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Motivation
A typical computer representation of a design includes geo-
metric and physical information organized in a suitable com-
binatorial data structure. Queries and transformations of
these design representations are used to formulate most al-
gorithms in computational design, including analysis, opti-
mization, evolution, generation, and synthesis. Formal prop-
erties, and in particular problem-specific existence and va-
lidity of the computed solutions, should be assured and pre-
served by all such algorithms. Given a rich variety of rep-
resentations and algorithms for computational design, there
appears to be little reason to believe that most of them
may be formulated within a single combinatorial frame-
work. We argue that not only such a framework is pos-
sible (Palmer & Shapiro 1993), but it is formal (Branin
1966) because it is based on the tools from algebraic topol-
ogy (Hocking & Young 1988), practical (Palmer 1995;
Egli & Stewart 1999) because it arises naturally from com-
putational considerations, and ubiquitous (Tonti 1975) be-
cause it spans most of the geometric and physical laws.

Designs are oriented cell complexes
Most combinatorial representations of design on the com-
puter can be effectively constructed using oriented cellular
structures, formally known as cell complexes. Combinato-
rially, cell complexes are compositions of oriented k-cells
with k = 0 (vertex), 1(edge), 2(surface), 3(volume), typically
embedded in 3-D space without intersections and subject to
the additional constraint that the closure of every cell is a
union of other cells in the complex. Instances of cell com-
plexes used in computational design are illustrated in Figure
1. Voxel-based representation, such as used in evolutionary
design of tables (Hornby & Pollack 2001), are essentially
3-dimensional cubical cell complexes, where 3-cells cor-
respond to individual voxels, and lower-dimensional cells
implicitly correspond to adjacency relationships (2-cells for
face adjacency, 1-cells for edge adjacency, and 0-cells for
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corner adjacency). Truss and frame structures that are com-
monly used in shape-grammar based design (Reddy & Ca-
gan 1995) are 1-dimensional complexes composed of 0-cells
(joints) and 1-cells (members). Boundary representations
of solid models (Requicha 1977) and subdivision surfaces
(Taubin 1995) are 2-dimensional geometric cell complexes
with faces, edges, and vertices corresponding to 2-cells, 1-
cells, and 0-cells respectively.

Design Properties are cochains
Geometric and physical properties of the design correspond
to functions evaluated on the corresponding cell complexes,
formally known as cochains. A k-cochain associates one
coefficient (value of the property function) with each k-
dimensional cell in the cell complex. Cochains in our exam-
ples include geometric properties (for example, geometric
locations of 0-cells of a truss, voxels of a table, and points
of a subdivision surface patch), as well as a variety of physi-
cal and non-physical attributes, such as forces and displace-
ments on a truss structure or voxel-based models of tables,
and weights associated with edges of a subdivision surface
in (Taubin 1995). All p-cochains defined over a cell com-
plex form a linear vector space with dimension equal to the
number of the p-cells and addition and multiplication oper-
ations are defined for p-cochains in a cell-by-cell fashion,
very much like for vectors. These and more general opera-
tions on cochains have been used in several physical mod-
eling and simulation systems that treat cochains as a basic
data type (Palmer 1995; Egli & Stewart 1999) the emer-
gence of which allowed to replace many cell-by-cell oper-
ations and algorithms by powerful and elegant algebra and
language of cochains. Formal definitions of cell complexes,
and cochains can be found in (Hocking & Young 1988) and
most texts on algebraic topology.

Design Operations and Laws
The main utility of chains and cochains in computational
synthesis lies in that they define a convenient class of objects
for algorithmically constructing and simulating complex ge-
ometrical and physical models. It follows that computational
design concerns largely with generation, transformation and
queries of various cochains that are subject to some postu-
lated geometric and physical constraints. Most such con-
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Figure 1: Common examples of combinatorial structures used in computational synthesis; each is an instance of an oriented
cell complex.

straints can be characterized as compositions of topological
and metric laws (Tonti 1975).

Topological relations can be formulated using strictly
topological operations on cochains, such as coboundary δ
that maps k-cochains into (k + 1)-cochains. Examples of
topological laws include geometric integrity, balance, equi-
librium, compatibility, and conservation. One of the advan-
tages of using δ to formulate physical laws is that it applies
to any and all cell complexes. For example, assuming that
the cells of the voxel-based table design example are en-
dowed with physics of solid mechanics, the body force F
(or 3-cochain) of each 3-cell is balanced by the resistive trac-
tion forces S (or 2-cochain) on its incident 2-cells. The force
balance can be compactly written as F = δS.

Metric laws often specify measured or weighted relation-
ships between a k-cochain and a dual (n − k)-cochain as-
sociated with the dual of the cell complex. The common
examples of such laws include Ohm’s law, Hooke’s law, and
other constitutive relationships.

A wide variety of broadly applicable laws may be con-
structed by combining the primitive measure dependent and
topological laws. That many of these laws follow similar
patterns has been observed by many, notably (Roth 1955;
Branin 1966). As shown in (Tonti 1975; 1999), most phys-
ical laws may be represented in a factored form as a com-
position of the primitive topological and measured relation-
ships. Efforts to develop an interactive geometric language
for describing, combining, and editing combinatorial laws
are currently under way (Chard & Shapiro 2000). The fac-
tored form of physical laws may be also used directly to
formulate, compare, and improve various numerical dis-
cretization and solution schemes (Hyman & Shashkov 1997;
Mattiussi 2000). Furthermore, the same approach may be
used to represent and enforce a variety of synthetic or user-
defined laws, relations, and constraints. An even greater va-
riety of laws may be constructed using operators proposed
by (Palmer 1995) and (Egli & Stewart 1999), though their
properties have not been studied formally.

Future Directions
Reformulating design representations and algorithms in al-
gebraic topological terms introduces a non-trivial concep-

tual overhead, but this additional investment is well worth
it. The most immediate benefit is a unifying combinato-
rial framework for computational design and an algorith-
mic toolbox for constructing a variety of laws and invari-
ants. The combinatorial representation is standard in that it
is a straightforward extension of the current geometric mod-
eling practices and systems. The proposed formulation of
laws and invariants is broadly applicable across diverse de-
sign domains and computer representations. Implementa-
tion should be practical because the primitive laws are quite
simple. Thus, a promising direction for future research is to
reformulate the common techniques of computational syn-
thesis (including L-systems, shape grammars, genetic algo-
rithms, and subdivision) in terms of law-preserving transfor-
mations on algebraic topological chains and cochains.
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