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Abstract

Markov Decision Processes (MDPs) have been
studied extensively in the context of decision mak-
ing under uncertainty. This paper presents a new
methodology for solving MDPs, based on genetic
algorithms. In particular, the importance of dis-
counting in the new framework is dealt with and
applied to a model problem. Comparison with the
policy iteration algorithm from dynamic program-
ming reveals the advantages and disadvantages of
the proposed method.

Introduction
Computational issues involved in making decisions
under uncertainty are of interest in a variety of fields
and application domains. From inventory control
problems in operations research to robotic navigation
in artificial intelligence, a wide range of problems can
be tackled and solved using efficient search strategies.

A Markov Decision Process (MDP) [Howard 1960,
Puterman 1994] is a model to solve sequential decision
making under uncertainty. Search techniques which
are used in this framework have been developed and
investigated for over 40 years, since the invention of
dynamic programming [Bellman 1957]. Recent reviews
on the complexity and hierarchical solution of MDPs
can be found in [Littman, Dean and Kaelbling 1995,
Parr 1998].

The aim of this paper is to rigorously examine search
algorithms based on natural selection and natural
genetics [Holland 1975, Goldberg 1989] to solve MDPs.
In an earlier paper [Chin and Jafari 1998] on using
genetic algorithms (GAs) to solve a small sized finite
MDP, no comparisons with existing techniques were
reported. Therefore conclusions related to the success
of the approach should be taken cautiously. Here
an attempt is made to compare between an efficient
GA implementation and policy iteration, which is
the most closely related iterative method to GAs, on
an extended yet small sized infinite-horizon MDP.
Such a comparison enables a better understanding
of the strengths and weaknesses of a GA approach.

These lessons can prove useful when moving towards
real-world applications with large state and action
spaces, as well as more complicated model structures
which are computationally intractable for existing
techniques.

The paper is divided as follows. Section II presents
the model problem used for the comparison and the
dynamic programming approach with which the GA is
compared. This section is further extended to include
a discussion on discounting which will later reappear
in the GA implementation. Section III initiates the
GA approach by describing the binary representation
of policies. In section IV, the issue of choosing the right
fitness function evaluation for the GA is examined. Sec-
tion V compares several GA evolution strategies and
the most efficient one is then compared with the pol-
icy iteration algorithm. In section VI, conclusions are
drawn with an eye towards the implementation of a GA
in larger problems.

Model Problem Presentation

The following model problem is taken from [Russell and
Norvig 1995]. An agent is situated in a 4x3 grid-world
model environment. The start state is in (1,1) and the
goal state is in (4,3). The goal is to find an optimal
MDP policy to reach the goal state using a set of avail-
able actions. All details and parameters are taken to
precisely match the problem as described in the refer-
ence mentioned above.
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Figure 1: The 4x3 grid-world from [Russell and Norvig
1995]

From: AAAI Technical Report SS-99-07. Compilation copyright © 1999, AAAI (www.aaai.org). All rights reserved. 



The following notation will be used to describe the
problem, its optimal policy solution and values of the
states for the given optimal policy:

* W * -1 ::~ 1" W t -1

0.812 0.868 0.918 +1 )
0.762 W 0.660 -1
0.705 0.655 0.611 0.388

In this notation, W stands for wall, arrows -% 1", $, +-
are used to label all possible actions, while * denotes
any of these actions¯

In a more abstract mathematical formulation, an
MDP is a 4-tuple, (S, A, T, R). S is a finite set of states
s, A is a finite set of actions a. T is the transition model
for the system, a mapping from SxAxS into proba-
bilities in [0, 1], in particular T(s, a, ~) =P(s~ l s,a).
R is the reward function which maps from SxAxS to
real-valued rewards.

A policy ~r for an MDP is a mapping from states in
S to actions in A. The value function V maps from
elements of S to real values. The Bellman equation
[Bellman 1957] from dynamic programming establishes
a relationship between V~ (s) and V,r for other states 
the model:

V,(s) = R(s,~r(s))+flET(s,a,s’)V~(s’) (1)
/8

Where 0 < fl < 1 is known as the discount factor.
Discounting arises so that the sum in the equation
above will converge to a finite amount in infinite-
horizon models, as well as other reasons mentioned in
[Puterman 1994, Russell and Norvig 1995]¯ Towards
the end of this section, an additional reason will be
examined.

The optimal policy will be labeled as ~r* and optimal
value function as V*. Since the optimal policy assigns
the best action to every state, the goal is to find an
optimal policy lr*, characterized by actions a, such that:

V* (s) = max[R(s, a) + fl E T(s, a, s’)V" (s’)] (2)
I
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Two well known iterative procedures which aim
at finding the optimal policy, based on the above
equation, are value iteration and policy iteration.
Since it is more logical for a GA implementation to
search in policy space, the policy iteration algorithm
is used for the comparison. Policy iteration first picks
a policy, calculates the values of each state given that
policy (value determination step), then updates the
policy at each state using the values of the successor

states (policy improvement), until the policy stabilizes.

The value determination step can be implemented
by either a successive approximation, or directly by
solving a set of linear equations. The latter can exploit
the sparseness in the system, hence it is chosen for
the model problem implementation. The Bellman
equation for policy lr can be written for each state in
S, producing the following linear system of equations
in a matrix form:

(j3T(sl, ~r(sl, sl)) j3T(sl, 71"(81,82)) ... R(81)

/~T(82,71-(82, 81))
~T(82,7r(82, 82) ) -- 1 ... R(82)

)¯ . ... ¯

Attention is now turned to the discount factor /~. In
[Russell and Norvig 1995], for simplicity reasons, the
Bellman equation does not contain discounting¯ While
setting/~ -- 1 does not cause a problem in the original
model, consider the following slight modifications to the
model:

. . . -1 or * W * -1
")c "k -k "k "k "k "k -k

In both cases the policy iteration, which without loss
of generality starts in the model problem with an ini-
tial policy in which all arrows are lined upwards, will
fail in the first value determination step. Without dis-
counting, conservation of probability for each state sl
holds:

N

T(s,, .(s,, sk)) (3)
k-~l

So that the sum of each row in the left-hand side
of the system amounts to zero¯ In two cases, this can
lead to no solution of the linear system and therefore
0 < /? < 1 is required to break the conservation¯ In
the first case, corresponding to the left modification of
the above model, one state interacts only with itself.
The state (1,3) will produce a Bellman equation which
has no solution. In the second case, shown in the
right, only two states interact with each other¯ The
states (1,3), (2,3) will create two Bellman equations
that contradict each other, which again results in no
solution. To avoid destructive two-states interactions
as well as one state interacting with itself, a discount
factor f~ -- 0.99 is added from now on throughout the
paper to the model problem. However, at the price of
fixing cases of destructive interferences, the discounted
model is different than the original model and the
optimal policy, when calculated, will differ. For the
-1/25 penalty in R, as in [Russell and Norvig 1995],
the optimal policy for the state (3,1) will cease to 
conservative: it will no longer recommend taking the
long way around in order to avoid the risk of entering
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(4,2). Therefore, along with introducing ~ = 0.99, the
penalty is decreased to -1/50, resulting in the same
optimal policy as in the original model.

The above discussion on discounting is highly rele-
vant to the GA implementation and will further be dis-
cussed when formulating the fitness function.

Representation
The first task in a GA is to code the decision variables
into binary strings. It is customary to work with a
binary representation for which the schema theorem
[Goldberg 1989] applies. Therefore, the search space
which is the most natural to use in an MDP is policy
space, rather than values of states which are a collec-
tion of real numbers.

In the model problem, there are four possible
actions in A. These can be coded into 10,11,00,01
for --L1",$,~-, respectively. A policy can then be
constructed by concatenating the various actions at
each state, to form a string of binary bits of length
2 * N, where N is the number of states. Such a bi-
nary string to represent a policy is called a chromosome.

Out of eleven states in the 4x3 example, two are
forced to choose a prescribed action. States (4, 2), (4, 
will always choose their action to be J’, therefore each
chromosome is of length 2 * 9 = 18. Indexing is chosen
to start at state (1,1), then move right to (4,1), then 
wards to (1,2), then right to (3,2), repeatedly until 
mination at (3,3). For example, the optimal policy It* 
represented by the chromosome [110101011111101010].
Solely for investigative purposes (figure 2 in the next
section), a real number representation of chromosomes
was included in the simulation. For that reason, all pos-
sible binary combinations (218 = 262144) were taken
between -13.1072 and 13.1072, with a grid spacing of
0.0001. In that case, the optimal policy 7r* amounts to
8.80 when converted to a real-number.

Fitness Function Evaluation
For each representation of a policy by a chromosome, a
fitness value is assigned. Constructing the best fitness
function, which maps from policies to fitness values, so
that the GA evolves efficiently, is of central importance
in the implementation.

The value determination step of policy iteration pro-
duces a vector V of N elements, each of which contains
the value V(si) at state si. Taking the separable value
function to be additive, the fitness value of a policy 7r
can then be formulated by summing over all elements
of V:

N

f(r¢) ---- (l/N) V(si) (4)
i=1

In an MDP, in general, an objective function has sev-
eral choices. Among them are expected average reward
(reward per step), expected total undiscounted reward
and expected total discounted reward. For reasons al-
ready mentioned earlier, expected total discounted re-
ward is mostly favored for the GA implementation when
using value determination. In addition to the previous
example in the presentation section, about two states
interacting with each other to produce no solution in
a slightly modified version of the original model when
using policy iteration, all policy space is vulnerable in
a GA search. Below is an example of a configuration
in the original model, which does not arise in policy
iteration, that needs to be avoided in the GA imple-
mentation by way of discounting:

$ W * -1
/---- . * *

The two states which are interacting destructively in
this example are (1,1) and (1,2). Therefore, V(si) is
chosen to be calculated by value determination using a
discounted model.

Figure 2 illustrates how the fitness function, given
in equation (4), is noisy and unpredictable. Policies
are represented in the horizontal axis by converting bi-
nary strings into real numbers between -13.1072 and
13.1072 (although throughout the GA evolution, they
obviously evolve as chromosomes in a binary form):

Figure 2: Fitness function used in the GA simulation

It is therefore evident that for searching the whole
policy space, without favoring any certain subsections
of the space initially, GA is perhaps the most efficient
technique to locate the global maximum in order to find
the optimal policy.

Evolution Strategies
Finally, an initial population of random policies and
their respective fitness values are evolved for several
generations using selection, reproduction, crossover
and mutation, until convergence to the optimal policy.
Figure 3 illustrates some of the GA terminology used
so far.

The genetic operators which are used to solve the
model problem, as well as the chosen GA parameter
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Figure 3: GA basic terminology

values, are the ones which are commonly used [Gold-
berg 1989] to search for a global maximum in a noisy
function similar to the one in figure 2. A modern
GA implementation by [Carroll 1996], which is freely
distributed, was modified to handle the 4x3 model-
environment, as well as representation of policies and
value determination by means of gaussian elimination
for the fitness function evaluation.

The above implementation includes a variant of GAs
which allows a small population size to be evolved.
Typically the population size is set to be at least
Np = 50. However, an approach called Micro-GAs
(#GAs) [Krishnakumar 1989] works with a small
population size of Np = 5. It is known in practice to
reach a near-optimal region faster than the simple GA
(SGA), in terms of the number of function evaluations
required, in certain problems where average effects
are of secondary importance. It aims at finding the
optimum as quickly as possible through the best-so-far
string without improving any average performance.

In both SGA and I~GA, selection is done based
on tournament selection and uniform crossover is
used. However, no mutations are necessary in ItGA
since there is a constant infusion of new schema at
regular intervals. It is also worthwhile mentioning that
sensitivity experiments on this problem, by slightly
modifying basic GA parameters, yielded no better
results.

In figure 4, SGA for two typical population sizes
(Np = 50, Np = 100) and pGA (Np = 5) are com-
pared in terms of function evaluations (the number
of generations required for convergence, multiplied
by population size). It turns out that for search-
ing policy space in the 4x3 model problem, #GA
works best performancewise. Convergence to the
optimal policy was achieved after 8 generations for
Np = 100, 13 generations for Np = 50 and 56 gener-
ations for Np = 5, resulting in the least amount of
function evaluations (56*5 = 280) when #GA was used.

Using the policy iteration algorithm, in which the
same value determination as in the GA is performed in
each iteration, only 5 iterations were needed to reach

/
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Figure 4: Best-So-Far-Fitness GA performance eval-
uation: Np = 100 (dashed), Np = 50 (dot-dashed),
Np = 5 (solid).

the optimal policy. Policy improvement is therefore
surprisingly more efficient than a GA for a problem
with a small state space.

Finally, it is instructive to examine the intermediate
steps before reaching the optimal policy in both meth-
ods. In policy iteration, after the first iteration (20%
of total calculation), the policy at hand is quite close
to the optimal: only three actions in three states are
needed to be adapted in consequent steps. No’ illogical’
policies are considered, such as an action somewhere
pointing to a wall with no apparent reason. In addi-
tion, policies are consistently improving at each step.
In #GA, after 11 generations (roughly 20% of total cal-
culation), the best-so-far policy differs from the optimal
one by four actions (three of which point to a wall),
clearly not as good as policy iteration in the early stage.
Also, at a later generation it goes downhill, from what
seems to be a good policy to a lesser one, in order to
emerge with an improved policy after one more genera-
tion. This behavior is attributed to the different nature
of the two methods. With respect to certain ’ illogical’
actions, perhaps restricting the search space in the GA
implementation rather than leaving it flexible can yield
a better performance, if such a strategy proves to be
cost effective.

Conclusions
A GA approach was implemented to solve an MDP
model problem with small state and action spaces. It
was found that a discounted model is required in order
to search policy space using value determination steps.
The approach was optimized to perform in the most
efficient manner, using a GA variant called pGA.

Comparison with the policy iteration algorithm
reveals that for relatively small problem sizes, policy
iteration outperforms the GA. Larger examples re-
veal that the inefficiency of GAs become even more
pronounced, since policy iteration converges in a sur-
prisingly small number of iterations. Policy iteration
only examines a small portion of policy space right
from the beginning whereas the GA starts initially with
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a random distribution covering all space. Therefore,
the workload the GA is facing is by far heavier than
that of policy iteration.

On the other hand, it should be noted that in very
large state spaces, it is no longer possible to represent
a policy as a simple vector mapping states to actions.
The length of such a vector becomes too large, value
determination steps become tremendously expensive,
therefore building an accurate model becomes imprac-
tical. In such problems, policy iteration in its current
form can not be used. One approach to try and tackle
huge state spaces is to use a compact representation of
a policy, by mapping a partial description of the state
to actions. The fitness of the policy representation
can then be evaluated by measuring the actual (or
simulated) performance from some initial condition.
Genetic operators on the compact representation of
the policy were used [Moriarty and Langley 1998] to
improve performance using the SANE (Symbiotic,
Adaptive Neuro-Evolution) reinforcement learning
method. No comparison to dynamic programming
methods is possible in simulations of this kind.

To conclude, based on the comparison in this paper,
it is unlikely that searching policy space by using GAs
can offer a competitive approach in cases where the pol-
icy iteration algorithm can be implemented. Evolution-
ary algorithms offer an approach, combined with neu-
ral networks, to search very large state spaces in cases
where dynamic programming methods are no longer
valid. While further advancement on the evolutionary
track is to be expected, it remains a challenge to de-
velop methods which are based on policy iteration for
making decisions in large state spaces.
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