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Abstract

Consider the problem of a group of agents trying to
find a stable strategy profile for a joint interaction. A
standard approach is to describe the situation as a sin-
gle multi-player game and find an equilibrium strategy
profile of that game. However, most algorithms for
finding equilibria are computationally expensive; they
are also centralized, requiring that all relevant payoff
information be available to a single agent (or computer)
who must determine the entire equilibrium profile. In
this paper, we consider the slightly relaxed task of find-
ing an approximate equilibrium. We consider struc-
tured game representations, where the interaction be-
tween the agents is sparse, an assumption that holds in
many real-world situations. We present two algorithms
for finding approximate equilibria in these games, one
based on a hill-climbing approach and one on constraint
satisfaction. We show that these algorithms are in-
herently local, requiring only limited communication
between directly interacting agents. The algorithms
can thus be scaled to games involving large numbers of
players provided the interaction between the players is
not too dense.

1 Introduction
Consider a system consisting of multiple interacting
agents, each trying to achieve its goals. Even if the
agents are not in direct competition, they might not
have exactly the same preferences and goals. For ex-
ample, if agents with different skills are collaborating
on building a house, they all care about completing
the house, and they have to interact with each other
to make sure that subtasks are performed in the right
order, but each might still have slightly different pref-
erences, e.g., relating to the amount of resources each
expends in completing its part of the task. Therefore,
although the agents are all trying to collaborate, they
do not necessarily share the same utility function.

Game theory (yon Neumann & Morgenstern 1944;
Fudenberg & Tirole 1991) provides an elegant mathe-
matical framework for modeling and reasoning about
multi-agent interactions. One of the most important
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problems in game theory is finding a joint strategy pro-
file for the agents in a particular game which is fairly
stable, i.e. no agent has a strong incentive to deviate
from the agreed-upon profile. The standard formaliza-
tion of this criterion is that the strategy profile forms
a Nash equilibrium (Nash 1950). Our goal in this pa-
per is to describe algorithms in which a group of agents
collaborates in order to construct such a profile.

An obvious approach to this problem is to represent
the situation as a joint game, and then find an equilib-
rium of that game using one of the standard solution
algorithms. (See (McKelvey & McLennan 1996) for 
excellent survey of computational techniques for solving
games.) Unfortunately, this simple approach is severely
limited in its ability to handle complex multi-agent in-
teractions. First, in most cases (including the simple
case of a simultaneous move game), the size of both the
standard game theoretic representations D the normal
form and the extensive form -- grows exponentially in
n. Second, for games involving more than two players,
existing solution algorithms scale extremely poorly even
in the size of the game representation. This is not sur-
prising: while for two player-games, all of the equilib-
ria are rational, 1 this is not the case for games of more
than two players. Finally, all of the standard algorithms
are based on a centralized computation paradigm: the
entire game description is transmitted to some central
location, where the entire equilibrium profile is com-
puted and then transmitted to the agents. This prop-
erty makes the existing algorithms unsuitable for the
type of collaborative yet distributed setting that is our
focus.

We propose an alternative approach, that modifies
both the representation of the game and the notion
of a solution. First, following the work of Kearns et
al. (Kearns, Littman, & Singh 2001a) and Koller and
Milch (Koller & Milch 2001), we use a structured rep-
resentations of games, that exploits the locality of in-
teraction that almost always exists in complex multi-
agent interactions. In this paper, we focus on a rep-

1We might have a continuous set of equilibria all of which
have the same payoff. In this case, although irrational equi-
libria exist, the extreme points specifying the set of equilib-
ria are rational numbers.
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resentation based on the graphical game framework
of (Kearns, Littman, & Singh 2001a), which applies
to simultaneous-move games. This framework allows
games with large number of agents to be described com-
pactly.

Second, we wish to find algorithms that can take ad-
vantage of this structure to find good strategy profiles
effectively, and in a decentralized way. It turns out
that this goal is much easier to achieve in the context
of solving a relaxed version of the problem. While philo-
sophically satisfying, the Nash equilibrium requirement
can be overly stringent in real-world settings. Although
agents arguably strive to maximize their expected util-
ity, in practice they are rarely dogmatic about this goal.
If a group of agents agrees on a joint strategy profile,
inertia, as well as a sense of commitment to the group,
will often induce an agent to stick to this profile even
if it is slightly suboptimal for him. Thus, an agent is
not likely to diverge from an agreed-upon profile unless
the gain in expected utility is sufficiently large. Thus,
it often suffices to require that the strategy profile form
an apprazimate equilibrium, one where each agent’s in-
centive to deviate is no more than some small ~.

We present two main approaches for finding approx-
imate equilibria in structured games. The first uses a
greedy hill-climbing approach to optimize a global score
function, whose global optima are precisely equilibria.
This is similar to techniques discussed in (Wolpert 
Turner 1999). The second, which is related to the al-
gorithm proposed by Kearns et al. (Kearns, Littman,
& Singh 2001a), uses a constraint satisfaction approach
over a discretized space of agent strategies. We show
that these algorithms exploit the locality of interaction
in the structured game representations. They allow the
agents to determine a joint strategy profile based on
local communication between agents that have reason
to interact (i.e., their payoff functions are directly re-
lated). We also propose two hybrid algorithms, that
combine some of the best features of each of the two
approaches we describe.

We present some preliminary experimental results
over randomly generated single-stage games, where we
vary the number of agents and the density of the in-
teraction. Our results show that our algorithms can
find high-quality approximate equilibria in much larger
games than have been previously solved.

2 Graphical games
In this section, we introduce some basic notation and
terminology for game theory, and describe the frame-
work of graphical games.

The conceptually simplest and perhaps best-studied
representation of game is the normal form, In a normal
form game, each player (agent) pi chooses an action
al from its action set {nil, ai2, ..., aik~ }. For simplicity,
we will assume that kl -- k2 = ... = kn = k. The
players are also allowed to play mixed strategies 8t =
(011,012, ...0ik) where 8ij is the probability that Pi plays
aij. If the player assigns probability 1 to one action

-- 0~j --- 1 u and zero to the others, it is said to be
playing a pure strategy, which we denote as r~j. We use
0 to denote a strategy profile for the set of agents, and
define (0-i, 8~) to be the same as 0 except that Pi plays
O~ instead of Oi.

Each player also has an associated payoff matrix Mi
which specifies the payoff, or utility, for player i un-
der each of the kn possible combinations of strategies:
M~(al,a2, ...,an) is the reward for p~ when for all j, pj
plays aj. We assume throughout the rest of the discus-
sion that all of the rewards are rational numbers. Given
a set of mixed strategies 0 we can define the expected
utility (or payoff) for Pi 

~i(0)= 01i,...Oni~Mi(a,,,a2~,...,ani~).
il ,i2 ,... ,in

A Nash equilibrium is a set of mixed strategies 0 such
that for all players i and for all alternative strategies
0~, Ui(O) >_ Ui((O-i,O~)). The Nash equilibrium con-
dition means that no player can increase his expected
reward by unilaterally changing his strategy. The sem-
inal result of game theory is that any game has at least
one Nash equilibrium (Nash 1950) in mixed strategies.
There is no guarantee that there will be a pure strategy
equilibrium, however. An e-approximate Nash equilib-
ria is a strategy profile 0 such that, for all agents i and
for all alternative strategies 0~, Ui((8-i, 0~))-Ui (0) 

A graphical game assumes that each agent’s reward
function depends on the actions of a subset of the play-
ers rather than on all other players’ actions. Specifi-
cally, pi’s utility depends on the actions of some subset
~i of the other agents, as well as on its own action.
Thus, each player’s payoff matrix M~ depends only on
[~il + 1 different decision variables, and therefore has
klT’fl+l entries instead of kn. We can describe this type
of game using a directed graph (1i, E). The nodes 
V correspond to the n players, and we have a directed
edge e = (Pi,Pj) E E from pi to pj if pi ~ ~j, i.e., 
j’s utility depends on pi’s strategy. Thus, the parents
of p~ in the graph are the players on whose action pi’s
value depends. We note that our definition is a slight
extension of the definition of (Kearns, Littman, & Singh
2001a), as they assumed that the dependency relation-
ship between players was symmetric, so that their graph
was undirected.
Example 1: Consider the following example, based on
a similar example in (Koller & Milch 2001). Suppose
a road is being built from north to south through un-
developed land, and 2n agents have purchased plots of
land along the road -- the agents wl,..., wn on the
west side and the agents e~ .... , en on the east side.
Each agent needs to choose what to build on his land
-- a factory, a shopping mall, or a residential complex.
His utility depends on what he builds and on what is
built north, south, and across the road from his land.
.All of the decisions are made simultaneously. In this
case, agent w~’s parents are e~, l/]i_1 and w~+l. Note
that the normal form representation consists of 2n ma-
trices each of size 32n, whereas in the graphical game,
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each matrix has size at most 34 - 81 (agents at the
beginning and end of the road have smaller matrices).

If we modify the problem slightly and assume that
the prevailing wind is from east to west, so that agents
on the east side are not concerned with what is built
across the street, then we have an asymmetric graph-
ical game, where agent wi’s parents are ei,wi-z, wi+z,
whereas agent e~’s parents are e~-z, e~+z. |

3 Function Minimization
Our first algorithm uses a hill-climbing approach to find
an approximate equilibrium. We define a score function
that measures the distance of a given strategy profile
away from an equilibrium. We then use a greedy lo-
cal search algorithm that starts from a random initial
strategy profile and gradually improves the profile until
a local maximum of the score function is reached.

More precisely, let 8 be a strategy profile. We de-
fine S(0) to be the sum over all players of the amount
each player could gain by changing (unilaterally) to the
policy which maximizes its reward:

s(o) = ~. ~(u,((o_,,. o9) - ~,(o)).

This function is nonnegative and is equal to 0 exactly
when the policies constitute a Nash equilibrium. It is
also easy to verify that this function is continuous in
each of the separate probabilities 0ij, as it is a compo-
sition of continuous functions (max, summations, and
products). However, the presence of the max functions
makes it non-differentiable.

We can minimize this function using a variety of
function minimization techniques that apply to contin-
uous but non-differentiahle functions. In the context of
unstructured games, this approach has been explored
by (McKelvey 1992). More recently, LaMura and Pear-
son (Pearson & La Mura 2001) have applied simulated
annealing to this task. We chose to explore greedy hill
climbing, as it lends itself particularly well to exploiting
the special structure of the graphical game.

Our algorithm repeatedly chooses a player and
changes that player’s strategy so as to maximally im-
prove the global score. Note that this is very dif-
ferent from having the player change its strategy to
the one that most improves its own utility. Here, the
player takes into consideration the effects of its strategy
change on the other players. More precisely, we define
the gain for a player p~ as the amount that global score
function would decrease if pi changed its policy so as to
minimize the score function:

C,(0) = m:ax[S(0) sC(O_,, 0D)].

Our algorithm first chooses an initial random policy 0
and calculates Gi(O) for each i. It then iterates over
the following steps:

1. Choose the player pi for which Gd (0) is largest.
2. If Gi(O) is positive, update 0i := argmaxs~[S(0) 

S((0-i, 0~))]; otherwise, stop.

3. For each player pj such that Gj(O) may have changed,
recalculate G# (0).

It remains to describe how to efficiently execute steps
(2) and (3). The key insight here is that changing
a player’s strategy only affects the terms of the score
function corresponding to that node and its neighbors.
Consider

sCO) - S((O_~,0D) 

[ " ]max#~ (ui( ( o-~, Oil) - ujC 
~’~J -- max#j(Uj(((O-d,O~)_j,Oj)) U$((O_d,Oi)))

Uj(O) only depends on pj and its parents, so Uj(O) 
Uj(O~) if 0 and 0~ agree on the strategies of pj and its
parents. Thus, unless p~ E Pj U {j}, we have that

m axUj((O_j,Oj)) = m axUj(((O_i,O~)_j,Oj))
O, O#

and Uj(O) = U#((O_i,O~)). Hence, all terms except
those for Pd E {Cj U {j} cancel and can be dropped
from the summation. Also note that for i = j,

u#(((o_,, o~)_~, dj)) = u#((o_j, 

since 0j is replaced by 0#. We can now rewrite Gi(O) 

max## Uj((0_j, #j))

max ~
- u~(o))
- max#, u~C(CS_~, oD-j, ~))

which in turns simplifies to

-ud0) + Z#:~e~, [max#, (uj((0_#, ##))) u#(0)

[_ ud(o_i,o~))
, .~ ]

+ max~ l r’ [’ max#, Uj(((O-i, Oi)- j, Oj))
L ~J:’~’ \ -vj((o-,,og) ) J

Note that max#, U$(((O_~,O~)_#,Oj)) is just the re-
ward corresponding to the best possible response of j
to C0_i, 0~); therefore, the maximum of this expression
is attained at some pure strategy r~t. Thus the following
optimization problem is equivalent to finding G~ (0):

Maximize: Ui((O-~, O~)) - ~#:ie% (~i - U~((O_~, 
Subject to: 0~m > 0 Vrn

~’~mO~m = 1
~ > u~(((o_~,og_~,~j~)) 

But the expected utility functions U~ are linear in
the 0~m, so this optimization problem is simply a lin-
ear program whose parameters are the strategy prob-
abilities of player Pi and whose coefficients involve the
utilities only of Pi and its children. Thus, the player
pt can optimize its strategy efficiently, based only on
its own utility function and that of its children in the
graph. In our asymmetric Road example, an agent wi
could optimize its strategy based only on its children --
w~-z and wi+z; similarly, an agent ei needs to consider
its children -- ei-z, e~+l and w~.
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Furthermore, when we change the strategy for some
player p j, the linear program for Pi changes only if one
of the expected reward terms changes. Since we only
have such terms over Pi and its children, and the pay-
off of a player is affected only if the strategy at one of
its parents changes, then G~(0) will change only if the
strategy ofp~, or one of its parents, its children, or its
spouses (other parents of its children) is changed. (Note
the intriguing similarity to the notion of a Markov blan-
ket in Bayesian networks (Pearl 1988).) Thus, in step
(3), we only need to update the gain of a limited num-
ber of players. In our Road example, if we change the
strategy for wi, we need to update the gain of: wi-1
and W~+l (both parents and children); ei (only a par-
ent); and wi-2, w~+2, ei-1, and ei+l (spouses).

We note that our hill climbing algorithm is not guar-
anteed to find a global minimum of S(O). However, we
can use a variety of techniques such as random restarts
in order to have a better chance of finding a good local
minimum. Also, local minima which we find are of-
ten fairly good approximate equilibria (since the score
function corresponds quite closely to the quality of an
approximate equilibrium).

4 CSP algorithms
Our second approach to solving graphical games uses a
very different approach. This approach is motivated by
the recent work of Kearns, Littman, and Singh (Kearns,
Littman, & Singh 2001a) (KLS hereafter), who propose
a dynamic programming style algorithm for the special
case when the graphical game is an undirected tree.
We show that this algorithm can be viewed as applying
variable elimination to a constraint satisfaction problem
generated by the graphical game. More importantly, by
understanding the KLS algorithm as part of this more
general framework, we can understand it better, gen-
eralize it easily to asymmetric and non-tree-structured
graphical games, and even apply different CSP algo-
rithms to the task. We begin by presenting the gen-
eral variable elimination algorithm in CSPs (Dechter 
Pearl 1989). We then present the KLS algorithm, and
show how it can be formulated as a CSP. Finally, we
present a more general CSP formulation that can be
applied easily to an arbitrary graphical game.

A constraint satisfaction problem (CSP) is defined
over a set of variables V1,... , Vn, each associated with
a domain dora(i) of possible values. The task is de-
fined via a set of constraints {Co}c, where each con-
straint Ce is associated with some subset of variables
Vc C_ {V1,... ,Vn} and a set Sc of legal assignments to
this subset of variables. Let v denote an assignment of
values to V1,... ,Vn, and v[~] denote the part of the
assignment corresponding to the variables in ~. Then
v is said to satisfy Cc if v[Vc] ̄  ~qc.

Variable elimination is a general-purpose nonserial
dynamic programming algorithm that has been applied
to several frameworks, including CSPs. Roughly speak-
ing, we eliminate variables one at a time, combining the

constraints relating to that variable into a single con-
straint, that describes the constraints induced over its
neighboring variables. We describe the process using
an example.
Example 2: Assume that the variable VI partici-
pates in three constraints: CI over {V1,V2}, C2 over
{V1, V3, V4}, and 6’3 over {VI, V2, Vs}. Then eliminating
V1 gives rise to a single constraint new constraint over
the variables {V2, V3, V4, Vs}; the set of legal values con-
tains all tuples v2, v3, v4, v5 such that there exists some
value v~ such that v~, v2, v3, v4, v5 is consistent with all
0fC1,C2,C3 (thus, for example, (V1,~3,~4) e ~2). The
reduced CSP is over all of the original variables ex-
cept V1, and contains all the original constraints except
C1, C2, C3, and also contains the newly generated con-
straint. Note that solving this CSP is equivalent to
solving the original one, since for any solution to this
new CSP, we can find a value vl for 111 that "completes"
the solution of the original problem. |
In general, we can eliminate variables one by one, until
we are left with a constraint over a single variable. If
the domain of this variable is empty, the CSP is unsat-
isfiable. Otherwise, we can pick one of its legal values,
and execute this process in reverse to gradually extend
each partial assignment to a partial assignment involv-
ing one additional variable. Note that we can also use
this algorithm to find all solutions to the CSP: at ev-
ery place where we have several legal assignments to a
variable, we pursue all of them rather than picking one.

Now, we describe the KLS algorithm, and show how
it can be viewed as a special case of this general algo-
rithm. Consider a symmetric graphical game, i.e., one
where pj ¯ ~i iff Pi ¯ ~vj. In this case, we can view the
graph associated with the game as an undirected graph,
each of whose edges corresponds to a bidirected edge in
the original directed graph. Let Afi be the neighbors of
p~ in the undirected tree. The KLS algorithm applies
only to symmetric graphical games whose underlying
graph is a tree. Give such a game and an e > 0, it
performs the following steps:
1. Repeat:
(a) Choose a leaf Pi in the tree and let j* be its (only)

neighbor.
(b) Calculate a 0-1 table T(ai, aj.) where

T(aa,ajom) = 1 iff a~ is an e-best response
to ajom.

2. Repeat:
(a) Choose a node Pi in the tree such that for all neigh-

bors j, except for a single j*, T(ai, aj) has already
been calculated. (Initially, only leaves will have
this property.)

(b) Calculate a 0-1 table T(ai, aj.) where T(aa,aj*m)
is equal to 1 if[ there exists an assignment ajm# for
all j ¯Afi - {j*) such that aa is an e-best response
to aj.m, {ajm$)jEAfi-{jo} and T(ait,ajrnj) = 1 for
all j ¯ M - {f}.

Until the process has been completed for all players
except some player Pi..
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3. Find an assignment ai-i and (aj,~j}je~f,. of the
neighbors of p~. such that ai-i is an e-best response
to {aj,n~ }jeff,. and T(a~.i,ajmj) -- 1 for all j e AZi.

4. Working backwards through the tree, we can recon-
struct an equilibrium which includes ai.t, and where
each action chosen is a best response to the actions
of its neighbors.
KLS provide two concrete versions of this general al-

gorithm. The first diseretizes the strategy space of each
player using a fine grid, providing a finite set of values
for each of the tables T(ai, aj). In this case, KLS pro-
vide a theoretical bound on the resolution of the grid
required to find an e-equilibrium for a particular value
ore.

A second version sets e = O, and maintains the tables
(ai, aj) implicitly in closed form; it thus finds all Nash
equilibria (no approximation). However, this scheme
applies only when each player has only two actions,
and even then the complexity of the table representa-
tion grows exponentially. In a follow-up paper, Kearns
et al. (Kearns, Littman, & Singh 2001b) present a more
efficient algorithm for finding a single exact equilibrium,
subject to the same condition that each player has ex-
actly two actions. Unfortunately, given that general
games may have isolated irrational equilibria, the two
exact algorithms cannot be expected to extend to the
general case.

As we mentioned, this algorithm is best understood
as a special case of variable elimination in CSPs. In
this case, the variables correspond to pairs of variables
that are neighbors in the tree. There are two sets of
constraints over these variables. The "consistency con-
straints" set contains, for each pair of variables (Pi,Pj)
and (Pi, Pj,) a constraint that guarantees that the strat-
egy assigned to Pi in both these tuples is the same. The
"best-response constraints" set contains one constraint
per player pi, which states that the strategy 8i assigned
to pi by the tuples involving pi is a best possible re-
sponse to the strategies assigned to each player by the
tuples involving Pi and each of its neighbors. Note that
this constraint involves IAf/I variables, and is therefore
typically nonbinary.

The process executed in Step 1 of the KLS algorithm
corresponds to simply computing the best-response con-
stralnt for i, which involves only the variable (p~,pj.).
The process executed in Step 2 of the KLS algorithm
corresponds to eliminating, in a single step, all of the
variables (Pi,Pj) for j ~ j*. By this point, we have
already eliminated all of the variables that share con-
straints with (Pi,Pj) except for (Pi,Pj-). Thus, the vari-
able elimination operation has the effect of simply gen-
erating a single-variable constraint over (Pi, Pj* ), which
is precisely our table T.

However, the formulation from which we can rederive
the KLS algorithm is not the only choice for formulat-
ing the e-equilibrium problem as a CSP. Indeed, there
are formulations that are arguably more natural, and
certainly that lend themselves more easily to general-
ization. In particular, in the simplest formulation, each

variable Vi corresponds to the player Pi and takes values
in the strategy space of p~. The constraints Ci ensure
that each player’s strategy is an e-best response to its
parents’ strategies. Specifically, the "legal" set for Ci is

I - < e}.

This constraint is over all of the variables in :P~ U {i}.
Note that, like the KLS algorithm, the variables in

this CSP have continuous domains, which makes it dif-
ficult to solve. We can adopt one of the solutions pro-
posed by KLS, which is to discretize the domains of the
variables, e.g., by gridding the space.

We can easily perform variable elimination over this
formulation; for undirected trees, using an "outside-in"
elimination order, the algorithm ends up being quite
similar to the KLS algorithm.2 However, this algorithm
also applies as is to graphical games that are not trees,
and to asymmetric games. Furthermore, the realization
that our algorithms are simply solving a CSP opens the
door to the application of alternative CSP algorithms
to this task, some of which might perform better in
certain types of games.

In particular, this perspective allows us to modify
the algorithm in an even more fundamental way. Note
that the value of e is used in all variants of the CSP
algorithm to define the constraints (or the tables in the
KLS algorithm); if we run the algorithm with too coarse
a grid, the algorithm might return an answer that says
that no such equilibrium exists. Thus, to be sure of
obtaining an e-optimal equilibrium, we must choose the
grid according to the bound provided by KLS, which is
usually extremely pessimistic and leads to unreasonably
fine grids. This is particularly problematic, as the CSP
size grows exponentially with the maximum family size
(number of neighbors of a node), where the base of the
exponent is the density of the discretization; this can
quickly lead to intractable problems if a fine grid is
desired.

However, a variant of the variable elimination algo-
rithm can be used to avoid this difficulty. Roughly
speaking, rather than trying to find an approximate
equilibrium that satisfies a given e bound, we can take
a given grid and find the best e bound that can be
found over that grid. More specifically, we modify the
"constraints" so that instead of storing a bit indicat-
ing whether we can complete an e-optimal equilibrium
using the given partial assignment, we store the min-
imum e for which an epsilon-optimal equilibrium can
be completed. When combining constraints, instead of
requiring that all relevant table entries must be 1, we
take the maximum over all relevant table entries. We
omit details for lack of space. Using this modification,
however, we can define a grid in any way we choose and
then find the best e for which an e-optimal equilibrium

2Its one disadvantage is that we have to explicitly gener-
ate tables over the node and its neighbors, which is not more
expensive in terms of time but does require more space.
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is achievable over the strategies in the grid. We call this
approach a cost-minimization problem (CMP).

Finally, note that all of the variable elimination al-
gorithms naturally use local message passing between
players in the game. In the tree-structured games,
the communication directly follows the structure of the
graphical game. In more complex games, the variable
elimination process might lead to interactions between
players that are not a priori directly related to each
other (as in Example 2). In general, the communica-
tion will be along edges in the triangulated graph of
the graphical game (Lauritzen & Spiegelhalter 1988).
However, the communication tends to stay localized to
"regions" in the graph, except for graphs with many
direct interactions between "remote" players.

5 Hybrid algorithms
We now present two algorithms that combine ideas from
the two techniques presented above, and which have
some of the advantages of both.

5.1 Approximate equilibrium refinement

One problem with the CSP algorithm is the rapid
growth of the tables, as the grid resolution increases.
One simple approach is to find an approximate equi-
librium using some method, and then to construct a
fine grid around the region of the approximate equi-
librium strategy profile, and use another algorithm to
find a better equilibrium over that grid. We can find
a more refined equilibrium using either the CSP, where
we select a smaller value of e and pick the grid size
accordingly, or simply by running the CMP algorithm
to find the best e available within this finer grid. We
also have the choice of algorithm in constructing our
starting point for refinement: We can find an initial
approximate equilibrium using either the hill-climbing
algorithm, or the CSP or CMP algorithms.

Note that this strategy, even if iterated, does not
guarantee that the quality of our equilibrium will im-
prove until we get to an exact equilibrium. In some
cases, our first equilibrium might be at a region where
there is a local minimum of the cost function, but no
equilibrium. In this case, the more refined search may
improve the quality of the approximate equilibrium, but
will not lead to finding an exact equilibrium.

5.2 Subgame decomposition

It is often easier to solve small problems than large ones,
and we might expect that the same is true for games.
So, perhaps we can split our game into several sub-
games, solve each separately, and then combine the re-
sults to get an equilibrium for the entire game. We can
implement this general scheme using an approach that
is motivated by the clique tree algorithm for Bayesian
network inference (Lauritzen & Spiegelhalter 1988).

To understand the intuition, consider a game which is
composed of two almost independent subgames. Specif-
ically, we can divide the players into two groups C1 and

C2 whose only overlap is the single player pl. We as-
sume that the games are independent given Pi, in other
words, for any j ~ i, if pj E Ck, then ~Pj C Ck.

If we fix a strategy 0i of Pi, then the two halves
of the game no longer interact. Specifically, we can
find an equilibrium for the players in Ck, ensuring that
the players’ strategies are a best response both to each
other’s strategies and to 0i, without consider the strate-
gies of players in the other cluster. However, we must
make sure that these equilibria will actually combine
to form an equilibrium for the entire game. To guar-
antee that, all of the players’ strategies must be a best
response to the strategy profiles of their parents. Our
decomposition guarantees that property for all the play-
ers besides p~, but we need to also guarantee the best
response for p~. This requirement leads to two prob-
lems. First, it may be the case that for a particular
strategy choice of Pi, there is no total equilibrium, and
thus we may have to try several (or all) of its strate-
gies in order to find an equilibrium. Second, if Pi has
parents in both subgames, we must consider both sub-
games when reasoning about p~, eliminating our ability
to decouple them. Our algorithm below addresses both
of these difficulties.

The basic idea is as follows. We decompose the graph
into a set of overlapping clusters CI .... ,Ct, where
each Cz C_ {Pl, .... p,~}. These dusters are organized
into a tree T, along which the clusters communicate
their conclusions to neighboring clusters. If C! and C,n
are two neighboring dusters, we define St,n to be the
intersection ClnCm. Ifpi E C,n is such that Pi C_ Cm,
then we say that Pi is associated with Cm. If all of a
node’s parents are contained in two clusters (and are
therefore in the separator between them), we associate
it arbitrarily with one cluster or the other.

Definition 3: We say that 7" is a cluster tree for our
graphical game if the following conditions hold:

¯ Running intersection: If Pi E Ci and p~ ECm
then Pi is also in every Co which is on the (unique)
path in 7- between Cl and Cm.

¯ No interaction: All Pi are associated with a cluster.

Note that the no interaction condition implies that all
parents of a node Pi in a separator S~,n either all belong
to Cl or all belong to Cm. Thus, the best response
criterion for players in the separator involves at most
one of the two neighboring dusters, thereby eliminating
the interaction with both subgames.

We now need to find an an assignment to the sep-
arator strategies which is consistent with some global
equilibrium. Our basic insight is that we can define
a CSP over the variables in separators that tests the
global equilibrium property. More specifically, we have
one CSP variable for each separator Stm, whose value
space are joint strategies Os~ for the players in the sep-
arator. We have a binary constraint for every pair of
neighboring separators Stm and Smo which is satisfied
iif there exists a strategy profile 0 for Cm for which the
following conditions hold:
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1. 8 is consistent with the separators Os~ and Os~o.
2. For each Pi associated with Cm, the strategy Oi is an

e-best response to 0p~; note that all of pi’s parents
are in Cm, so their strategies are specified.

It is easy to see that an assignment Os~ for the sep-
arators that satisfies all these constraints is consistent
with an approximate global equilibrium. First, the con-
straints assert that there is a way of completing the
partial strategy profile with a strategy profile for the
players in the clusters. Second, the running intersection
property implies that if a player appears in two clusters,
it appears in every separator along the way; condition
(1) then implies that the same strategy is assigned 
that player in all the clusters where it appears. Finally,
according to the no interaction condition, each player is
associated with some cluster, and that cluster specifies
the strategies of its parents. Condition (2) then tells 
that this player’s strategy is an e-best response to its
parents. As all players are playing e-best responses, the
overall strategy profile is an equilibrium.

There remains the question of how we determine the
existence of an approximate equilibrium within a clus-
ter given strategy profiles for the separators. If we use
the CSP algorithm, we have gained nothing: using vari-
able elimination within each cluster is equivalent to us-
ing variable elimination (using some particular order-
ing) over the entire CSP. However, we can solve each
subgame using our hill climbing approach, giving us
yet another hybrid algorithm -- one where a CSP ap-
proach is used to combine the answers obtained by the
hill-climbing algorithm in different clusters.

6 Results
We evaluated implementations of the hill climbing algo-
rithm on undirected graphs and the cost-minimization
(CMP) algorithm on undirected trees. The evaluation
metrics used are running time and the maximum over
all nodes of the distance to best-response, i.e., the e in
the achieved e-approximate equilibrium.

There are a large number of possible tests which could
be performed for hill climbing. For hill climbing, we re-
stricted the class of games to (undirected) graphs which
have a maximum degree of 3, and in which each player
has two possible actions. Each test is over 10 differ-
ent randomly generated games (both the structure and
parameters are chosen randomly).

There are a variety of techniques which can be used to
improve hill climbing algorithms. Two important tech-
niques used in our implementation are random restarts
and random moves. Since we need to seed hill climbing
with an initial policy, we have the opportunity to try
several different initial policies on the same game and
choose the best resulting equilibrium from among the
results. Fig. l(a), which lists the quality of equilibria
found for 500-node games, indicates that we gain a sig-
nificant improvement in equilibrium quality by choos-
ing two starting points but less for additional starting
points. Thus, in the remaining tests we chose two ran-

dom starting points for each game. The frequency of
random moves can have a large impact both on running
time and solution quality; for these tests, we fixed the
probability of a random move at 0.05.

Fig. l(b) and (c) show the running time and solution
quality for varying numbers of nodes. The running time
seems to scale approximately linearly with the number
of nodes. Unfortunately, the solution quality decreases
with the size of the game.

We tested the CMP algorithm on complete trees with
a fixed degree (family size), although we varied the de-
gree for different tests. For a fixed family size, there is
a single parameter which determines the running time
of the CMP algorithm: the number of values per policy.
Fig. 2(a) examines the running time of this algorithm
on 5-player star-structured games. The running time of
this algorithm increases significantly with the number
of values. One important thing to note about these re-
suits is the large difference between the minimum and
maximum times for larger numbers of values. The large
maximum time corresponds to the fact that the root of
the tree used in the CSP algorithm is chosen randomly;
when the center of the star is chosen, the algorithm is
much slower.

Fig. 2(b) shows the quality of the solution on this
family of games. It indicates, not surprisingly, that the
quality of the equilibrium increases with the number
of samples. More surprising is the high quality of the
equilibrium found even for very coarse grids. We believe
this phenomenon to be more of an indication that many
tree-structured games have pure equilibria.

Finally, Fig. 2(c) looks at larger trees, and considers
the effects of varying the branching factor (and thus the
maximum family size) of the tree for 500 node games
with 3 values per policy. The performance of the al-
gorithm degrades quickly as the maximum family size
increases. As we would expect, the running time of the
CMP-algorithm is linear in the number of nodes, pro-
vided the branching factor is kept constant. We also
found that the quality of the equilibria found degrades
somewhat with the size of the game.

Overall, our results show that the hill climbing scales
well with game size. The equilibria found were sur-
prisingly good, although improving the quality of the
equilibria is definitely a topic for further work. In the
special case of undirected trees, the CSP algorithm per-
forms fairly well, provided that the number of values
per policy is kept low. Surprisingly, fairly good equi-
libria can be found using a very coarse discretization.
We have yet to determine the extent to which this phe-
nomenon extends to other choices of the utility param-
eters (e.g., ones sampled from a different distribution),
and to games that are not trees.

7 Discussion
In this paper, we considered the problem of collabora-
tively finding approximate equilibria in a situation- in-
volving multiple interacting agents. We focused on the
idea of exploiting the locality of interaction between
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(a) (b) (c)

Figure 1: Hill climbing graphs: (a) Quality of answer as function of number of different starting points; (b) Error
for varying number of players; (c) Running time for varying number of players.

o .:...:,.__:....:...__,:.,. o .:.....__:..2;...,:. ,. o

(a) (b) (c)

Figure 2: Cost minimization graphs: (a) Running time on 5-player stars as grid density varies; (b) Quality of answer
on 5-player stars as grid density varies; (c) Approximate running time on 50(}-node trees, aa family size changes.

agents in complex settings. We used graphical games
as an explicit representation of this structure, and pro-
vided two algorithms that exploit this structure to sup-
port solution algorithms that are both computationally
efficient and allow distributed collaborative computa-
tion that respects the "lines of communication" between
the agents. We showed that our techniques are capable
of providing reasonably good solutions for games with
a very large number of agents.

There are many ways to extend this work. Most ob-
viously, substantial experimentation is required with
the various algorithms we proposed, in order to eval-
uate their suitability and tradeoffs for different types of
games. It is also important to experiment with real
games, to test how the regularities and structure of
real games impacts the results. Finally, we believe that
our techniques can be applied much more broadly; in
particular, we plan to apply them in the much richer
multi-agent influence diagram framework of KoUer and
Milch (Koller & Milch 2001), which provides a struc-
tured representation, similar to graphical games, but for
substantially more complex situations involving time
and information.
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