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Abstract 

A shape grammar provides the means to 
synthesize designs in the language defined by its 
rules through automated or human interaction.  
Shape grammar interpreters provide a quick 
method to move a shape grammar from paper to 
an implemented design synthesis tool.  In this 
paper, a method of shape addition, subtraction, 
and matching for two-dimensional shapes 
consisting of curved and straight lines is 
outlined.  Some results from three implemented 
shape grammars are shown and their uses are 
discussed. 
 

Introduction 
A shape grammar provides a formal method for 
the construction of shapes.  Knowledge is 
encoded within a grammar in the shapes that 
define its rules.  Synthesizing designs in the 
language defined by the grammar is a matter of 
applying rules beginning with an initial shape 
and finishing with a terminating rule.  
Implementing a shape grammar is done with an 
interpreter which allows either a user or AI 
system to work interactively with the grammar. 

Representation of products with a shape 
grammar is limited by the technology available 
to implement the grammar.  A shape grammar 
interpreter must provide the means to add, 
subtract, and perform subshape matching in 
order to implement a grammar.  Previous 
methods defined these operations for non-
parametric shapes including lines in a plane and 
lines in three dimensions.  We have defined a 
method for subshape matching of parametric 
shapes consisting of lines in a plane in addition 
to a method for matching parametric shapes 
consisting of curves in a plane.  Extending the 
types of shapes that can be implemented 
increases the representational power of shape 
grammars and their usefulness. 
 

Mechanics of a Shape Grammar 
Shape grammars originated in the architectural 
field from work done by Stiny and Gips (1972) 
where they were used to capture the style of 
Queen Anne houses (Flemming 1987) and 
articulate the rules of Frank Lloyd Wright’s 
prairie house (Koning and Eizenberg 1981), 
among other applications.  Shape grammars can 
be classified as a production system (Stiny and 
Gips 1980) containing all of the necessary parts, 
objects, system definition, and an interpretive 
mechanism.  A shape grammar rule takes the 
form of A B, where A and B are both shapes.  
The rule is applicable to a shape C if there exists 
a transformation τ, such that τ(A) < C, where < 
is the operator that determines the existance of a 
subshape.  The rule is then applied by 
subtracting the transformed instance of shape A 
from shape C and adding a similarly transformed 
shape B, C - τ(A) + τ(B). 

Shape grammars offer more than a 
combinatorial production of shapes as a result of 
rule applications.  The interpretive mechanism of 
shapes combined with the properties of shape 
addition allow for the emergence of shape, which 
is the key to generating creative designs from a 
fixed set of rules (Mitchell 2001).  An example 
of emergence can be seen in the classic shape 
computation of Stiny (2001).  The rule in Figure 
1 is applied nine times in Figure 2, beginning 
with shape a.  Shape a is composed of three 
triangles, but as the sequence is computed, the 
number of triangles changes.  Shape d in Figure 
2 has an ambiguous number of shapes as does 
shape f while shape e consists of a pair of 
triangles.  In all three of these shapes (d, e, f), 
new triangles emerge to provide new directions 
for rule application.  Without subshape 
recognition the creativity in this sequence would 
not be possible. 
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Figure 1: A shape grammar rule that rotates a 
triangle about its center. 

        
       (a)    (b)              (c)  

 
        (d)         (e)     (f) 

 
       (g)       (h)    (i) 
Figure 2: A sequence of rule applications from 
Stiny (2001). 

 
Shape Grammar Interpreters 

A system that can perform addition, subtraction, 
and recognition operations on shape as well as 
interface with a human user or automated 
function is called an interpreter.  Interpreters can 
implement any shape grammar whose shapes are 
limited to the restrictions implied by the shape 
operations.  Shape grammar interpreters provide 
a quick method to move a shape grammar from 
paper to an implemented design synthesis tool.  
Krishnamurti (1980) described a method for non-
parametric subshape recognition of lines in two 
and three dimensions as well as shape addition 
and subtraction.  A method for parametric 
subshape matching of shapes consisting of lines 
in a plane was presented by McCormack and 
Cagan (2002b) and is outlined here. 

In our approach, parametric shape 
recognition is achieved through a decomposition 
of shapes into a hierarchy of subshapes ordered 
by their decreasing restrictions.  Instances of 
each of the subshapes are individually located in 
the design shape and then reconstructed to form 
an instance of the entire shape.  The basis for the 
hierarchy of subshapes can be specified by the 
designer or based on the default parameter 
relations that come from architectural and 
engineering knowledge.  The levels of the 
hierarchy are defined so that the most 
constrained lines of a shape are those lines that 
the designer intended exactly.  These most 
constrained lines have specified parametric 

relations to other line segments and those 
relations, if altered, will compromise the 
designer’s intentions.  Conversely, the lowest 
level of the hierarchy, which contains the least 
constrained line segments, only implies a 
specific connectivity between line segments, 
necessitating a vaster search.   

Shape recognition is accomplished by 
repeating a three-step process for each of the 
subshapes of the decomposed left-hand side 
shape (shape a in Figure 2) of the rule.  The three 
steps of the process are 1) finding subshapes in 
the active shape, 2) subtracting the subshapes 
from the active shape, and 3) then adding labels 
to a) the overlapping points of the decomposed 
left-hand side shapes and b) points in the active 
shape equal in location to the transformed, 
labeled points in the decomposed left-hand side 
shape. 

 
    (a)      (b)  

Figure 3: rule a  b. 
Shape a in Figure 3 decomposes into two 

subshapes, s1 and s2 (Figure 4).  The subshape 
intersection points are labeled xi,j in order to 
reassemble pieces found during the shape search. 
The subscript i is the less constrained subshape 
grouping number and j is a counter used to 
differentiate points shared by the same 
subshapes.  Based on the default hierarchy of 
transformations, the s1 subshape is searched for 
in the target shape (Figure 5) using translation, 
rotation, and isotropic scaling to preserve the 
symmetry of the square.  The search for the s1 
shape produces a set of four squares (Figure 6) in 
the same position but with different orientations.  
The subshape reassembly labels (xi,j) are ignored 
for points shared with less constrained subshapes 
during the search.  For example, the labels on 
points shared between s1 and s2 subshapes are 
ignored (yet preserved) during the s1 subshape 
search but are not ignored during the s2 search. 

s1

s2

x2, 1

x2, 1

x2, 2

x2, 2

 
Figure 4: shapes s1 and s2 with shared endpoints 
labeled. 

 



  
Figure 5: the target shape (shape c0), coordinate 
system provides spatial reference. 

 
Figure 6: the set of shapes S1, the dots show 
orientation. 
 

Subtracting the four matching squares from 
the target shape and labeling the locations of the 
shared points results in the set of shapes in 
Figure 7.  The matching continues with a search 
for the labeled s2 shape in the altered target 
shapes (Figure 7).  Matches are found in each of 
the shapes in the top two rows.  Combining these 
four matches with the corresponding shapes from 
the s1 search results in two unique matches of the 
entire shape a (Figure 8).  If there were 
additional subshapes of shape a (s3 and/or s4 for 
the default hierarchy), the search would continue 
until the subshape groupings were exhausted or 
subshapes could not be found for a grouping.  
Additional details of the shape recognition 
scheme are found in McCormack and Cagan 
(2002b). 
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Figure 7: the shapes in set C1 with shared points 
labeled. 

 
Figure 8: instances of shape a. 

 
Applying rules from a curve-based 

grammar uses the established formula: 
if τ(a) < c then c – τ(a) + τ(b), 

where a and b are shapes that define a rule and c 
is the shape being constructed.  This leaves three 
operations to be defined for curved line 
segments: addition, subtraction, and shape 
recognition.  Subshape matching is outlined in 
this paper while the methods for addition and 
subtraction are not shown, but are similar to 
those for straight lines. 

Shape recognition of curves can use a 
hierarchy similar to that used for straight lines.  
By dividing a shape into subshapes, relations 
between subshapes can be maintained while 
searching for matches.  An example similar to 
the classical shape matching problem of 
intersecting squares can be used to demonstrate 
the shape matching process.  Figure 9 contains 
the target shape, three intersecting circles.  The 
triangle around each circle is the characteristic 
polygon used to define the circle.  The shape 
being searched for is the shield shape in Figure 
10.  Again the straight lines represent the 
characteristic polygon.  Matching the shield 
within the intersecting circles requires matching 
the actual curves and not simply the 

 



characteristic polygon because the line segment 
that we wish to match in the target does not have 
a control polygon specifically for it and the 
representation of the arcs that compose the circle 
is not unique.  Figure 11 contains two sets of 
intersecting circles equal to the one in Figure 9 
but with different characteristic polygons.  

 
Figure 9:  The target shape. 

 
Figure 10:  The shield shape. 

 

 

 
Figure 11:  Equivalent target shapes with 
different characteristic polygons. 
 

Finding the shield shape begins by 
determining the distinct points in the shield and 
the target shapes.  Distinct points arise from line 
segment intersections and endpoints.  Further 
specificity concerning the type of the intersection 
will reduce the computation time.  From the 
distinct points, distinct shapes can be formed 
which match the topology of the curved shape 
and contain at least as much symmetry as the 
curved shape.  The distinct shape of the shield is 

shown in Figure 12 and the distinct shape of the 
target in Figure 13.  

 
Figure 12:  The distinct shape of the shield is an 
equilateral triangle. 

 
Figure 13:  The distinct shape of the target 

is a set of triangles. 
 
The shield shape can now be decomposed 

into a hierarchy of subshapes in order that 
specific shape features are preserved during the 
matching.  The shape features are determined by 
examining the curve because the distinct shape 
may mask the lack of symmetry actually present 
in the shape.  A shape whose distinct shape is the 
same as Figure 10 but whose curved lines lack 
symmetry is shown in Figure 14.  A simple 
hierarchy for curved shape matching is seen in 
Table 1.  This hierarchy serves as a default 
approach that handles symmetry but not issues of 
continuity beyond endpoint sharing between 
endpoints.  Other hierarchies can be created by 
the grammar rule writer, as the rules are being 
created to meet the shape matching needs of the 
grammar.  

 
Figure 14:  Symmetry of the shape must come 
from the curved lines because of the information 
lost in the distinct shape representation. 
 
 
 
 
 
 

 



 
Table 1: 
Hierarchy 

level 

 

Spatial 

relations 

preserved 

Transformations 

allowed 

1 Symmetry in 

more than one 

direction 

Translation, 

rotation, isotropic 

scaling 

2 Symmetry in 

one direction 

Translation, 

rotation, an-

isotropic scaling 

3 Topological 

match and 

matching 

based on user 

criteria 

Decompose shape 

into secondary 

hierarchy for point 

matching 

4 Indeterminate 

cases 

Requires a rule of 

thumb, labels, or 

some other means 

to eliminate 

ambiguity 

 
The multiple instances of symmetry in the 

distinct shape (equilateral triangle) place the 
shield shape in the most constrained level of our 
sample hierarchy which dictates that translation, 
rotation, and uniform scaling be used for shape 
matching.  Matches of the distinct shape are 
found in two places with three orientations each 
(Figure 15) in the target.  As the final check for 
shape matching, the curved segments that share 
common distinct points with the straight lines of 
the distinct shape are compared to the 
corresponding curved lines of the target shape.  
Figure 16 shows an overlay of the shield shape 
on the potential match in the target.  It is 
apparent that the curves of the shield are not a 
subset of the curves of the target shape in Figure 
16a while they are a match in Figure 16b. 

 

 
Figure 15:  Distinct shape matches in the target 
shape. 

 
       (a) 
 

 
        (b) 
Figure 16:  Comparison of curved shapes for 
final matching check:  (a) not a match, (b) match. 
 

Determining whether the curves of the 
shield are collinear with curves of the target can 
be done in several ways.  The curved line 
segments in question in the target shape can be 
re-parameterized, breaking the curve into 
segments equal to those in the shield.  The 
control polygons of the two curved line segments 
can then be compared for equivalence.  Another 
possibility is comparing the location and 
existence of curve features (radius of curvature, 
inflection points) or checking for a point on line 
match at a few locations on the line segment. 

 



 
Shape Grammar Usage Scenarios 

While shape grammars originated in the 
architectural field, research into grammars has 
branched into other fields.  Many shape grammar 
publications show examples of shape grammars 
describing a number of different objects, or 
interesting experiments in shape computation.  It 
is often unclear how shape grammars or more 
specifically an implemented shape grammar can 
be used as a useful tool in design synthesis.  
Because of the diverse group of people involved 
in shape grammar research and because of the 
robust quality of shape grammars in synthesis, 
shape grammar systems can be used in a number 
of different ways.  We outline a number of 
different scenarios in which a shape grammar 
can be used as a tool for design.   

 
Automated Shape Grammar 

Implementation 
A class of shape grammars exists, mostly in the 
engineering discipline, which is appropriate for 
automated design synthesis.  In fact, any 
grammar may be appropriate for automation 
when quantifying design quality is an achievable 
task.  In addition to the interpreter there must be 
another computer function that chooses which 
rules to apply, chooses where to apply them and 
fills in any open parameters that are part of the 
rule.  Various techniques may be appropriate 
ranging from pure search to knowledge-based 
approaches.  See Cagan (2001) for more 
discussion on deciding between knowledge and 
search when choosing a method to optimize 
shapes with shape grammars.   

We created a shape grammar for generating 
inner hood panels for automobiles (McCormack 
and Cagan 2002a) with the intent of automating 
the design process.  The grammar featured rules, 
which took advantage of subshape recognition 
and emergence, to correct issues of interference 
in the hood panel beam design.  The grammar 
was implemented with our straight line 
parametric shape grammar interpreter and 
automated with a rudimentary blend of search 
and knowledge.  The optimization method used 
on the hood grammar was not a significant 
contribution, but demonstrating the natural 
coupling of an agent-based approach to 
navigating a shape language was.  A sample of 
designs automatically generated with the inner 
hood panel shape grammar is shown in Figure 
17. 
 

 

 
Figure 17:  inner hood panel designs generated 
automatically using a shape grammar. 
 

Interactive Shape Grammar Systems 
When working with the interactive shape 
grammar system, the user would be prompted 
with the rules that were available for application.  
Once the user chooses a rule, the interpreter 
prompts the user with the locations where the 
rule is permitted to be applied.  The user chooses 
the application location and the interpreter 
applies the rule, updating the design and prompts 
the user with the new list of available rules.  The 
process continues until the design is finalized.  
This approach was used with the Buick brand 
shape grammar (McCormack, Cagan and Vogel 
2002). 

A designer working interactively with the 
implemented grammar created the designs in 
Figure 18.  The system can serve as a means to 
generate new ideas, test the bounds of the brand, 
or explore Buick brand on new platforms.  An 
additional use of a brand based shape grammar is 
to act as a common language for communication, 
potentially helping members of a 
multidisciplinary design team to better 
understand the product from other viewpoints.  
This situation was explored in the Buick brand 
shape grammar 
 

 



 
 
Figure 18:  Designs produced by a user working 
with the implemented Buick grammar. 
 
Automated Shape Generation with User 

Input 
Other shape grammars can benefit from 

both automated generation and interaction with a 
human user.  Automation provides the means for 
enumerating possible designs, which act as a 
springboard for some creative exercises.  A 
grammar for generating headlight designs was 
created to accompany the Buick grammar.  The 
headlight grammar began as a simple two rule 
grammar (Figure 19) implemented with the 
curved shape interpreter.   

If the grammar were permitted to run 
randomly, a field of headlight designs (Figure 
20) would be produced.  The user could then 
observe and select interesting patterns and 
emerging shapes and use these shapes to create 
new rules (Figure 21).  A portion of the field can 
be selected as a starting point for the augmented 
grammar.  Generation continues, producing new 
shapes shown in Figure 22.  A section is then 
chosen from the design and is manually trimmed 
and refined (Figure 23).  The new headlight 
design is presented as an alternative to the 
headlights on the existing 2002 Buick 
Rendezvous (Figure 24).   

 
Figure 19:  A two rule grammar for creating 
headlight designs. 

 
Figure 20:  A shape created with the grammar in 
Figure 19.  The selected area is the starting point 
for the next step. 

 
Figure 21:  Two additional rules for generating 
headlights. 

 
Figure 22:  A shape produced from all four rules.  
The selected area is refined by the user. 

 



 
Figure 23:  An alternative headlight design with 
turn signals and parking lights. 

 
Figure 24:  The 2002 Buick Rendezvous lights. 
 

Concluding Remarks 
An implemented shape grammar was shown to 
be a viable tool for both automated and 
interactive design synthesis.  Shape grammars 
are equally as promising for a number of 
disciplines including engineering, industrial 
design, architecture, and more.  Implementing a 
shape grammar is the key to reaching the full 
potential of a grammar.   

Increasing the level of shape detail in an 
implemented shape grammar increases the 
number and type of artifacts that are capable of 
being represented by the shape grammar.  In this 
paper, a method for matching two-dimensional 
shapes consisting of curved and straight lines 
was outlined.  Because our method supports 
parametric subshape recognition and hence the 
emergence of shape, it provides the opportunity 
for the novel creation of designs.  Increasing 
representational capabilities of shape grammar 
interpreters even more (i.e. 3D) will further the 
usefulness of shape grammars. 
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