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Abstract

The integration of problem-solving methods have at-
tracted increasing research interest. We present a hy-
brid system, ELEM2-CBR, that integrates rule induc-
tion and case-based reasoning. ELEM2-CBR has the
following characteristics. First, it applies a novel fea-
ture weighting function for assessing similarities be-
tween cases. By using this weighting function, opti-
mal case retrieval is achieved in that the most relevant
cases can be retrieved from the case base. Second, the
method handles both classification and numeric pre-
diction tasks under a mixed paradigm of rule-based
and ease-based reasoning. Before problem solving,
rule induction is performed to induce a set of deci-
sion rules from a set of training data. The rules are
then employed to determine some parameters in the
new weighting function. For classification tasks, rules
are applied to make decisions; if there is a conflict
between matched rules, case-based reasoning is per-
formed. In this paper, the new weighting function
is presented. ELEM2-CBR’s multimodal reasoning
strategies are described. We demonstrate the perfor-
mance of ELEM2-CBR by comparing its experimental
results with the ones from other methods on a number
of designed and real-world problems.

Introduction

Case-based reasoning (CBR) and rule induction (RI)
are two major paradigms for machine learning. CBR
involves reasoning from specific pieces (cases) of expe-
rience to solve new problems, while RI systems learn
general knowledge from specific data and solve new
problems by reasoning with the generalized knowl-
edge. CBR and RI have complementary properties.
CBR is good at learning continuous functions and non-
linearly separable categories, but it does not yield con-
cise representation of concepts and is usually sensitive
to irrelevant features. On the other hand, rule induc-
tion systems formulate comprehensible knowledge and
can make effective use of statistical measures to de-
tect relevant features. However, most lad systems only
form axis-parallel frontiers in the instance space and

have trouble in recognizing exceptions in small low-
frequency sections of the space. In addition, due to
the usual symbolic representation of rules, IU systems
are not good at learning continuous functions.

The complementary properties of CBR and 1~ can
be advantageously combined to solve some problems
to which only one technique fails to provide a satis-
factory solution. For example, CASEY [Koton 1989]
adopts rule-based reasoning to perform case adapta-
tion in which solutions to new problems are built from
old solutions using the condition part of a rule to index
differences and a transformational operator at the ac-
tion part. Rules may also be used in similarity assess-
ment by determining weights for features. INRECA
[Althoff, Wess, and Traphoner 1995] builds a decision
tree on the case base, weights of the features, with
respect to the subclasses discovered in the tree, are
computed, and class-specific similarity functions are
defined based on these weights. On the other hand,
several RI systems have employed CBR to make use of
the information inherent in training examples to sup-
port their induction process. For example, CABARET
[Skalak and Rissland 1990] uses CBR to aid a cooper-
ating inductive decision-tree based learning algorithm
with training set selection, branching feature selection,
deliberate bias selection and specification of inductive
policy. Another system, RISE [Domingos 1995], in-
duces rules in a specific-to-general fashion, starting
with a rule set that is a training set of examples. RISE
examines each rule in turn, uses CBR to find the near-
est example of the same class that it does not already
cover and attempts to minimally generalize the rule to
cover the class.

We present an integrated method, ELEM2-CBR,
that combines CBR and RI to solve the following prob-
lems. First, an important issue in CBR is how to re-
trieve previous relevant cases from a case base. Deter-
mining a suitable set of weights for features is a sig-
nificant task in case retrieval. There has been some
research on design of feature weights, such as per-
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category feature importance (PCF) and cross-category
feature importance (CCF) methods [Creecy et al.
1992] (see [Wettschereck, Aha, and Mohri 1997] for 
comprehensive review of feature-weighting methods).
But optimality of most existing weighting methods
remains. We propose an optimal weighting method,
referred to as relevance weighting, that makes use of
rule induction to assign weights to features. The rel-
evance weighting method can achieve optimal case re-
trieval in that the most relevant cases can be retrieved.
Secondly, ELEM2-CBR tackles the problem of learn-
ing continuous functions. Other integrated systems,
such as INRECA [Althoff, Wess, and Traphoner 1995],
RISE [Domingos 1995] and FCLS [Zhang 1990], focus
on employing hybrid techniques to learn classification
rules and therefore solve only classification problems.
In ELEM2-CBP~, since the RI technique is not good
at learning continuous functions, CBK is used after
rule induction to derive a numeric solution for the new
problem from the retrieved relevant cases. Thirdly,
ELEM2-CBR also solves classification problems. For
classification problems, KI is used to learn major reg-
ularities of each concept, while CBR is used to clas-
sify examples in the boundary regions, i.e., small low-
frequency sections of the example space.

In the rest of this paper, we first present the rel-
evance weighting method. The multimodal reasoning
strategies used by ELEM2-CBR for numeric prediction
and classification are then described. An illustrative
example for numeric prediction is provided. Finally
we demonstrate the performance of ELEM2-CBR by
comparing its experimental results with the ones from
other methods on a number of designed and real-world
problems.

Relevance Weighting
We define that a case in the case base is relevant to
a new case if it is useful in solving the problem rep-
resented by the new case. Our objective in designing
the relevance weighting method is to find weight set-
tings for the features of a new case that allow the most
relevant cases in the case base to be retrieved.

The Weighting Function

To achieve this objective, we propose using the follow-
ing function, inspired by an idea of optimal document
retrieval [Robertson and Sparck Jones 1976], to assign
weights to each attribute-value pair of a new case as
follows:

1 p~(1 - qi)w(avi) -- og qi(1 - p,)

where avi is an attribute-value pair in the new case, Pi
is the probability that av~ occurs in an old case in the

case base given that the old case is relevant to the new
case, while qi is the probability that avl occurs in an old
case given that the old case is not relevant. It has been
indicated [An 1997] that using this weighting function
to assess the similarity between a new case and old
cases in the training set yields a ranking of training
cases in order of decreasing probability of relevance to
the new case. Thus, optimal case retrieval is achieved
in terms that the most probably relevant cases can be
retrieved. Suppose that there are N cases in the case
base of which R cases are relevant, and the attribute-
value pair avi occurs in n cases, of which r cases are
relevant. Using simple proportion estimations of the
two probabilities, the formula becomes:

r(N - n - R + r)= log

Estimation of Parameters Using RI

To use the above weighting function, parameters N,
R, n and r need to be determined. Obviously, N and
n are easy to be obtained. However, R and r, i.e, the
information about which cases or how many cases in
the case base are relevant, are normally not available
in advance. Therefore, a method for estimating these
two parameters is needed.

We propose to use a RI technique to estimate R and
r. Before CBR is performed, RI is applied to derive
rules from the case base. When a new case is pre-
sented, it is matched with the rules. If there is a single
match, i.e., only one rule is matched with the new case,
or if there are multiple matches but the matched rules
predict the same concept, then the cases that belong
to the concept indicated by the matched rule(s) are
considered relevant to the new case. If there are mul-
tiple matches and the matched rules indicate different
concepts, then the new case is in the boundary re-
gion between the indicated concepts. In this situation,
all the cases that belong to the indicated concepts are
considered relevant. In the case of no-match, i.e, no
rules are matched with the new case, partial matching
is performed in which some attribute-value pairs of a
rule may match the values of corresponding attributes
in the new case. A partial matching score between the
new case and a partially matched rule is calculated.
The concepts that are indicated by partially matched
rules compete each other based on their partial match-
ing scores. The cases that belong to the concept that
wins the competition are chosen as relevant cases. Af-
ter the set S of relevant cases is determined, R is as-
signed as the number of the cases in S and r is set to
the number of cases in S that match the attribute-value
pair avi.
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Numeric Prediction

If the task is to predict numeric values, problem solv-
ing in ELEM2-CBI:t is basically a CBR process which
involves case retrieval and case adaptation. RI is used
during retrieval for relevance weighting. After weights
are determined, ELEM2-CBR calculates the similarity
between each case z in the case base and a new case q:

vt

Similarity(x, q) = ~ wi × Simil(xi, 
i=1

where n is the number of attributes, zi is z’s value
for the ith attribute ai, qi is q’s value for ai, wi is the
weight for q’s ith attribute-value pair calculated using
the new relevance weighting method, and

0 if as is symbolic
and zi ~ qi;

Simil(xl,qi) 1 if al is symbolic
and zl = ql;

1- In(z,)- n(q,)l ifal is continuous.

where n(zi) and n(q~) denote the normalized values
of xi and ql respectively. We can say that if cases are
ranked in order of decreasing value of their similarity to
the new case, the ranking is actually a ranking of cases
in order of their decreasing probability of relevance to
the new case [An 1997]. Thus, the most relevant cases
can be retrieved.

After case retrieval, case adaptation is performed as
follows:

1. Select a set S of k most relevant cases to the new
case q where k is a user-defined parameter.

2. For each case ci in S, compute a partial contribution
value of ci as

PCV(ci, q) = Similarity(ci, q) × F(ci)

where F(ci) is the real decision value of case ci that
is stored in the case base.

3. Let Sum = ~’]~c,~s Similarity(ci, q).

4. Compute a numeric decision value for the new case
q as:

Prediction(q) Ec, es
PCV(c~,q)
Sum

Classification

If the application task is to classify a new case into a
category, ELEM2-CBR performs the classification by
using both rule-based and case-based reasoning. Rule-
based reasoning is conducted first. If there are matches
between rules and the new case and if the matched

rules provide a unanimous decision, the new case is
classified by the matched rule(s). Otherwise, case-
based reasoning is conducted to solve the conflicts be-
tween rules or to deal with other situations as follows.
If conflicts exist between matched rules, or if there is
no match, i.e, no rules are matched with the new case,
but partial matches exist, then rank the cases in the
case base by using the relevance weighting method and
the similarity measure described in the last section. If
partial matches do not exist, then rank the cases in the
case base using the weighting function with R = r = 0
and the similarity measure described in the last sec-

tion. After cases are ranked, select a set S of k most
relevant cases from the ranked cases where k is a user-
defined parameter. If all the cases in S predict class C,
the new case is classified into C. Otherwise, for each
class 1~ that exists in S, compute a decision score of
Yi defined as:

DS(~ ) = ~ Similarity(cj, 
j=l

where cj is one of the m cases in S that predict Yi and
q is the new case. The new case is classified into the
concept that has the highest decision score.

An Example for Numeric Prediction

We have applied ELEM2-CBR to daily water demand
prediction. In this application, a set of previous cases
during a period of 3 years is collected. The cases are
represented in terms of a number of attributes, such as
temperatures, humidity, day of the week, etc. Figure 1
shows an example of this application in which, given a
case base and a new case, a set of rules are induced, a
weight setting is calculated, relevant cases are retrieved
and finally a solution for the new case is derived. Re-
sults for this application have been presented in [An,
Chan, and Cercone 1997].

Empirical Evaluation

ELEM2-CBR has been evaluated by comparing its per-
formance with other methods on designed and real-
world problems. We implemented ELEM2-CBK and
three other case-based reasoning algorithms, referred
to as CBR-NW, CBR-PC and CBR-CC. These three
algorithms are similar to ELEM2-CBK except that no
rule induction is performed in the three algorithms and
different weighting methods are used. CBR-NW con-
siders the attributes are equally important, so it as-
signs equal weights to every attribute. CBR-PC em-
ploys the PCF weighting method and CBI%CC uses
the CCF method (see [Creecy et al. 1992] for descrip-
tions of PCF and CCF). In our experiments, the four
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Induced Rules

If today’s max. temperature is between
15.14 and 35.30 and yesterday’s ave,
humidity is between 53 and 61.80 and
the day before yesterday’s bright
sunshine hours is between 9.5 and 19,

then today’s water demand is between
72 and 82.

Weight Settings
......................

Weight for av I : O. 133243
Weight for av2:0.455983 .~
Weight for av3:0.507993

........... 1 .......... *

Retrieved Relevant Cases

Mon. 20.8 9.6 27.2 14,6 68 ...... 78.71 I
I

Tue. 22.2 10.5 17.9 9.7 68 ...... 78.75 I

I Thu. 22.3 13.2 22.2 15.3 81 ...... 81.04]

/

New Case

Attributes Values......................

Day of week Tue.
Today’s max. temperature: 20.9
Today’s rain. temperature: 9.8
yesterday’s max. temp.: 22.7
Yesterday’s mtn, temp.: 9.1
yesterday’s ave. humidity: 62.5

Today’s water demand: 7

Solution for New Case

IToday’s water demand: 78.90 I

Figure 1: Illustration of ELEM2-CBR for Predicting Water Demand

algorithms run in an incremental learning mode.1 On
some classification problems, we also compare ELEM2-
CBR with a pure rule induction system, ELEM2,
which ELEM2-CBR has evolved from. ELEM2 [An
1997] generates classification rules by selecting the
most relevant attribute-value pairs. It employs several
techniques, such as post-pruning of generated rules and
probabilistic classifications, to deal with possible noise
in the training data.

Performance of a tested algorithm on classification
problems is measured by classification accuracy, i.e.,
the percentage of correct classifications made by the
algorithm on a set of test examples. On numeric pre-
diction problems, performance is measured by the av-
erage of relative errors over test examples.

Experiments on Classification Problems

Five problems are designed to evaluate the perfor-
mance of ELEM2-CBR on classification problems.
Each problem contains a target concept, i.e., an exam-
ple in a problem either belongs to the target concept
or does not belong to it.

Problem P1 contains five nominal conditional at-
tributes with four values each: 0, 1, 2, and 3. The
target concept is "if and only if any two or more of the

t By incremental learning we mean the already tested
examples in the testing set are used in case-based reasoning
(not in rule induction) to solve problems represented 
later test cases.

first three attributes of an example have value 0 or I,
then the example belongs to the concept". From the
entire space of 1024 possible examples, 256 were ran-
domly chosen as training examples and the remaining
as the testing set.

Problems P2 and P3 are designed to test ELEM2-
CBR’s ability to learn concepts with non-linear bound-
aries. Each problem contains two continuous at-
tributes representing two axes (z and y) in a two di-
mensional space. An irrelevant attribute is added to
each problem to test the algorithms’ ability to tolerate
irrelevant features. The target concepts of P2 and 1’8
are "if az2 + by2 _< c, then the example belongs to the
concept" and "if y > az3 + bz2 + cz + d, then the ex-
ample belongs to the concept", respectively, where a,
b, c and d are constants.

Problem P~ is the same as P3 except that there is
no irrelevant feature in the data. Problem P5 is de-
rived from P~ by randomly adding 5% classification
noise into the training set. For each problem, a set of
examples is chosen from the instance space, one-third
of which are used as the training set and the reminder
constitutes the testing set. The results of the experi-
ments on each problem in terms of classification accu-
racy on testing sets are shown in Table I. The best
result for each problem is highlighted in boldface.

From the results, we can see that ELEM2-CBR,
ELEM2 and C4.5 perform perfectly on problem PI,
while the three pure CBR algorithms do not perform
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Problem CBR- CBR- CBR- ELEM2- ELEM2
NW PC CC CBR

PI 85.55% 64.84% 84.64% lOO% 10o%
P2 93.40% 70.40% 96.o0% 98.60% 96.60%
P3 92.86% 74.06% 86.09% 95.86% 95.13%
P4 96.24% 83.46% 87.22% 95.86% 95.5o%
P5 95.12% 76.32% 76.70% 95.16% 94.00%
AVERAGE 92.63% 73.82% 86.13% 97.10% 96.25%

Table 1: Performance Comparison on Designed Clas-
sification Problems.

Dataset CBR- CBR- CBR- ELEM2-
NW PC CC CBR

australian 85.07% 86.67% 80.43% 85.65%
breast-cancer 96.98% 94.58% 96.78% 95.90%
glass 71.96% 52.34% 51.87% 74.77%
heart 81.48% 79.63% 80.37% 82.22%
tic-tac-toe 67.43% 65.34% 75.26% 99.87%
zoo 94.06% 58.42% 94.06% 96.04%
AVERAGE 82.82% 72.83% 79.80% 88.99%

Table 2: Performance Comparison on Real-World
Classification Problems

well. This is because the concept in Pl has "rect-
angular" boundary regions and rule induction algo-
rithms are good at learning and representing this kind
of concepts, while pure CBR algorithms are not . On
the other four problems, ELEM2-CBR performs better
than pure rule induction algorithm: ELEM2. This re-
sult is consistent with what we expected: rules are not
good at representing concepts with non-linear bound-
aries. On Problem ~, CBR-NW performs the best
among the algorithms. The reason for this is that there
is no irrelevant feature or noise in this problem and the
two features are equally important. In addition to arti-
ficial domains, we have also experimented with 6 real-
world dataset8 from the UCI repository, for which the
underlying concepts are unknown. Table 2 reports the
results of leave-one-out evaluation on the 6 datasets.

Experiments on Numeric Prediction
Problems

To evaluate ELEM2-CBR’s ability to predict numeric
values, we have conducted experiments with CBR-
CC, CBR-PC, CBR-CC and ELEM2-CBR on four de-
signed numeric prediction problems and three real-
world problems from the UCI repository. Definitions
of the designed problems are as follows:

NP-1 : f(z, y, z) = Z2 + y2 _{_ z2

NP-2: /(z, y) -- loge (x) + loge (y)

NP-3: f(z, y) = sin-t (z) + cos-l(y)

NP-# is derived from NP-1 by randomly adding 5%
prediction noise into the training set. For each prob-
lem, a set of examples are picked up from the domain.

Problem CBR- CBR- CBR- ELEM2-
NW PC CC CBR

NP-I 2.36% 8.18% 2.49% 2.02%
NP-~ 1.74% 2.68% 1.46% 1.69%
NP-3 5.92% 26.00% 11.57% 6.77%
NP-4 2.50% 8.01% 2.65% 1.84%
AVERAGE 3.13% 11.22% 4.54% 2.88%

Table 3: Performance Comparison on Designed Nu-
meric Problems.

Problem CBR- CBR- CBR- ELEM2-
NW PC CC CBR

housing 12.55% 19.82% 17.29% 12.81%
imports-85 12.06% 21.24% 15.18% 11.72%
machine 44.77% 66.11% 55.10% 87.00%
AVERAGE 23.13% 35.72% 29.19% 20.51%

Table 4: Performance Comparison on Actual Numeric
Problems.

One-third of them are randomly selected as training
examples and the remaining ones as test samples. For
each problem, the average of the relative errors made
by each tested algorithm over the testing examples is
reported in Table 3. Boldface is used to indicate the
best result on each problem. The results of leave-one-
out evaluation on three selected real-world datasets,
housing, imports-85, and machine, are shown in Table
4.

Conclusions

We have presented the multimodal reasoning strate-
gies used in ELEM2-CBR. In ELEM2-CBR, RI as-
sists CBR in determining parameters for an optimal
weighting function, while CBR assists RI in learning
continuous functions and classifying boundary exam-
ples. ELEM2-CBR has been evaluated empirically
on both designed and actual databases. The results
show that ELEM2-CBR gives better predictive pre-
cision than other three CBR programs with different
weighting methods. ELEM2-CBR is also compared fa-
vorably to a pure rule induction system on designed
classification problems.
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