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Abstract

Hybrid system models combine continuous behavior
evolution with discrete mode transitions. These transi-
tions may cause discontinuous changes in the field that
defines continuous system behavior and the variable
values associated with the continuous state vector. In
reality, these discontinuous changes are fast continu-
ous transients. To simplify the analysis of these tran-
sients time scale and parameter abstractions are applied
to system models with very different impacts on the
analysis of system behavior. We have developed a sys-
tematic modeling approach based on hybrid automata
which combines a priori and a posteriori switching val-
ues to formally implement switching semantics associ-
ated with the abstraction events.

Introduction

The pressure to achieve more optimal and reliable per-
formance on complex systems such as aircraft and nu-
clear plants, while meeting rigorous safety constraints
is leading to more detailed analysis of the embedded
controllers for these systems. In embedded systems,
the continuous physical process interaction with digital
control signals requires modeling schemes that facili-
tate the analysis of mixed continuous and discrete, i.e.,
hybrid behavior. Discrete phenomena may also occur
when modeling abstractions are applied to simplify fast
nonlinear continuous process behavior.

Consider the primary aerodynamic control surfaces of
an airplane in Fig. 1 (Seebeck, 1998). Modern avionics
systems employ electronic signals generated by a digi-
tal computer, which are transformed into the power do-
main by electro-hydraulic actuators. The primary flight
control system exemplifies the need for hybrid model-
ing in embedded control systems. At the lowest level
in the control hierarchy, positioning of the rudder, el-
evators, and ailerons are achieved by continuous PID
control. Desired set point values are generated directly
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Figure 1: Aerodynamic control surfaces.

by the pilot or by a supervising control algorithm im-
plemented on a digital processor. Digital control may
mandate mode changes at different stages of a flight
plan (e.g., take-off, cruise, and go-around). Detection of
failed components may lead to discrete changes in sys-
tem configuration. Model simplification by discretizing
fast nonlinear transients also results in discontinuous
variable changes.

We have developed a hybrid modeling paradigm that
encompasses analysis of embedded systems and model-
ing abstractions in physical systems. In this paper we
present our formalisms for abstracting complex tran-
sients into hybrid automata models, and discuss formal
semantics for computing the discontinuous changes in
the system state vector. The methodology is applied
to the elevator positioning subsystem of the primary
flight control system of aircraft to demonstrate the cor-
respondence between the model semantics and physical
system behavior.

Hybrid Dynamic Systems

Hybrid modeling paradigms (Alur et al., 1993, Guck-
enheimer and Johnson, 1995, Mosterman et al., 1998b)
supplement continuous system description by mecha-
nisms that model discrete state changes resulting in dis-
continuities in the field description and the continuous
state variables. In previous work we have established an
ontology of discrete transition types in physical system
behavior (Mosterman at al., 1998a).

Differential equations form a common representation
of continuous system behavior. The system is described

132

From: AAAI Technical Report SS-99-05. Compilation copyright © 1999, AAAI (www.aaai.org). All rights reserved. 



feed forward
control

continuous
controller

Figure 2: Hybrid control.

by a state vector, x, and other variables called signals, s,
are derived algebraically, s = h(x). Behavior over time
is specified by field f. Interaction with the environment
is specified by input and output signals, u and y.

Discrete systems, modeled by a state machine repre-
sentation, consist of a set of discrete modes, a. Mode
changes caused by events, a, are specified by the state
transition function ¢, i.e., ai+l = ¢(ai). A transition
may produce additional discrete events, causing further
transitions.

In hybrid dynamic systems, a mode change from ai
to a~+l, may result in a field definition change from fa~
to fai+l. Discontinuous changes in the state vector are
governed by an algebraic function g, x+ -~+1= ~, (x).
Discrete mode changes are caused by an event genera-
tion function 7 associated with the current active mode,
a~, ~, (x) _< 0 -~ t.

The resultant general architecture for hybrid models
of embedded control systems appears in Fig. 2 (Moster-
man and Biswas, 1997a). Signal value changes (Sp) and
closed-loop control active in mode a (sc) may cause dis-
continuous changes. The corresponding physical events,
ap and ac, or open loop control generated discrete
events or, cause mode transitions defined by ¢.

The Elevator System
Attitude control in an aircraft is achieved by the el-
evator control subsystem (Seebeck, 1998). This sys-
tem may consist of two mechanical elevators (Fig. 1)
which are positioned by two electro-hydraulic actua-
tors. When a failure occurs, redundancy management
switches the actuators and oil supply systems to en-
sure maximum control. Fig. 3 shows the operation of
an actuator. The elevator positioning is controlled by
servo valve, which is implemented by a continuous feed-
back mechanism. When the actuator is active, the spool
valve is in its supply mode and the control signal gen-
erated by the servo valve is transferred to the cylinder
that positions the elevator. When the actuator is pas-
sive, the spool valve is in its loading mode, and control
signals cannot be transferred to the cylinder. Oil flows
between the chambers through a loading passageway,
otherwise the cylinder would block movement of the
elevator, canceling control signals from the redundant
active actuator.

supply( ~ return

servo valve

spool valve

elevator

cylindcr

Figure 3: Hydraulics of one actuator.
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Figure 4: A typical spool valve.

Consider a scenario where a sudden pressure drop is
detected on one of the left elevator actuators. Redun-
dancy control moves the spool valve this actuator from
supply to loading and the spool valve of the other actu-
ator from loading to supply. This causes transients that
are studied in greater detail below.

Modeling the Elevator System
We employ parameter and time scale abstrac-
tions (Mosterman and Biswas, 1997b) to design a sim-
pler but adequate model of the elevator subsystem for
control purposes. Parameter abstraction removes small
and large parameter values (parasitic dissipative and
capacitive elements) from the model. Time scale ab-
stractions collapse the end effect of phenomena associ-
ated with very fast time constants to a point in time.
We show how these different abstraction types relate
back to physical parameters in the real system.

The Spool Valve
A typical spool valve shown in Fig. 4, Consists of a pis-
ton that moves in a cylinder. A number of cylinder
ports connect the supply and return part of the hy-
draulic system with the load. Fig. 4(a) and (c) show 
possible oil flow configurations. When moving from one
to the other, the spool valve passes through the config-
uration where the ports are closed by lands (Fig. 4(b)).

Mode changes in the actuators are facilitated by the
spool valve. To enable analysis of behavior during mode
changes, four modes of operation are modeled:
(ao) loading: The spool valve operates as a load. Pres-
sure changes generated by the servo valve are blocked.
Oil flow between chambers of the elevator positioning
cylinder is possible through a loading passageway.
(al) closed: The spool valve is closed. Pressure changes
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generated by the servo valve are blocked. Oil flow be-
tween the chambers of the elevator positioning cylinder
is not possible. This is a transitional mode between a0
and a3.
(a2) opening: The valve is opening. While its lands
move past the ports, fluid inertial effects may become
active. Depending on the physical construction of the
valve, these may have significant effects on transient be-
havior.
(a3) supply: The spool valve is opened and supplies
control power. Pressure changes generated by the servo
valve are transferred to the cylinder that positions the
elevator. Flow of oil into and out of this cylinder is
possible.

Mode changes of the spool valve are controlled by
a redundancy management module which monitors a
number of critical system variables. In the fault sce-
nario, a sensor reading in actuatorl generates the failure
event, at. In response, the redundancy management re-
configures control by generating a sequence of discrete
control signals that cause a switch of actuators. The
resulting state aij indicates the state of actuator2, ai,
and actuatorl, aj.
(1) A control event (ac) is generated that causes the
piston in the left spool valve to move from its supply
to loading position at a constant rate of change. Along
the trajectory, a number of physical events (ap) occur:
(i) Ax > -~ --+ aclose ::~ al, the overall system mode
becomes a01 (actuator2 - loading, actuatorl - closed).
(ii) Ax > e --+ aopen =~ a2, the overall system mode
becomes a0z (actuator2 - loading, actuatorl - opening).
(iii) Ax Xth --+ O’ load =: ~ O~0, the overall system mode
becomes a00 (actuator2 - loading, actuatorl - loading).
(2) A second control event is generated to move the
piston in the right spool valve to move from its load-
ing to supply position with a constant rate of change,
causing the overall system to switch through modes
Croo --+ axo --+ ~20 --~ a3o.

The values of e and Xth are based on physical parame-
ters of the valve, e.g., the shape of ports and lands (Mer-
ritt, 1967). For a critical center type valve e = 0, and
for a closed center valve e has a small nonzero value.
The value of Xth and e determine when inertial effects
become active, Ax > e and for how long Ax > Xth.

Model Assumptions

When an actuator moves to its closed mode, oil flow
into and out of the cylinder that positions the elevator
is blocked. This implies that the cylinder piston that
controls elevator position cannot move, and, the eleva-
tor stops moving as well. In reality, internal dissipation
and small elasticity parameters of the oil cause the ele-
vator velocity to change continuously during the tran-
sition. The behavior in the continuous transient mode
between supply and closed is shown in Fig. 5. How
quickly the system reaches the 0 velocity state in the
closed mode depends on the elasticity and internal dis-
sipation parameters chosen for the oil. After a short
time in the closed mode, the actuator moves to the
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Figure 5: Continuous transients: closed mode.
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Figure 6: small Continuous transients: supply --+
closed --+ opening for spool valves - (a) I = 1 and
(b) I = 100.

opening mode, and the inertial effects become active.
Fig. 6 illustrates the continuous transients involved in
the transition. The inertial parameter determines the
final elevator velocity, ve. In the opening mode, the
inertial effect decreases as the clearance between port
and land increases. After some time its value becomes
negligible, and the actuator operates as a simple load
(loading mode). This is shown in Fig. 7 for an inertial
parameter with two different values.

The continuous transients described above are not of
much interest to the modeler for analysis and control
(see Fig. 7 where the transients in the opening mode
are still clearly visible but the continuous transients in
the closed mode are not). Model simplification results
in removal of small elasticity and inertial effects but
Fig. 7 illustrates that depending on their magnitude,
they may have a distinct impact on the overall system
behavior.
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Figure 7: Continuous transients: loading mode -
(a) I = 1 and (b) I = 
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Abstraction Types

We apply previous work on model simplification by ab-
straction (Mosterman and Biswas, 1997b) to analyze
the elevator control subsystem.

Time Scale Abstraction. In the opening mode, fluid in-
ertia and dissipative effects in the clearance between
land and port, cause a second order build-up of fluid
flow. Though the fluid flow velocity and its time deriva-
tive are 0 initially, the velocity of the elevator and
the driving piston are not. This results in a pressure
build-up in the cylinder governed by the elasticity co-
efficient of the oil which causes a rapid increase of fluid
flow through the land/port opening. The pressure also
causes the elevator velocity to decrease rapidly resulting
in the transient in Fig. 6(a). The initial transient from
moving into the closed mode is replaced by the tran-
sient moving into the opening mode. The difference is
best seen by comparing Fig. 5 with Fig. 6(a). The fi-
nal value of the velocity after this transient depends on
the dissipative effects and starting point and duration
of the opening mode.

If the elastic and inertial effects are abstracted away,
the closed and opening modes are traversed instanta-
neously in sequence into the loading mode. However,
the inertial element has a distinct derivative effect on
system behavior, and the influence occurs over a small
time interval. This is an example of time scale abstrac-
tion, where mode change phenomena is expressed at a
point in time. An important implication is that the
state vector has to be modified through the sequence
of mode changes. An algebraic relation is derived to
compute the elevator velocity to correspond to the fast
transient behavior in the mode transitions (Fig. 5 and
Fig. 6(a)).

Parameter Abstraction. When dissipation in the
land/port clearance dominates the inertial effect, a
much faster response in fluid flow velocity occurs be-
cause dissipation does not introduce a time derivative
effect. The flow of oil into and out of the cylinder is fast,
and the pressure build-up in the cylinder is small. As
a result, elevator velocity remains almost unchanged as
the model switches from closed to opening (Fig. 6(b)).
Small parameter values are abstracted away, and the
transitions through the closed and opening modes are
instantaneous (no time derivative effects are present).
For small parameter values (Fig. 5 and Fig. 6(b)), 
transients to opening (Fig. 6) may result in very differ-
ent behavior from transients into closed (Fig. 5). When
a discontinuous jump occurs, the eventual elevator ve-
locity is not computed by first executing the jump to
closed and then to opening, but immediately to open-
ing. Otherwise, closed would have set the velocity to
0, which would also be the value in the opening mode.
For parameter abstractions the intermediate steps are
completely abstracted away.

 i!!!ii
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Figure 8: Hybrid automata specifying the actua-
tor1 elevator subsystem.
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Figure 9: Effect of a (a) time scale abstraction
and (b) parameter abstraction.

Hybrid Automata for Modeling
Complex Systems

Application of time scale and parameter abstractions
while producing simpler models for analysis requires
the explication of the type of abstraction applied to
the model, so that formal semantics can be applied to
ensure correct behavior generation. Hybrid automata
provide a powerful formalism for specifying hybrid dy-
namic systems.

Modeling with Hybrid Automata
Fig. 8(a) illustrates the hybrid automata implementa-
tion of the switching of an actuator from its active
to loading mode in the elevator subsystem. The be-
havior models include the fast continuous transients,
therefore, they are numerically complex ODEs (cODE).
Time scale and parameter abstractions produce numer-
ically simpler ODEs (sODE), but require the speci-
fication of discrete transition functions, ¢, 7, and g.
In the first case, transition conditions were based on
spool valve position, x. However, in the latter model,
the detailed continuous behavior of the system around
x = 0 is abstracted away, so the corresponding events
{O’supply, O’close, ~ropen, O’load} have to be generated by ex-
plicit discrete control. Our analysis shows that tran-
sients into closed results in v~ = 0. If these transients
are abstracted away, a discontinuous jump specified by
the hybrid automaton transition sets Ve = 0 (Fig. 8(b)).

Time scale abstraction applied to the actuator model
produces correct behaviors (Fig. 9(a)). Parame-
ter abstraction, however, produces incorrect behavior
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Figure 10: Mode switching with pressure relief
valve.

(Fig. 9(b)) because the underlying continuous tran-
sient that changes ve = 0 in closed is aborted by the
opening mode becoming active, therefore, Ve remains
unchanged. In effect, this means that mode a2o is
never active, i.e., it is mythical (Mosterman and Biswas,
1997a), and the change in continuous state never oc-
curred. An intuitive solution would be to remove mode
a20 from the hybrid automata model, as shown in
Fig. 8(c). However, this model reduction requires global
applicability conditions about the mode change behav-
ior of the elevator system. Therefore, this approach
makes it hard to develop complex system models by
composing constituent elements. Additional transitions
require the real system to be re-evaluated (in a sense
re-modeled) to establish the correct discrete state tran-
sition structure for the extended model.

Consider the situation where a pressure relief valve
becomes active when the pressure in the cylinder ex-
ceeds a threshold value. When the spool valve is closed,
a rapid pressure build up occurs induced by the fast
change in v~. If the continuous transients are abstracted
into a discontinuous change, this pressure is modeled as
a Dirac impulse function whose area is determined by
the v~ values immediately before closed and initial val-
ues in the closed mode (v~ - 0). If this area exceeds
a critical value, the pressure relief valve opens up to
prevent excessive pressures in the cylinder. The energy
transient undergoes a continuous trajectory, and mode
~20 should not be removed.

The hybrid automata model for this mode change
behavior is shown in Fig. 10(a). To prevent the pres-
sure build-up, the pressure relief valve prevents v~ = 0.
Therefore, when the pressure relief valve comes on (in-
dicated by a 1 in the left most index of the sODE sub-
scripts) Ve = 0 does not apply. However, this informa-
tion is not available in the hybrid automata when the
straightforward extension with arelieS and correspond-
ing sODEl~o mode is applied (Fig. 10(a)). An exhaus-
tive analysis of the real system is required to reduce
the hybrid automata to the one in Fig. 10(b) but now
the transition to the relief mode is invoked when arctics
and acto~ is generated. This results in a non intuitive
and complex state transition structure that has little
relation to the actual transition behavior of the real

Figure 11: Compositional hybrid automata.

system. Detailed pre-analysis of the discrete transition
behavior of the complete system is required before hand
to generate the correct model, and this complicates the
development of compositional modeling techniques in
the hybrid automata framework.

Structure Preserving Hybrid Automata

To enable compositional modeling additional transition
semantics in the form of discontinuous changes from
the a priori state vector, x, to the a posteriori values,
x+, have been developed (Mosterman et al., 1998b).
In combination with recognition of parameter and time
scale abstraction events this has proved to be a power-
ful mechanism for modeling complex systems (Moster-
man and Biswas, 1997a). Applications to the secondary
sodium cooling system of a fast breeder reactor appear
in (Mosterman et al., 1998b). The hybrid automata
formalism makes state vector assignments to x+. Tran-
sients enabled by events caused by parameter abstrac-
tion are traversed instantaneously and the a priori state
vector is unchanged. Time scale abstraction generated
events cause an update of the a priori state to the cur-
rent a posteriori values, x -- x+. State transitions with
time scale abstraction events are marked by a sloped
stroke line.

For the pressure relief valve, the event a~ti~y is a
function of the change in v~ between ~0a0 and C~o~0.
The Ve value in a020 is assigned to the a posteriori
value v+, and the event generation can be specified as
v+ -Ve > V~h --+ a~y. The illustration of the hy-
brid automata in Fig. 11 clearly shows that the state
transition structure and the corresponding discontinu-
ous jumps in state vector values are preserved while
still generating correct behavior. The description is
complete, and does not require modifications when new
transitions are added to the overall system.

Conclusions
Hybrid automata combine discrete transitions with con-
tinuous behavior evolution to provide a powerful for-
malism for modeling hybrid systems. Discrete tran-
sitions cause changes in the system behavior model,
but discontinuous changes in the state vector values
may also occur. These changes are specified as transi-
tions. We have incorporated the two abstraction types
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(i) time scale abstraction and (ii) parameter abstraction
and the associated semantics that govern discontinuous
changes in behavior specification into our hybrid au-
tomaton framework. An important feature of our work
is that these abstractions relate back to physical pa-
rameters of the physical system that cause fast contin-
uous transients. We have also shown how the use of
a priori and a posteriori switching values help specify
the formal semantics for the two types of abstractions.
Analysis of the hydraulic cylinder with the pressure re-
lief valve demonstrates the usefulness of this method for
compositional modeling of complex systems.
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