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Introduction
We consider the problem of controlling hundreds of robots
to perform a task in concert. This problem presents many
fundamental issues to robotics, control theory and computer
science. With a great number of robots, decentralization is
critical due to the cost of communication and the need for
fault tolerance. In decentralized control, each robot should
act based only on information local to it. It then becomes
difficult, however, to guarantee or even derive the behavior
of the entire system given the behaviors of the individual
components. In this paper we address this difficulty in a
novel way: We begin with a specification of an assembly and
develop methods that allow us to automatically synthesize
individual behaviors so that they are guaranteed to produce
the desired global behavior.

Specifically, we consider the task of assembling many
disk-shaped parts in the plane into copies of a prescribed
assembly (formation), which is specified by a graph. We 
not allow the parts to collide, making the task more difficult
due to the non-trivial topology of the resulting 2n dimen-
sional configuration space. As shown in Figure 1 we sup-
pose that each part can move itself and can play any role
in an assembly, which makes the task particularly rich. We
first demonstrate a means of synthesizing from the speci-
fied assembly, a set of identical controllers for the parts to
run which have the net effect of moving the parts to form
copies of the specified assembly without colliding. The idea
is that parts should join together to into subassemblies which
should in turn join together to make larger assemblies and so
on.

In (Klavins 2002) we introduce algorithms, summarized
here, which perform the synthesis procedure described
above. These algorithms are deployed in simulation and
their performance is analyzed emperically. In (Klavins
2001), also summarized here, we give a proof of correct-
ness of the algorithm with respect to a discrete model of the
dynamics. We are currently attempting to extend this proof
to the full hybrid dynamics described in (Klavins 2002).

Related Research
We are most strongly inspired by the work of Whitesides
and his group (Bowden et aL 1999; Breen et al. 1999)
in meso-scale self-assembly. In this work, small, regu-
lar plastic tiles with hydrophobic or hydrophylic edges are
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Figure 1: The goal of the assembly problem. Each disk
shaped part must move from its initial position (a) to a posi-
tion in a a copy of the specified assembly (b). Dashed lines
show the resulting adjacency relationship E. There may be
leftover parts.

placed on the surface of some liquid and gently shaken.
Tiles with hydrophobic edges are attracted along those edges
while hydrophylic edges repel. Striking "crystals" emerge as
larger and larger structures self assemble. By using different
shapes and edge types, different gross structures can be cre-
ated. At least two next steps are apparent. First, these and
similar methods generally produce arrays or lattices of parts,
meaning that there is no way to terminate a regular pattern
at, say, a 5 x 5 array of parts. Second, there is no known
formal method of starting with a specification of the desired
emergent structure and devising the structure of the individ-
ual parts. In this paper we address both of these issues by
supposing that each part can run aprograrn that tells it when
to join with another part, and when to repel it, based on an
appropriately synthesized lookup table.
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The Problem

We consider a simple form of assembly process by assuming
that parts are programmable and able to sense the position
and state of other nearby parts. We start with m disk-shaped
parts (of radius r) confined to move in 2. Denote the posi-
tion of part i by the vector xi. We desire that each part move
smoothly, without colliding with other parts, so that all n
parts eventually take some role in an assembly or formation.
This is shown graphically in Figure 1. For simplicity, we
assume that the dynamics of each disk are given by ~ ---- ui.

Let G = (V, E) be a finite undirected, acyclic graph 
tree). We will call such a graph an assembly. Suppose G =
(V, E) with [VI = n and first consider the case where ra 
n. The problem is to produce a control algorithm to be used
by each part that will control the m parts to move, without
colliding, from arbitrary initial conditions to positions such
that there exists a permutation h of { 1, ..., m} such that

I. If {h(i),h(j)} E Ethend,~br-e < lixi-xjl[ < k,~t~+e;

2. If {h(i), h(j)} ¢ E then ]]xi - xj][ dnbr.

Here d,b~ > 0 and e > 0 are parameters. The image h(i)
of i is called the role of i in the assembly. We furthermore
require that these assemblies be stable to disturbances in the
sense that the set of points z~ .... , z,n satisfying the above
conditions is an attractor of the closed loop dynamics we
will construct. If m = kn for some k E Z then we still
require the above except now with respect to a disjoint union
of k copies of G. And of course, if m is not a multiple
of n, then we require that as many parts as possible form
assemblies in the obvious way.

We note that not all trees can be embedded in the plane in
such a way that neighbors are distance dnbr apart and non-
neighbors are distance greater than dnbr apart. For simplic-
ity in what follows, we restrict the assemblies we specify to
those that can be so embedded.

Controller Structure

In general we will assume that parts have limited sensing
and communication capabilities and we allow them to store
a discrete state, si, along with their control programs. In
particular, we assume that part i can sense its own position
and the positions and discrete states of other parts within
some range d,,,~,= > 0 of xi.

The methods we develop below will, given a description
of the desired assembly structure, synthesize a hybrid con-
troller Hi of the form shown in Figure 2. The goal is that
when each pan runs a copy of Hi (from different initial con-
ditions), the parts will self assemble.

The controller Hi is described by a continuous control
law Fi, a predicate A called the attraction predicate and a
discrete update rule y. Fi describes the force that the part
should apply to itself. A(si,sj) {t rue, fa lse} deter-
mines whether parts i and j with states si and sj should
try to become neighbors, thereby forming a larger assembly.
The update rule 9(si, sj, s~) determines the new discrete
state of pan k based on the joining of parts i and j. Loosely,
the operation of Hi is as follows. Pan i starts with some
initial position xi(O), the initial state si(O) = (1, 1) 

geceivedstate update (st,sa)
st +- g(s,,s.s,)

Figure 2: The structure of the hybrid controller that is con-
structed by the compilation scheme in this paper. Arcs de-
note transitions and are labeled by a predicate/action pair.
When an arc’s predicate becomes true, the action is taken
and control transfers from the source of the arc to the target
of the arc.

neighbors. It then applies the control force Fi(x, ~1, s) to it-
self until either a new neighbor is detected or it receives a
state update from a neighbor. Here x, ~ and s are m dimen-
sional vectors describing the complete state of the system,
However, Fi may only use the states of the parts within dis-
tance dm~z of part i. The force Fi is computed based on
the position, velocity and discrete state of part i and on the
discrete states of the sensed parts.

The task of an automatic synthesis procedure, performed
by what we are calling a compiler, is to take a description
Gspec of a desired assembly and produce Hi -- in this case,
F~, .it and g. The construction of A and 9 are described next
and the construction of F~, which requires A, is discussed
after that.

Compilation of Assembly Rules from
Specifications

An assembly can be specified simply by listing which roles
in the assembly are adjacent -- that is, by a graph. As men-
tioned above, we restrict ourselves to the situation where
the adjacency graphs are trees, leaving the detail of arbi-
trary graphs to future work. In any case, we believe that
assembling an arbitrary graph will start with the assembly
of a spanning tree of that graph.

The goal of this section is to produce the attraction pred-
icate A and the update rule g from a specified assembly
Gsz,~c = (V~p~, E,~), which we assume is a tree. This
requires first generating a set of subassemblies of Gs~e and
then compiling A and 9 from the set.

Discrete State of a Part
We intend that the parts control themselves to first form sub-
assemblies of G~pe~, and from those subassemblies form
larger subassemblies and so on until G,pec is finally formed.
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The discrete state of a part must, therefore, include a ref-
erence to the subassembly in which it currently plays a
role. To this end, we build a list of the particular (con-
nected) subassemblies we will allow: 9 = {G1, ..., Gp}.
We require that each Gi ¢ S is of the form (V~, Ei) where
l~ -- {1 .... , {V~{} and Ei C I~ x Vii. Although this repre-
sentation of subgraphs in 9 is arbitrary, because the vertices
in ~ could have been named in other ways, some cormnon
scheme is required for a graceful definition of the states of
parts. The list 9 can be built in various ways. The most ob-
vious way is to include all O(2n) subassemblies in the list.
As expalined in (Klavins 2002), a satisfactory list can also
be built of size O(n).

The discrete state of a part consists of a pair si = (j, k) 
Z2 where j is the index of a subassembly in 9 and k E ~ is a
role in that subassembly. We denote the graph obtained from
G1 and G2 by joining a vertex i E G1 to a vertex j E G2 by
Gl.i ~ G2.j.

Generating Update Rules

From an assembly set S, we can state the definition of A
simply:

Definition 1 Given S, the attraction predicate J[ is defined
as

A(si, sj) = true ~ 3 G E 9 such that si ¯ sj "~ G.

The symbol _~ denotes graph isomorphism. We can also
define the update rule g.

Definition 2 Given S and states si and sj with A(si, sy) 
true, the update rule g is defined as follows. Suppose G "~
s~ ~ sj has index k in ~, suppose h : si ¯ sj --~ G witnesses
this isomorphism and suppose si = (a, b). Then

g(si,sj, sl) -- (k,h(b’))

where ¥ e V(si ~ sj) is the name of vertex b after taking
disjoint unions in of the $ operation. If A(si, sj) = false
then the update rule is not defined: g( si, sj, sl ) "-- .1_.

The procedure for determining the values of J[ and g re-
quire determining tree isomorphisms -- which, although
tractable (Reyner 1977) is likely too time consuming to 
done online. We can, however, perform all the necessary
computations offline by compiling 9 into a table. The re-
sult is that Hi can make all discrete transitions essentially
instantaneously because all that is required is a table look-
up. Furthermore, the size of the table is O([~[2n3). [~[ can
taken to be ca, so that even complicated assemblies require
only O(ns) storage. The details are given in (Klavins 2002).

Implementation of Assembly Rules

Completing the controller Hi shown in Figure 2 requires a
definition of F/as well as some method by which parts can
communicate. In this section we define an Fi and assume
a simple communications scheme that works in simulation
and about which we have a preliminary analytical under-
standing. We suppose that parts can only communicate with
their neighbors.

An Example Implementation
For each part i, we can decide, using ./t, whether part i
should move toward j or not. To this end define

sCi) = {j I llxi- z~ll < din,x}
Attract(i) = ({j I A(si, sj)} U Nbrs(i)) n 

Repel(i) = ({j I -~(si,s~)} - Nbrs(i)) n 

S(i) is the set of parts that i can sense. Note that these
sets are easily computed from a table compiled from a given
G~p~. One way of forming the control law Fi is to sum, for
each j E Attract(i) a vector field Fatt which has an equilib-
rium set at distance dnb~ from xj and for each j E Repel(i)
a vector field F~p which has xj as a repellor.

For the complete control law we use

Fi(x, ~, s) E F.tt (zi, x j)
jEAttract(i)

+ ~ F~,~(zi,zj)-bxi O)
j E Repel( i 

where b > 0 is a damping parameter. In practice
we assume a maximum actuator force, setting ui --
max{u,naz, Fi (x, ~, s)}.

We have built a simulation environment for the above
system and investigated a variety of initial conditions,
with varying numbers of agents (from tens to hun-
dreds), and various specifications of the desired as-
sembly Gsp~c. Some simulations can be viewed at
http://www.cs.caltech.edu/,-,klavins/rda/.

Two deadlock situations arose in our initial simulations.
First, F may have spurious stable equilibriums which pre-
vent attracting pairs from moving toward each other. Sec-
ond, it is possible that the set of currently formed subassem-
blies admit no joins in 9. That is, it may be that at some time
there do not exist parts i and j such that Jt(si, sj) is true.

To avoid these situations, we employ a simple deadlock
avoidance method. For each subassembly Gk E S we define
a stale time stale(k) E R. Any subassembly that has not
changed state within stale(i) seconds of its formation time
should (1) break apart, setting the state of each part in it 
(1, 1) and (2) have each part "ignore" other parts from 
same assembly for stale(k) seconds. If kspe~ is the index of
G, vee in 9, we set stale(kspee) = ~¢. The result is a new
controller Hd,i that checks for staleness and implements (1)
and (2) above, but is otherwise similar to Hi in Figure 
We also change the definitions of Attract(i) and Repel(i).
Suppose that Ignore(i) is the set of all part indices that part
i is presently ignoring due to a staleness break-up. Then

Attractd(i) = Attract(i)- Ignore(i)

Repeld(i) = Repel(i) - Ignore(i).

Fi is then changed accordingly. Using this deadlock avoid-
ante measure, we have not yet seen a set of initial condi-
tions for any Gspec we tried for which our simulation did
not converge upon the maximum possible number of parts
playing roles in a final assembly, except when partial assem-
blies were out of sensor range of parts needed to complete
them.
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Figure 3: Comparison of assembly times for Salt and GA~,I.
Each dam point represents 50 simulations of 110 parts.

Analytical Results

In (Kiavins 2001) we describe a discrete model of assembly,
which includes the deadlock avoidence method described
above, and show Theorem h Every run of the system re-
suits in a maximal number of parts being correctly assem-
bled. The model is, roughly, as follows: There are no con-
tinuous dynamics. Each pan starts out in state (1, 1) with
no neighbors. At each step, a compatible pair (according to
A) of subassemblies is chosen from the set of all subassem-
blies to be joined. If no such assembly exists, the smallest
non-final assembly is broken up into single-pan assemblies
and the system proceeds. A lemma is then shown that in
each "epoch" of the system, the number of subassemblies is
reduced by at least one. The theorem is then

Theorem 1 Every sequence of the above discrete system
ends with a maximum number of final assembles being
formed.

The proof is presented formally in (Klavins 2001).

Assembly Complexity and Performance

It is informative to consider the time it takes until pm parts
are in final assemblies (p E (0, 1]. We call this the time to
p-completion. Figure 3 shows the affect of the size of 9 on
the time to p-completion for different values ofp.

Another factor that affects performance is the complex-
ity of the specified tree Gspee, although we must be care-
ful about what we mean by this. Intuitively it seems that
a straight line tree is less complex than a tree with more
branches. This is because of the way assembly occurs in our
system. A pan may attracted to another but repelled (pos-
sibly) by its neighbors. The more neighbors the latter part
has, the more "difficult" it is for the former part to approach
it. Thus, we come up with a complexity measure ~(G) of 
graph that penalizes high branching factors thereby describ-
ing how "crowded" it is likely to get during assembly. Let

Figure 4: Time to p-completion versus s(G) for each of the
assemblies of size six, for p E {0.2, 0.6}.
Each data point represents 100 simulations of 42 parts.

i E V(G) and define d(i) = {j [ {i,j} E E(G)}. Set
7t

K(G) ~ d(i)2"
i=l

Figure 4 shows the time to p-completion versus it(G) for
each possible assembly of size six, for p E {0.2, 0.6}.

Conclusion
Although Theorem I and simulations suggest that the imple-
mentation (particular choice of F/) combined with the dead-
lock avoidance procedure produces controllers that assemble
a maximum number of parts safely (without collisions), this
must be verified analytically: A substantial problem requir-
ing possibly new tools in hybrid systems analysis.

There are two reasons for considering only tree shaped
assemblies over arbitrary (planar) graphs. First, tree isomor-
phism (required at several steps in the synthesis procedure)
is polynomial in the number of vertices, whereas graph iso-
morphism is (likely) exponential. Second, arbitrary graphs
require certain embeddings of their subassemblies in order
to assemble themselves. For example, suppose we assemble
a graph by first assembling a spanning tree of the graph and
then "closing" it. If we require the closing procedure to re-
spect the d, br distance requirements we have used, then the
tree can not cross over itself while closing. This means the
tree must assemble to an appropriate embedding class -- a
constraint we cannot yet deal with, but plan to address soon.

Besides exploring the complexity and performance mea-
sures we introduced analytically, many variations on the
theme presented here should also be explored: hierarchical
assembly with intermediate goal assemblies, three dimen-
sional assembly (which has fewer "closing" problems than
in two dimensions), assembly of non-homogeneous pans,
assembly of pans with complex dynamics (e.g. nonholo-
nomic), and so on. Finally, we are exploring hardware im-
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plementations of these algorithms so that the issues of asyn-
chronous processing, inaccurate sensors and faulty commu-
nications may be realistically addressed.
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