
(speed = distance/time), but the reason for and
ingenuity behind this LED will become clear below.

The constraints of LEDs can be conveniently
classified as elementary or law-encoding. The
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Figure 2 Distance-time graph

elementary constraints indicate the referents of the
diagrammatic elements and also specify how they
represent. The law-encoding constraints capture the
underlying relations defined by the laws. They specify
how the diagrammatic elements must be related
geometrically, topological and spatially, for the LED to
correctly encode the law. For the Time-triangle LED,
the elementary and law-encoding constraints are:

El. The direction of the body is given by the
orientation of the base of the triangle.

E2. The distance covered is in proportion to the
length of the base.

E3. The time is in proportion to the area of the
triangle.

E4. The speed is inversely proportional to the
perpendicular height of the triangle.

L1. The relations between the distance, time and
reciprocal of speed are given by the geometric
relations between the base, area and height of the
triangle.

Other examples of LEDs will be consider below. The
invention of a new LED, or the identification of a LED
in the history of science, requires the specification of
elementary and law-encoding constraints for that LED.

LEDs differ from other forms of diagrammatic
representations, such as nomograms-or conventional
Cartesian graphs. Figure 2 is a graph of distance and
time, with the two straight lines, from the origin,
representing particular values of speed. Graphs, such as
this, show the relation between variables, identified by
the axes, using the shape and location of the curves in
the co-ordinate system. A LED, on the other hand,
represents variables with particular diagrammatic
elements or properties, such as areas and the lengths of
lines, specified by the elementary constraints. The
relations among the elements are encoded by the
geometric, topological and special relations among the
diagrammatic elements, as specified by the law-
encoding constraints. To contrast LEDs and convention
graphs, Figure 2 includes four Time-triangles. Time-
triangles 1 and 2 have twice the height of triangles 3
and 4, because speeds on the lower line is one half that
on the upper. The areas of triangles 2 and 4 are twice

those of 1 and 3, because their respective times are
doubled. The lengths of the bases of triangles 2 and 3
are equal, as the distances are equal.

LEDs for componential laws can be found in the
history of science (Cheng, 1994a). For example, G. 
Lewis worked on a number of simple representations of
the electronic structure of atoms to account for chemical
bonding. Lewis eventually developed dot, or colon,
diagrams, which are still with us today. These diagrams
are LEDs and will be called Lewis Structure, LS,
diagrams. The main elementary constraints of the LS
diagrams are:

El. An atom of a particular element is identified by
its chemical symbol.

E2. Each electron in the outer shell of an atom is
represented by a dot around the symbol.

Figure 3a shows the six dots (electrons) of a neutral
oxygen atom. In compounds, atoms typically achieve
complete outer shells of eight electrons -- the Octet
rule. The main law-encoding constraint of LS diagrams
captures this idea:

L1. Legal dot diagrams for molecules (compounds)
are those which have eight dots surrounding the
symbol for each atom.

The LS diagram for an oxygen molecule, 02, is shown
in Figure 3b. LS diagrams were important in the
history of chemistry (Russell, 1971); for example, they
explained the existence dative covalent bonds.
Similarly, a molecule comprised of three oxygen atoms
is possible, namely Ozone, Figure 3c. However, the
four atoms in Figure 4d each have eight electrons, but
no such a molecule exists. The explanation is not that
the LED is an imperfect representation of the Octet rule,
but that the rule itself is only an approximation to the
correct laws of chemical bonding. The rule does not
take into account the nature of the bonds between
particular orbitals of the electrons, nor does it consider
the energetic stability of compounds. A LED is only as
good as the laws it encodes.

LEDs were important in some episodes in the
history of science. This raises issues for computational
modelling of discovery from the perspectives of AI and
psychology. What are the different processes of
discovery that can employ LEDs? Was it easier for
scientists to use these diagrams rather than other forms
of representation to make discoveries? Will this class
of representations be useful for AI discovery systems?
The following sections describe the work that has begun
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Figure 3 LS Diagrams (a) Oxygen atom, (b) 02, 
Ozone, (d) 
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to address these questions.

3 Deductive Discovery

How did Newton explain the two dimensional shape of
the orbit of planets around the sun, given that his three
fundamental laws concerned motion in one dimension?
In answering this question, LEDs are used to provide a
parsimonious interpretation of Newton’s derivation of
the first proposition of his Principia Mathematica, a
discovery processes with a deductive character. The
example also highlights some other interesting
properties of LEDs.

Two LEDs have a role in this case. The first is the
Time-triangle, Figure 1. Newton formulated this
seemingly awkward representation, because it that can
be directly applied to the analysis of motions of a body
about a fixed point. Figure 4 shows three Time-
triangles, with S as a fixed point and AB, BC and Bc as
motions of bodies. As each triangle shares a common
side SB, and SB is parallel to and equi-distant from the
two dashed lines, the areas of the triangles are equal, so
the times are equal. Thus, comparison of different
motions in equal times, with respect to some common
fixed point, is feasible and simple.

The second LED comes from Corollary I of the
Principia and will be called the Motion-parallelogram.
It combines the first and second laws of motions,
permitting the analysis of two dimensional motion.
Figure 5 accompanies the corollary. A force M acts on
the body at A, in the direction AB and makes it travel
distance AB in a given time. A force N acting
independently on the body at A, in the direction A C,
will make the body would travel AC in the same time.
The combined forces of M and N would make the body
travel in the direction AD covering AD in the same
time. The location of D is found by completing the

C D

Figure 5 Motion-parallelogram

parallelogram; essentially vector addition.
Now, Figure 4 is a portion of the full diagram

accompanying Proposition I, shown in Figure 6. A
body moving relative to S from A to B will continue in
the same amount of time from B to c. However, the
body is being attracted to S, so assume that the
centripetal force occurs as a single impulse at B, such
that, if the body at B were stationary it would travel in
the direction BS, reaching V in the given time. Now,
the Motion-parallelogram is immediately applicable to
BV and Bc, with a resultant of B C. The centripetal
force in the direction BS turns the body so that its new
path is BC. Further, as Cc is parallel to SB, the times of
motions BC and Bc are equal. The body would
continue in motion in a straight line covering Cd, but
another impulse occurs at C. Hence, by similar
repeated application of the two LEDs, the path

Figure 6 Proposition I

ABCDEF is generated. All the areas of triangles SAB,
SBC, etc., are equal, thus the relative velocities at A, B,
etc., are given by the reciprocals of the heights of these
respective triangles. By considering what happens as
the area of the Time-triangles tends to zero, Newton
shows that the path of the object around S will be a
curve.

The successive applications of the Motion-
parallelogram and the Time-triangles demonstrate the
compositionality of LEDs, in which outcomes
generated by one LED are used as the basis for the
construction of further LEDs, which gradually elaborate
the analysis of a complex situation. This explanation of
the Newton’s derivation demonstrates that LEDs have a
role in some processes of discovery with a deductive
nature. The next section considers inductive discovery.
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Figure 7 Three One-dimensional Property Diagrams

4 Law Induction

Huygens and Wren presented their findings on elastic
collisions to the Royal Society of London, in 16691
using diagrams isomorphic to those in Figure 7, which I
call one-dimensional property diagrams (1DP
diagrams). The scientists used data from experiments
involving the head-on impacts between two elastic
bodies travelling in one dimension. The labels indicate
the properties for which each line stands: ml and m2 are
the masses of the two bodies; U1 and U2 are their
velocities before collision, and V1 and V2 their

velocities after collision. The left diagram shows that
body-I comes in from the left and impacts body-2,
which is initially stationary. Body 1 is bigger than body
2, as shown by the middle line. The bottom line shows
that both bodies travel off to the right. The speeds of
the bodies are in proportion to the lengths of their
respective lines.

The I DP diagrams simultaneously encodes both
momentum and energy conservation laws, which are
respectively, in conventional algebraic form,

and,
mluI + m2u2 = mlv I + m2v2 .... (1)

I 2 1 2 I 2 I 2
~-mlU I -I- -)-m2u 2 ---~ ~mlV I -t- ’~-m2v 2 .... (2)

From these two laws a further law can be derived,
which will be called the velocity difference law,

U I -- U 2 = V 2 -- V I .... (3)

Based on a computational model using a one
dimensional diagrammatic representation, Cheng and
Simon (1992) argued that the scientists could have more
easily discovered the conservation of momentum using
the diagrammatic representation than a conventional
mathematical representation, because of the smaller size
of the search space of diagrams. Based on that work, a
somewhat more general diagrammatic law induction
system called HUYGENS (Cheng & Simon, in press)
was developed which simulates the discovery of the
conservation laws, and also a version of Black’s law
(Cheng, 1993). Like other law induction discovery
programs, HUYGENS takes sets of data and recursively
searches for regularities by exploring a space of terms.

1Hutton, Shaw & Pearson, 1804

In previous systems, such as BACON (Langley, et al.,
1987), the terms are algebraic combinations of
variables. HUYGENS’s operators, regularity spotters
and heuristics work on a diagrammatic representation
comprised of one-dimensional lines. HUYGENS’s
"terms" are combinations of diagrammatic elements.
For example, the ADD operator takes two different
lines, standing for the same property (e.g., velocity) and
draws then end to end. This was one of the first steps in
the finding of the velocity difference law, Equation 3.
With regard to the internal diagrammatic representation
in the system, the two pairs of lines so generated are
equivalent to the pairs of velocity lines shown at the top
and bottom of each IDP diagram on Figure 7.

The system works in recursive cycles of operator
and spotter application, with successive cycles taking
into consideration the new terms found in the previous
cycles. Over a number of cycles groups of diagrams
are generated. A group is a set of diagrams obtained by
applying the same sequence of operators to all the sets
of data. Different groups are generated by different
sequences of operators. The regularity spotters look for
patterns common to all the diagrams in a group. For
example, ends of the velocity lines being vertically in
line, in every diagram, is one pattern that was found.

With judicious guidance of its heuristics,
HUYGENS alms to find a group with the same pattern,
covering all the variables, in every diagram. From the
sequence of operators and regularity spotters used to
find the final pattern, the algebraic form of the relation
is directly determined.

Following the development of the concept of
LEDs, HUYGENS has been reinterpreted in terms of
the search for elementary and law-encoding constraints
of LEDs (Cheng, 1994a). Table 1 gives the
diagrammatic constraints of the 1DP diagram.
Although there is insufficient space to describe this
work in detail, a few examples will give the flavour of
it. The elementrary constraint E3 states that the heads
of the vectors for the initial velocities must be adjacent;
similarly with E4 and the tails of the final velocity
arrows. The ADD operator, mentioned above, was
originally responsible for drawing the velocity lines end
to end, so in this respect it can be considered as
producing elementrary constraints E3 and E4, The
regularity spotter that finds the pattern based on the
vertical alignment of the far ends of the pairs of velocity
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Table 1 1DP diagram Diagrammatic Constraints

Description of constraints

El
E2

E3
E4
E5
E6
E7
E8
E9

LI

L2
L3

F, le, mr, ala~
The velocity arrows are drawn in the same direction as the motion of the bodies.
The relative positions of the arrows in the diagram are the same as the relative physical positions of the
bodies to each other. When body- 1 is to the left of body’-2, then U1 and V1 are to the left in the diagram.
The tips of the U1 and U2 arrows are adjacent.
The tails of the V1 and V2 arrows are adjacent.

The length of the arrows are in proportion to their speeds.
The mass lines are drawn end to end.
The left to right order of the mass lines is the reverse of the velocity arrows.
The lengths of the mass lines are in proportion to their respective masses.
The mass line is drawn equi-distant between the two velocity lines.
ka.v.=r,w,~!i~
Velocity difference: the tails of the initial velocities arrows and the tips of the corresponding final
velocity arrows must be in line vertically, making the total lengths of the U1--U2 and VI--V2 lines
equal.
Mass-line scaling: the total length of themass line, ml--m2, equals the length of the velocity lines.
Diagonal Rule: the small circles indicate the ends of the lines that are not fixed by L1 and L2; these
points must lie on a straight vertical or dial~onal line.

lines does the job of finding the first law-encoding
constraint, LI. The other applications of operators and
regularity spotters by HUYGENS in the discovery of the
conservation laws can be similarly interpreted.

An obvious limitation of HUYGENS is that it is
restricted to a one dimensional diagrammatic
representation. However, it does demonstrate that
diagrammatic law induction is possible and that it can
be modelled.

5 Discussion

Like other forms of diagrammatic representations,
LEDs benefit from the computational advantages that
Larkin & Simon (1987) have identified for diagrams
compared to sentential representations. For
representations that are informationally equivalent,
Larkin and Simon demonstrated that diagrammatic
representations can reduce the effort in search and
recognition processes. These benefits emerge because
information that is needed for particular inferences is
often found at the same location in the diagram. This is
seen in the Newtonian example. The diagrammatic
elements that need to be considered when reasoning
about the turn at B in Figure 6 are those that are near B,
specifically those shown in Figure 4, but none of the
other elements in successive segments of the curve.

Particular LEDs may be considered as specialised
computional devices for a domain. The 1DP diagram is
an efficient tool for reasoning about perfectly elastic
collisions between two bodies. Cheng (1994b)
describes the different forms of reasoning that are
possible with the 1DP diagram, ranging from simple
quantitative and qualitative inferences to more complex
problem solving, such as the explanation of Newton’s

cradle. To make fair comparisons between represent-
ations, Larkin and Simon (1987) analysed
informationally equivalent representations. In
discovery the scientist is free to deliberately devise
representations, such as LEDs, that are not
informationally equivalent, which may result in further
reductions in the amount of computation on particular
problems.

An interesting comparison can be made between
LEDs and Koedinger and Anderson’s (1990)
diagrammatic configuration (DC) schemas. A 
schema is representation that organizes information as
perceptual chunks with a diagram that directly depicts a
particular situation or configuration (e.g., a triangle).
Other information in a schema includes a list of
relations among the variables identified in the diagram
that are applicable to the situation (e.g., sum of the
angles equals 180°), and a list of sufficient conditions
that specify when those relations are true (e.g., any two
angles given). DC schemas are possessed by experts in
some domains and they permit an efficient working-
forward approach problem solving. LEDs are similar to
DC schemas in some respects, but they are different in
others. A LED’s diagram does not merely depict the
situation, but encodes a relation using its own structure
as specified by the diagrammatic constraints. A DC
schema’s diagram is an image of the relevant physical
configuration (e.g., a picture of a triangle), but elements
in a LED’s diagram need not represent any visible
aspects of a situation (e.g., the Time-triangle’s area and
height are time and 1/speed). However, it seems that
LEDs may permit the expert-like working forward
approach to problem solving, as observed with DC
schemas. In the Newtonian example, successive
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applications of the two LEDs were seen. Similarly,
Galileo’s kinematic discoveries, in the Two New
Sciences, can be interpreted as successive applications
of different LEDs that each corresponding to a
particular proposition in the Two New Sciences (Cheng
& Simon, in press). Koedinger and Anderson (1990)
have used DC schemas as the basis of computational
models of expert problem solving in geometry. This
suggests the possibility of modelling deductive
discoveries in early physics using LEDs.

Other benefits arise from representing laws
diagrammatically in LEDs. Relations that are implicit
in algebraic expressions are sometimes explicit in
LEDs. For example, the velocity difference law,
Equation 3, is not immediately apparent from the two
conservation laws, Equations 1 and 3, by mere
inspection. Deriving it requires some non trivial
algebraic manipulation, but the relation is obvious from
the equality of the overall lengths of the lines for
velocities in the 1DP diagrams in Figure 7. Qualitative
reasoning is often facilitated by LEDs. For example,
comparing Time-triangles 2 to 3 in Figure 2, if the same
distance (equal width bases) is covered in less time
(reduced area), then the speed must be greater
(decreased heights). In the limit, as the time tends 
zero the speed must tend to infinity (zero height).

More speculatively, some benefit seems to accrue
from (i) each diagram representing exactly one instance
of the phenomenon (a single set of values), whist (ii)
using diagrammatic constraints that are verbally or
mathematically defined. By representing one set of
values, the rules for interpreting the elements diagram
(elementrary constraints) are relatively simple
compared to diagrams that, for example, have explicit
ranges or axes for variables. The size of the respective
diagrammatic property of each Time-triangles in Figure
2 represents a particular value. To find the values for a
particular point on the lines in the graph, it is necessary
use the co-ordinate system defined by the axes; for
example, by raising perpendiculars from each axis to
the point. At the more abstract level, the law-encoding
constraints are defined verbally and mathematically,
which may obviate the need to translate expressions
from one formalism to another. For example, In
HUYGENS, once the correct form of the LED has been
found, recovering the algebraic form of the law is a
matter of combining the separate algebraic expressions
associated with each diagrammatic operator and
regularity spotter, which is a straightforward process.

To conclude, the definition of LEDs bears
repeating. A LED is a representation that encodes the
underlying relations of a law, or a system of
simultaneous laws, in the structure of a diagram by the
means of geometric, topological and spatial constraints,
such that the instantiation of particular diagram
represents a single instance of the phenomena or a
particular case of the law(s). Examples of LEDs from
the history of science have been examined and some of

the potential benefits of, and approaches to, the use of
LEDs in computational scientific discovery have been
considered.
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