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ABSTRACT

This paper introduces a novel method for equa-
tion discovery, called equation signatures. This
algorithm casts equation discovery as a search for
transformations which reshape the data into an
identifiable equation type, independent of the
equation’s coefficients. This technique enables
discovery of equations for the N-dimensional
case where there are no subsets of constant vari-
ables in the dataset. The set of transforms that this
procedure considers at present includes the power
transforms, powers of logarithms, and exponen-
tials of power transforms. The software selects
the final equation from a group of ’best’ equations
based on attributes. Results are presented for
blackbody radiation data and part of Cullen
Schaffer’s ’function-finding.data’ dataset.

"Experiment furnishes us with the values
of our arbitrary constants, but only
suggests the form of the functions."

James Clerk Maxwell, 1856

1.0INTRODUCTION

Current techniques for equation discovery focus on the
use of four tools.The first tool is heuristics (Falken-
hainer, B.C., Michalski, R.S., 1989, Langley, P.
Bradshaw, G.L. Simon, H.A., Zytkow, J.M., 1987). This
tool builds the equation in discrete steps by adding to the
equation until the function is constant. Another tool
consists of a single model equation in conjunction with
the Box-Cox transform (Filliben, J., 1992, Box, G.E.P.,
Cox, D.R., 1964). This method varies the exponent in the

Box-Cox transform of the data until the interaction term
in the model equation goes to zero. The third tool is
regression (Schaffer, C., 1990), or recursive model fitting
(Wu, Y., 1988). The fourth tool is a ’survival of the
fittest’ approach using genetic programming (Koza, J.,
1992) or genetic algorithms (Jiang, M., Wright, A.,
1993). This paper explores a fifth tool which is named
equation signatures. The advantages of this approach are
as follows. The algorithm is fast, requires only a sample
of the data, and places no special demands on the loca-
tion of the data points. The software is designed to be
called as a subroutine. And, theoretically, it will work in
any dimensional space.

2.0 EQUATION SIGNATURES

First we make the following definition:

equation signature - An equation signature is a property
of an equation type which is independent of its coeffi-
cients and which can be used to identify its type
uniquely.

The idea of the new method is to use a constant property
of an equation to recognize the equation.This idea is
general in the sense that if one has found a signature for
a given equation type, they can recognize the equation
type via its signature. In the first version of this approach,
one signature is defined and the task becomes to trans-
form the data until the signature is realized. The final
equation is defined in terms of the transformations which
led to the signature. Then the coefficients are obtained
with a regression package. The software for this algo-
rithm uses ODRPACK (Boggs, P.T., Rogers, J.E., 1990,
Boggs, P.T. et al, 1989), a regression package which
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includes least squares as well as orthogonal distance
regression.

The one signature which is predefined is the signature of
the general linear equation. Thus the algorithm only
recognizes linear equations, and equations of other types
have to be linearized in order to be identified.

The general linear equation is a hyperplane. A hyper-
plane in ’n’ dimensional space, has the property that a
unit normal constructed on one side of the plane is equal
to a unit normal constructed anywhere else on the same
side of the plane. So it is proposed to use the constancy
of locally-computed unit normals as the signature of a
linear equation. This has the advantage that it is comput-
able in any dimension. In two dimensions, the normal to
a straight line through two points is a straight line whose
slope is the negative reciprocal of the slope of the orig-
inal line. In three dimensions, the normal is the vector
cross product. In higher dimensions, QR decomposition
can be used to find the normal to a plane defined by n
points (Stewart, G.W., 1973). In this algorithm, since 
are proposing to look for transformations which reshape
the data until it is a linear equation, each non-constant
term of the linear equation corresponds to one dimen-
sion. Thus, for example, an equation like axI + bx2 + cx3
= 1 is three dimensional as well as equations like axI +
bXlX2 + c x2 = 1. This initial version of the algorithm
includes equations composed of power transforms,
power transforms of logarithms, and exponentials of
power transforms. For the two dimensional case, given a
bivariate dataset (xt, x2) of N points, we are looking for
transforms (Ti, i = 1,2) which make ’T2(x2) = aTl(X1) +
b’ a linear equation. Let set 1 of exponents of the power
transforms be: yl= {--4, -3, -2, -1.75, -1.67, -1.5, -
1.33, -1.25, -1, --0.75, -0.67, -0.5, -0.33, -0.25, 0.25,
0.33, 0.5, 0.67, 0.75, 1, 1.25, 1.33, 1.5, 1.67, 1.75, 2, 3,
4}. Let set 2 of exponents of the power transforms be: )’2
= {-2, -1 -0.5, 0.5, 1, 2}.Then T2 is to be chosen from
the transforms:

power transforms: (x2) J : j comes from set )’1
logarithms of power transforms (Iog(x2))J: j comes 
the set )’1

The same transforms apply to Tl(Xl).

The algorithm is then:

Transform Xl

Transform x2

Compute variance in unit normal

The exponential is more challenging to do because the
general exponential transform of x is e=x and ’ix’ can
have any value between plus and minus infinity.
Consider the simplest case:x2 = a eaxl + b. While ’ix’ can
take any value, to be computable in single precision
IEEE floating point arithmetic, ’ixx 1’ can only take

values such that -88 < ixxI < +89. If xI is rescaled by its
maximum value, this has the effect of changing the value
of ix so that it lies in the above range.To probe for equa-
tions with exponentials, two cases are considered. Case
1 is T2(x2) and Tl(xt) where T2 is chosen from the set of
power transforms )’2 and 1 i nvolves two steps. First x l
is transformed by a power transform chosen from the set

)’2. Then I i s rescaled so that i ts maximum value is 1.0.
Then the new transformed and rescaled values of x ! are
exponentiated. Then the data is queried with values of ix
to see if there is a value of ix for which the equation is
linear. Thus the algorithm in this case is:

Transform xI

Transform x2

Rescale xI by its maximum value

Compute exponential of new value of x !

Find minimum variance in unit normal for
values of ix such that -88 <ix < +89

Case 2 is identical to case 1 with x! and x2 interchanged.

For three dimensions, three types of equations were
considered:

aZl(Xl) q- bT2(xl)T3(x2) + cT4(x2) 
aTl(Xl) -I- bT2(Xl) + cT3(x2) 
aTl(Xl) + bTE(X2) + cTa(x2) 
where all transformations were from the set of power
transforms )’2.
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3.0 DEALING WITH NOISE The algorithm used to select groups of three points is:

On paper, the method works exactly. However, in the real
world, data comes with noise. In order for any method to
be useful, it must be able to find equations in the presence
of noise. The basic unit of information in this method is
the unit normal. Choosing points close together in
distance could make the data appear random if there
were significant noise. Thus the method handles noise by
computing the unit normals with points as far away as

possible. In two dimensions, after the transformations
are applied, the data is sorted on one variable. Then, for
N data points, the normals are computed with the sets of
points { i,i+N/2 } for i = 1, N/2, where i refers to the posi-
tion of the variable in the sorted sequence. Then, to
further bias the result in favor of the transformations
which result in the straightest line, an additional normal
is calculated with the points from the first and last
positions in the sorted sequence. Equations in dimen-
sions greater than two require the same property of long
distances between points to compute unit normals. Since
the main computational burden in this algorithm is the
computation of the unit normals, a method to choose the
points involved in the computation of these normals
should be fast. The method employed will be described
in terms of three dimensions, but will also work in higher
dimensions. The method converts the three dimensional
data into a one dimensional dataset by bit interleaving.
Hunt and Sullivan (1986) use this method in the compu-
tation of fractal dimension for dimensions greater than
one; Nassimi and Sahni (1979) use this method to imple-
ment the bitonic sort on a mesh connected parallel
computer; Samet (1990) describes its use in database
work to speed searches.To see how this works, consider
points in the unit cube. Any point in this region given by
coordinates (xI, x2, x3), has the property that each coor-
dinate value is between zero and one. Consider the first
bit of each coordinate (in the ’one-halfs’ place, taken in
order xl, x2, and then x3). This can take on one of eight
values {000, 001, 010, 011, 100, 101, 110, 111}. The
particular value which it takes on depends on the values
of xl , x2, and x3. These eight values define an ordering of
the parts of the unit cube. The next bit in each of the coor-
dinates defines an ordering on each of the eight parts of
the subcubes. Thus bit interleaving recursively divides
space. It usually maps near points in N dimensions to
near points in one dimension; but it can also map near
points to far points (eg. for points close to 0.5, 0.5, 0.5).

Rescale coordinate values so that they have a
maximum value of 1.0.
Interleave the bits of each data point to create
one dimensional values

Sort the new one dimensional values

Group points into N/3 sets with points {i, i+NI
3, i+2N/3 } where i refes to the position of the
variable in the sorted sequence

Check that no groups of three points have points
which are close by looking at the bits used in the
interleaving. Switch points if necessary.

Compute normals with final groups of points

As in two dimensions, to bias against bending as much as
possible, the algorithm computes an additional normal
with coordinates whose distances are maximal.

There are two additional points to consider in terms of
the data points. The first also concerns noise. When the
transforms are performed, the points are shifted about
like beads on a wire. This can cause some points to come
too close for a reliable computation of the unit normals.
In extreme cases the computed variance in the unit
normal can make an obviously straight line have a vari-
ance indicative of a line which is not straight. This effect
is most pronounced in the case of exponentials of power
transforms but can also show up in the power transform
case. To remove this possibility, after the transformations
are computed, a step named pseudo-clustering is
performed. In this step, points which are too close are
eliminated. The result is a set of points which can give a
true picture of the variance in the unit normal.

The last point to note is that while the algorithm does not
require special locations for points, as in a factorial
design or constancy of one variable relative to others, it
does place certain demands on the size of the dataset. A
computation of a single normal in d-dimensional space
needs d points. So the effective size of the dataset is
reduced by a factor of d. Pseudo-clustering can reduce it
further.
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4.0 EQUATION SELECTION

An exhaustive search version of the algorithm was used,
that is all transforms were performed. At this point the
reason for Maxwell’s opinion on equation selection
becomes clear. Most of the equations are easily rejected,
but experience with the datasets tried suggests that there
will be a group of equations with low variance in the unit
normal. If any of this group is run through a regression
routine, all of the coefficients will have great ’t’ values.
So, the intelligence required in this domain is one of
choice. The best equation must be selected based on
some attributes. The attributes used here are noise, size
of dataset, and simplicity of the final equation.

5.0 RESULTS

Following are experiments run with the new technique.
These include a single dataset generated for this paper
(blackbody radiation) as well as datasets taken from the
machine learning databases repository at the University
of California at Irvine: pub/machine-learning-databases/
function-finding/function-finding.data. These datasets
were submitted by Dr. Cullen Schaffer of the Department
of Computer Science at Hunter College of the City
University of New York.

Black-body radiation:

Equation:

8 :hv3 1
U

3 hv/kT
c e -1

This apparently complex equation has a simple form if a
result derived by Wien (Wien, W., 1893, Whittaker, E.,
1951) is used. Wien derived a set of constraints on the
general form of the blackbody radiation law using the
requirements of the second law of thermodynamics.
These constraints can be formulated as : u = @f(a~/T).
This result allows the constraints for the blackbody radi-
ation equation to be expressed in bivariate form (u/~3

being one variable, and ~/T being the other). Data in this
form was sent through the equation discovery software.
The software picked out the exponent of ’1’ on the ~/T
term and the simplest exponent in the ~/u3 term was ’-1’.
This gives the blackbody radiation law.

Cullen Schaffer’s dataset:
Cases Done: 100

I-agree with expedmenter:68 cases
2,4,5,6,8, 10,11, 12,13,14,16,21, 23, 27,30a, 31,
35,36, 37a, 37b, 38,44,46a, 46b, 48,50,52,53,59,67,
68,78,80a, 80b, 81a, 82a, 82b, 91a, 91b, 95,99b, 106a,
106b, 106c, Ilia, lllb, lllc, l13a, l13b, 113c, 114,
l18,122d, 123,124,125,126b, 134a, 137,138a, 138b,
140,141,142,148a, 162,163,166a

II-disagree with experimenter
a)thefound equation is demons~ably better:3 cases
7,39,115
b)thefound equmion and the experimenter’sare both
good: 16 cases
17,20,28,30b, 55,64,69,72,73,74,77,99a, 120,130b,
144a, 153b
c)the algorithm can find no good equ~ion:9 cases
41a, 41b, 41c, 41d, 42,51,81b, 83,119
d)the equation gotasclose asthefunctionsinthesearch
setailowed:4 cases
24,54,97,107

5.0 CONCLUSIONS AND FUTURE WORK
This method offers a way to quickly find the correct
equation if the data is unambiguous. Since there are no
restrictions on the positions of the points, the data can be
sampled, the algorithm can be run and the remaining
points can be used for validation. Where there is ambi-
guity, this method provides ’best’ equations which the
experimenter can use in choosing points for a future
experiment. Present research is focusing on evaluating
various selection algorithms, adding in additional trans-
forms, and testing the algorithm on higher dimensional
datasets.
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