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Abstract
In this paper we will presenta studyof different res-
olution techniquesfor solvingConstraint Satisfaction
Problems(CSP) in the caseof temporal constraints.
This later problemis called Temporal Constraint Sat-
isfaction Problem(TCSP).We will mainly focushere
on solving TCSPsin real time and in a dynamicen-
vironment.Indeed,addressingthesetwo issuesis very
relevant for manyreal world applications. Solvinga
TCSPin real time is an optimizationproblemthat we
call MTCSP(Maximal Temporal Constraint Satisfac-
tion Problems). Theobjectivefunctionto minimizeis
the numberof temporal constraint violations. There-
sultsof the testswehaveperformedon randomlygen-
erated MTCSPsshowthat the approximationmethod
Min-Conflict-Random-Walk(MCRW) is the algorithm
of choice for solving MTCSPs. Comparisonstudyof
the different dynamicarc-consistencyalgorithms for
solvingdynamictemporal constraintproblemsin a pre-
processingphasedemonstratesthat thenew algorithm
we proposeandbasedon a recentarc-consistencyal-
gorithm representsa bettercompromisebetweentime
and spacethan the other dynamicarc-consistencyal-
gorithms.

Keywords : TemporalReasoning,ConstraintSatisfaction,
DynamicArc-Consistency, LocalSearch.

1 Intr oduction
A large variety of problemsfrom many different appli-
cation areascan be seenas ConstraintSatisfaction Prob-
lems(CSPs). For example, the problemsof schedulinga
collection of tasks,or interpretinga visual image,or lay-
ing out a silicon chip, canall be seenin this way. A CSP
is a modelingtool anda problemsolvingmechanismwhich
is verypowerful in expressing,describingandsolvingmany
applicationdomains.

In any constraintsatisfaction problemthereis a collec-
tion of variableswhich all have to beassignedvalues,sub-
ject to specifiedconstraints.Becauseof the importanceof
theseproblemsin so many differentfields, a wide variety
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of techniquesandprogramminglanguagesfrom artificial in-
telligence,operationsresearchanddiscretemathematicsare
beingdevelopedto tackleproblemsof this kind.

One particularand interestingcaseof CSPis when the
constraintsare binary relationsbasedon Allen’s interval-
basedframework(Allen 1983)for representingtemporalin-
formation.We talk thenabouta TemporalConstraintSatis-
factionProblem(TCSP)1.

Many problems in applications including planning,
scheduling,molecularbiology, databasedesignandcompu-
tationallinguistics,caneasilyberepresentedby a TCSP. In
a previous work(Mouhoub,Charpillet,& Haton1998),we
havedevelopeda temporalmodel,TemPro,basedon thein-
terval algebraof Allen, to expressboth numericandsym-
bolic time informationby a TCSP. In orderto manageboth
type of time information in a efficient way, we have im-
provedthedifferentconstraintsatisfactiontechniquesusing
time properties.

An importantissuewhendealingwith realworld applica-
tions is theability to solve over constrainedTCSPs,TCSPs
in real time andTCSPsin a dynamicenvironment. While
solvingTCSPsis a satisfiabilityproblemconsistingof find-
ing a completesolution(completeassignmentof valuesto
variablessuchthatall constraintsaresatisfied),solvingover-
constrainedTCSPsandTCSPsin realtimeareoptimization
problems.Theobjectivefunctionto minimizeis thenumber
of temporalconstraintviolations.We call this laterproblem
MTCSP(Maximal TemporalConstraintSatisfaction Prob-
lem). The goal hereis to find a resolutionmethodwhere
the runningtime is proportionalto the quality of the solu-
tion. In this paperwe will studyexact andapproximation
methodsfor solvingMTCSPs.

Whenworking in a dynamicenvironment,we maywant
to addnew informationor relaxsomeconstraintswhen,for
example, thereare no more solutions. In thosecaseswe
needto checkif therestill exist solutionsto theproblemev-
ery time a constrainthasbeenaddedor removed. While
addingconstraintscaneasilybe handledby the resolution
methodassociatedwith theTemPromodel,whenrelaxinga
constraintour algorithmscannotfind which value,thathas

1Notethat this nameandthecorrespondingacronym wasused
in (Dechter, Meiri, & Pearl1991). A comparisonof theapproach
presentedin this paperand our model TemPro is describedin
(Mouhoub,Charpillet,& Haton1998)

From: AAAI Technical Report WS-02-17. Compilation copyright © 2002, AAAI (www.aaai.org). All rights reserved. 



beenalreadyremoved,mustbeputbackandwhichonemust
not. In thispaperwewill mainly focusonsolvingTCSPsin
thepre-processingphase.

In the following sectionwe will presentthroughan ex-
amplethedifferentcomponentsof our modelTemPro.Sec-
tion 3 is dedicatedto the resolutionof MTCSPsusingex-
actandapproximationmethods.In section4 we will study
thedifferentdynamicarc-consistency algorithmsfor solving
dynamictemporalconstraintproblemsin thepre-processing
phase.A modificationof arecentarc-consistency algorithms
to dealwith dynamicconstraintsis alsopresentedin thissec-
tion. Experimentaltestscomparingthedifferentapproxima-
tion methodsfor solving MTCSPsarepresentedin section
5. We alsopresentin this sectionothertestscomparingthe
different dynamicarc-consistency algorithmsand the new
algorithmwe propose.Finally, concludingremarksandfu-
turework arepresentedin section6.

2 KnowledgeRepresentation
Example1: Considerthe following typical temporalrea-
soningproblem2 :

John, Mary and Wendyseparately rodeto the soccer
game. It takesJohn30minutes, Mary 20minutesand
Wendy50 minutes to get to the soccergame. John
either started or arri ved just as Mary started. John
eitherstarted or arri ved just asWendystarted. John
left homebetween7:00and7:10. Mary andWendyar-
ri ved together but started at differ ent times. Mary
arrived at work between7:55 and 8:00. John’s trip
overlapped the soccergame. Mary’s trip took place
during the gameor elsethe gametook placeduring
her trip. Thesoccergamestarts at 7:30 and lasts105
minutes.

The above story includesnumericandqualitative infor-
mation(words in boldface). Thereare four main events:
John,Mary andWendyaregoingto thesoccergamerespec-
tively andthesoccergameitself. Somenumericconstraints
specifythedurationof thedifferentevents,e.g. 20 minutes
is the duration of Mary’s event. Othernumericconstraints
describethetemporalwindowsin which thedifferentevents
occur. And finally, symbolicconstraintsstatetherelativepo-
sitionsbetweeneventse.g.John’strip overlappedthesoccer
game.

Given thesekind of information, one important task is
to representandreasonaboutsuchknowledgeandanswer
queriessuchas: “is theaboveproblemconsistent?”, “what
are the possibletimes at which Wendy arrived at the soc-
cer game?”, ����� etc. To reachthis goal, andusingan ex-
tensionof theAllen algebra(Allen1983)to handlenumeric
constraints,our modelTemProtransformsa temporalprob-
leminvolving numericandsymbolicinformationinto atem-
poralconstraintsatisfactionproblem(TCSP)includinga set
of events � EV1 � ����� � EVn � , eachdefinedonadiscretedomain

2This problemis basicallytakenfrom anexamplepresentedby
Ligozat,GuesgenandAngerat thetutorial: Tractability in Quali-
tative SpatialandTemporalReasoning,IJCAI’01. We have added
numericconstraintsfor thepurposeof ourwork.

standingfor the setof possibleoccurrences(time intervals)
in which thecorrespondingeventcanhold; anda setof bi-
naryconstraints,eachrepresentinga qualitative disjunctive
relationbetweenapairof eventsandthusrestrictingtheval-
uesthat the eventscansimultaneouslytake. A disjunctive
relationinvolvesoneor moreAllen primitives.

Relation Symbol Inverse Meaning
X precedesY P P� XXX YYY
X equalsY E E XXX

YYY
X meetsY M M � XXXYYY
X overlapsY O O� XXXX

YYYY
X duringy D D � XXX

YYYYYY
X startsY S S� XXX

YYYYY
X finishesY F F � XXX

YYYYY

Table1: Allen primitives

The initial problemof figure 1 correspondsto the trans-
formationof thetemporalreasoningproblem,we presented
before, to a TCSP using the model TemPro. Informa-
tion aboutthe relative positionbetweeneachpair of events
is converted to a disjunction of Allen primitives. In-
deed,Allen(Allen 1983)hasproposed13basicrelationsbe-
tweentimeintervals: starts(S),during(D), meets(M), over-
laps(O), finishes(F), precedes(P), their conversesand the
relation equals(E)(seetable 1 for the definition of the 13
Allen primitives). For example,the information“John ei-
ther startedor arrived just as Wendy started”is translated
asfollows: J � S 	 S�
	 M 	 E � W. In thecasewherethere
is no informationbetweena pair of events,thecorrespond-
ing relationis representedby thedisjunctionof the13Allen
primitives(sincethis constraintis not consideredduringthe
resolutionprocess,it doesnot appearon the graphof con-
straint as it is the casein figure 1 concerningthe relation
betweenWendyandtheSoccergame).
Thedomainof eacheventcorrespondingto thesetof possi-
ble occurrences(we call it SOPO)that eachevent cantake
is generatedgiven its earliest start time, latest end time
and duration. In the caseof Wendy’s event, sincewe do
not have any informationaboutthe earliestandlatesttime,
theseparametersareset respectively to 0 andthe constant
horizon(timebeforewhichall eventsshouldbeperformed).
After a symbolic � numericpre-process,theseparameters
arethensetto 5 and60 respectively.

Solving a TCSPconsistsof finding an assignmentof a
valuefrom its domainto every variable,in sucha way that
every constraintis satisfied. Sincewe are dealingwith a
constraintsatisfaction problem,decidingconsistency is in
generalNP-hard3. In order to overcomethis difficulty in
practice,wehavedeveloped(Mouhoub,Charpillet,& Haton

3Note that someCSPproblemscan be solved in polynomial
time. For example, if the constraintgraphcorrespondingto the
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Figure1: Applying arc-consistency to a temporalproblem

1998)a resolutionmethodperformedin two stages.Local
consistency algorithmsarefirst usedto reducethesizeof the
TCSPby removing someinconsistentvaluesfrom thevari-
abledomains(in thecasewherearc-consistency is applied)
andsomeinconsistentAllen primitivesfrom thedisjunctive
qualitative relations(in the casewherepath consistency is
performed). A backtracksearchis thenperformedto look
for a possiblesolution.WhenapplyingAC-3 to our tempo-
ral problem(seefigure1) thedomainof eventJ is reduced.

3 Solving MTCSPs
In this sectionwe presenttwo different ways for solving
MTCSP. Thefirst oneis anexactalgorithmbasedonbranch
andboundtechniques.Thesolutionprovidedby thismethod
is guaranteedto be optimal. The secondway concernsap-
proximationalgorithmsbasedon local search.Completeal-
gorithmsare the proceduresof choiceif the problemsare
smallenoughthatall or mostcanbesolvedquickly through
this approach.And aswe will seein section5, thesemeth-
odscanalsobeusedto evaluatethegoodnessof resultsre-
turnedby theapproximationmethods.Approximationalgo-
rithmsarein generalusedfor largeproblems(Mintonet al.
1992)(Selman& Kautz1993)and,obviously, areof interest
whenthey providenearoptimalsolutionswith apolynomial
computationalcomplexity.

3.1 Branch and bound method
The methodwe presenthereusespartial constraintsatis-
factiontechniques(Freuder& Wallace1992)(Wallace1995),
capableof solvingtemporalconstraintproblemsby giving a
solutionwith a quality dependingon the time allocatedfor
computation.It consistsof usinga branchandboundvari-
antof thesearchalgorithmin orderto satisfythemaximum
numberof constraints.We have thentransformedtheprop-
agationtechniqueswe haveseenin section2, asfollows:

1. In the pre-processingphaseof the resolution method,
insteadof performingarc-consistency algorithmsto re-
move somevaluesthat do not belong to any solution,

CSPhasno loops,thentheCSPcanbesolved in O 
 nd2 � wheren
is thenumberof variablesof theproblemandd is thedomainsize
of thedifferentvariables

weusedirectarc-consistency algorithms(Dechter& Pearl
1988)(Wallace1995)to countthenumberof inconsisten-
ciesassociatedwith eachvalue(numberof domainsthat
offer nosupportfor thatvalue).Notethat,with directarc-
consistency algorithms,checkingis unidirectionalso in-
consistency countsarenon-redundant.In ordertoperform
directconsistency checking,avariableorderingshouldbe
first established.The orderingheuristicwe useconsists
in sortingvariablesby decreasingnumberof constraints
sharedwith thosealreadyinstantiated.The following al-
gorithm(seefigure2) is amodificationof algorithmAC-3
to performdirectconsistency checking.

2. In the searchphase,a costfunctioncorrespondingto the
numberof violated constraintsis associatedwith each
pathof thesearchtree. Thebranchandboundalgorithm
startsby settingan upperboundvalueon the cost func-
tion. Searchis thenperformeddown on eachpathuntil
all variablesareinstantiatedandin this casea new lower
boundis found,or whena partialassignmentof valuesto
variablesis at leastasgreatastheactuallowestcost.

Begin
Setthecountersof variablevaluesto 0.
For eacheventei

For eachinterval a in thedomainof ei
For eacheventej laterthanei suchthat

ei andej sharea qualitativerelationr i j
If thereis no interval b in thedomainof ej

suchthatar i j b
incrementthecounterof a

End

Figure2: Algorithm DAC-3

3.2 Approximation methods
Thedifferentalgorithmsthatwewill considerin thefollow-
ing are basedon a commonidea known underthe notion
local search.In local search,an initial configuration(com-
pleteassignmentof valuesto events)is generatedrandomly
andthe algorithmmovesfrom the currentconfigurationto



a neighborconfiguration(by changingoneeventvalue)un-
til a completesolution(TCSPproblems)or a goodsolution
(MTCSPproblems)hasbeenfound or the resourcesavail-
ableareexhausted.

Min-Conflict-Random-walk method The Min-conflicts
methodchoosesrandomly any conflicting event, i.e., the
eventthat is involvedin any unsatisfiedconstraint,andthen
picksa valuewhich minimizesthenumberof violatedcon-
straints(breakties randomly). If no suchvalue exists, it
picks randomlyonevalue that doesnot increasethe num-
berof violatedconstraints(thecurrentvalueof theevent is
picked only if all the other valuesincreasethe numberof
violated constraints). The problemof this methodis that
it is not ableto leave a local minimum. In addition, if the
algorithmachievesa strict local-minimumit doesnot per-
form any move at all and,consequently, it doesnot termi-
nate. Thusnoisestrategies are introduced. Among them,
therandom-walk strategy thatworksasfollows: for agiven
conflictingevent,therandom-walk strategy picksrandomly
a valuewith probabilityp, andapplytheMC heuristicwith
probability 1-p. In the worst case,the time cost required
in eachmove correspondsto the time neededto determine
thevaluethatminimizesthenumberof violatedconstraints.
This time is of orderO � NMax� supi � in fi � di

si
�����

Steepest-Descent-Random-Walk In the Steepest-
Descentmethod,insteadof selectingthe event in conflict
randomly, this algorithmexploresthe whole neighborhood
of the current configuration and selectsthe best neigh-
bor(neighborwith the best quality). This algorithm can
be randomizedby using the random-walk strategy in the
samemanneras for Min-Conflicts to avoid getting stuck
at ”local optima”. The time costrequiredin eachiteration
correspondsto thetimeneededto find thebestneighborand
is of orderO � N2Max� supi � in fi � di

si
��� in theworstcase.

Tabu Search This methodis basedon the notion of tabu
list usedto maintaina selective history, composedof previ-
ously encounteredconfigurationsin order to prevent Tabu
from being trappedin short term cycling and allows the
searchprocessto go beyondlocal optima. In eachiteration
of thealgorithm,a couple � event � v � thatdoesnot belong
to the tabu list andcorrespondingto the bestperformance
is selectedandconsideredasan assignmentof the current
configuration. The previous assignment� event � v��� will
then replacethe oldest move in the tabu list. The time
costrequiredin eachiterationis thesameasfor SDRW, i.e
O � N2Max� supi � in fi � di

si
��� in theworstcase.

4 SolvingTemporal Constraints in a
Dynamic Envir onment

4.1 Dynamic Constraint SatisfactionProblem

A dynamicconstraintsatisfactionproblem(DCSP)P is ase-
quenceof staticCSPsP0 � ����� � Pi � Pi � 1 � ����� � Pn eachresulting
from a changein the precedingone imposedby the “out-
sideworld”. This changecaneitherbea restriction(adding
a new constraint)or a relaxation(removing a constraintbe-

causeit is no longerinterestingor becausethecurrentCSP
hasno solution). More precisely, Pi � 1 is obtainedby per-
forming a restriction(addition of a constraint)or a relax-
ation(suppressionof a constraint)on Pi . We considerthat
P0 (initial CSP)hasanemptysetof constraints.

4.2 Dynamic Temporal Constraint Satisfaction
Problem

Sincea TCSPis a CSPwhereconstraintsaredisjunctions
of Allen primitives, the definition of a dynamic temporal
constraintsatisfaction problem(DTCSP) is slightly differ-
ent from the definition of a DCSP. Indeedin the caseof a
DTCSP, a restrictioncan be obtainedby removing one or
more Allen primitive from a given constraint. A particu-
lar caseis whentheconstraintis equalto thedisjunctionof
the 13 primitives(we call it the universalrelation I ) which
meansthattheconstraintdoesnotexist(thereis no informa-
tion abouttherelationbetweenthetwo involvedevents).In
this particularcase,removing oneor moreAllen primitives
from theuniversalrelationisequivalentto addinganew con-
straint.Usingthesameway, a relaxationcanbeobtainedby
addingoneor moreAllen primitivesto a given constraint.
A particularcaseis when the new constrainthas13 Allen
primitiveswhich is equivalentto thesuppressionof thecon-
straint. Figure3 shows a restrictionon the problemof ex-
ample1 obtainedby removing someAllen primitivesfrom
theconstraintbetweenWendy’s eventandthesoccergame.
This restrictionis equivalentto theadditionof thefollowing
informationto ourproblem: Wendy’s trip tookplaceduring
thegameor elsethegametookplaceduringher trip.

4.3 Dynamic Ar c-ConsistencyAlgorithms
The arc-consistency algorithmswe have used to solve a
TCSP(Mouhoub,1998)caneasilybeadaptedto updatethe
variable domainsincrementallywhen adding a new con-
straint. In our example,addingthe new constraint(seefig-
ure 3) will lead to an arc inconsistentTCSPwhich leads
to an inconsistentTCSP. Let usassumenow that to restore
thearc-consistency we decideto relax theTCSPby adding
one or more Allen primitives to a chosenconstraint(one
of the 10 constraintsof our problem). In this case,the
arc-consistency algorithmsare unableto updatethe vari-
able domainsin an incrementalway becausethey are not
able to determinethe set valuesthat must be restoredto
the domains.Theonly way, in this case,is to resetthedo-
mains,addall theconstraints(includingtheupdatedone)to
the “unconstrained”TCSP(TCSPwith no constraints)and
thenperformthe arc-consistency algorithm. Dynamicarc-
consistency algorithmscanbeusedto avoid this drawback.
BessìerehasproposedDnAC-4(Bessìere1991)which is an
adaptationof AC-4(Mohr & Henderson1986). This algo-
rithm storesa justification for eachdeletedvalue. These
justificationsare then usedto determinethe set of values
that have beenremoved becauseof the relaxed constraint
andso canprocessrelaxationsincrementally. DnAC-4 in-
heritsthe badtime andspacecomplexity of AC-4. Indeed,
comparingto AC-3 for example,AC-4 hasa bad average
timecomplexity(Wallace1993).Theworst-casespacecom-
plexity of DnAC-4 is O � ed2 � nd� (e� d and n are respec-
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Figure3: A restrictionin aDTCSP

tively thenumberof constraints,thedomainsizeof thevari-
ablesandthe numberof variables).To work out the draw-
back of AC-4 while keepingan optimal worst casecom-
plexity, Bessìere hasproposedAC-6(Bessìere 1994). De-
bruynehasthenproposedDnAC-6adaptingtheideaof AC-
6 for dynamicCSPsby usingjustificationssimilar to those
of DnAC-4(Debruyne1995). While keepingan optimal
worst casetime complexity (O � ed2 � ), DnAC-6 hasa lower
spacerequirements(O � ed � nd� ) than DnAC-4. To solve
the problem of spacecomplexity, Neveu and Berlandier
proposedAC �DC(Neuveu & Berlandier1994). AC �DC is
basedon AC-3 anddoesnot requiredatastructuresfor stor-
ing justifications. Thus it hasa very goodspacecomplex-
ity (O � e � nd� ) but is lessefficient in time thanDnAC-4. In-
deedwith its O � ed3 � worstcasetimecomplexity, it is not the
algorithmof choicefor largedynamicCSPs.More recently,
Zhangand Yap proposedan new versionof AC-3(called
AC-3.1)achieving the optimal worst casetime complexity
with O � ed2 � ((Zhang& Yap2001))4. Wehavemodifiedthis
algorithmin orderto solvedynamicCSPsaswe believe the
new algorithm(that we call AC-3.1�DC) will provide bet-
ter compromisebetweentime andspacethanDnAC-4 and
DnAC-6.

4.4 AC-3.1�DC
Before we presentthe algorithm AC3.1�DC, let us recall
the algorithmAC-3 andthe new view of AC-3(calledalso
AC-3.1)proposedby ZhangandYap(Zhang& Yap 2001).
Mackworth(Mackworth 1977) haspresentedthe algorithm
AC-3for enforcingarc-consistency onaCSP. Thefollowing
is thepseudo-codeof AC-3in thecaseof aTCSP. Theworst
casetimecomplexity of AC-3 is boundedby O � ed3 � (Mack-
worth & Freuder1985). In fact this complexity depends
mainly on the way line 3 of the function REVISE is im-
plemented. Indeed,if anytime the arc � i � j � is revised, b
is searchedfrom scratchthentheworstcasetime complex-
ity is O � ed3 � . Insteadof a searchfrom scratch,Zhangand
Yap(Zhang& Yap 2001)proposeda new view that allows

4Another arc consistency algorithm(called AC-2001) based
on the sameidea as AC-3.1(and having an O 
 ed2 � worst case
time complexity) was proposedby Bessìere and Régin(Bessìere
& Régin 2001). We have chosenAC-3.1 for the simplicity of its
implementation

thesearchto resumefrom thepoint whereit stoppedin the
previousrevision of � i � j � . By doingso theworstcasetime
complexity of AC-3 is achievedin O � ed2 � .
Function REVISE 
 i � j �
1. REVISE � f alse
2. For eachinterval a � SOPOi Do
3. If � compatible
 a � b� for eachinterval b � SOPOj Then
4. remove a from SOPOi
5. REVISE � true
6. End-If
7. End-For

Algorithm AC-3
1. Givena TemPronetwork TN ��
 E � R�

(E: setof events,
R: setof disjunctiverelationsbetweenevents)

2. Q � �!
 i � j �#" 
 i � j � � R$
(list initialized to all relationsof TN)

3. While Q %� Nil Do
4. Q � Q &'�!
 i � j � $
5. If REVISE 
 i � j � Then
6. Q � Q ()�*
 k � i �+" 
 k � i � � R , k %� j $
7. End-If
8. End-While

In thecaseof constraintrestriction,AC-3.1�DC works in
the sameway asAC-3.1. The worst-casetime complexity
of a restrictionis thenO � ed2 � . The moreinterestingques-
tion is whetherAC-3.1�DC’stimecomplexity canremainthe
sameduringretractions.Indeed,if we usethesameway as
for AC �DC (Neuveu& Berlandier1994),onemajorconcern
is thatduringtherestrictions,theAC-3.1algorithmkeepsa
Resumetableof the last placeto startcheckingfor consis-
tency from. Unfortunately, during retractions,this Resume
tablemayproveuselessasvaluesin thedomainof nodesare
restored.Our attemptwasto follow an ideaobservedfrom
the DnAC6 algorithm. Insteadof replacingvaluesin the
nodein the order they weredeleted,the algorithm should
placethesevaluesto berestoredat theendof thelist of val-
uesfor thatnode,therebykeepingthe Resumetableintact.
More precisely, theconstraintrelaxation,of a givenrelation
� k � m� for example,is performedin 3 steps:

1. An estimation(over-estimation)of the setof valuesthat
havebeenremovedbecauseof theconstraint� k � m� is first
determinedby looking for the valuesremoved from the



domainsof k andm thathaveno supporton � k � m� ,
2. theabovesetis thenpropagatedto theothervariables,

3. andfinally a filtering procedurebasedon AC-3.1 is then
performedto remove from the estimationset the values
which arenot arc-consistentwith respectto the relaxed
problem.

Sincethe time complexity of eachof the above stepsis
O � ed2 � , the worst-casetime complexity of a relaxationis
O � ed2 � . Comparingto AC �DC, AC3.1�DC hasa bettertime
complexity. Indeed,themaindifferencebetweenAC3.1�DC
andAC �DC is thethird step.This latersteprequiresO � ed3 �
in thecaseof AC �DC(which resultsin a O � ed3 � worstcase
timecomplexity for a restriction).In thecaseof AC3.1�DC,
thethird stepcanbeperformedin O � ed2 � in theworstcase
becauseof theimprovementwe mentionedabove. Compar-
ing to DnAC-4 andDnAC-6,AC-3.1�DC hasa betterspace
complexity (O � e � nd� ) while keepinganoptimalworst-case
timecomplexity (O � ed2 � ).

5 Experimentation
The testspresentedin this sectionare performedon con-
sistentandinconsistenttemporalproblems.The consistent
problemsarerandomlygeneratedasfollows:

Randomlypick n (n is the numberof variablesof the
problemto generate)pairs � x � y� of integerssuchthatx � y
andx � y -/. 0 � ����� � Horizon0 (Horizon is theparameterbefore
which all eventsmust be processed).This set of n pairs
forms the initial solutionwhereeachpair correspondsto a
time interval.
Metric constraintsaregeneratedasfollows:
For each interval � x � y� randomlypick an interval contained
within . 0 �1�Horizon0 andcontainingthe interval � x � y� . This
newly generated interval definesthe SOPOof the corre-
spondingvariable.
Qualitativeconstraintsareobtainedasfollows :
ComputethebasicInterval-Intervalrelationsthat canhold
betweeneach interval pair of the initial solution. Add to
each relation a randomnumberin the interval . 0 � Nr 0 (1 �
Nr 2 13� of chosenbasicInterval-Intervalrelations.
Thegeneratedproblemscanbecharacterizedby their tight-
ness,whichcanbemeasured,asshown in (Sabin& Freuder
1994),usingthefollowing definition:

The tightnessof a CSPproblemis the fraction of all
possiblepairs of valuesfrom the domainof two vari-
ablesthatarenot allowedby theconstraint.

The tightnessdependsin our caseon the parameters
Horizon� Nr andthedensityof theproblem.

In the caseof inconsistentproblems,we randomlypick
a numberof pairsbelongingto an initial solutionandadd
otherrandomlygeneratedpairsof values.This is thencon-
sideredastheinitial incompletesolutionthatwe will useto
generatethelist of qualitativeandquantitativeconstraintsas
shown above.

TheexperimentswereperformedonaSUNSPARC Ultra
5 station.All theproceduresarecodedin C/C++.

5.1 Comparisonof the approximation methods
We usetwo criteria to comparethedifferentapproximation
methods.Thefirst oneis thequality of thesolution,i.e the
minimumnumberof violatedconstraintsandthesecondcri-
terionis thecomputingeffort neededby analgorithmto find
its bestsolution.This lastcriterionis measuredby thenum-
ber of movesandthe running time in secondsrequiredby
eachalgorithm.

The performancesof the approximationalgorithmswe
usearegreatlyinfluencedby thefollowing parameters: the
sizeof the tabu list, tl size, in the caseof tabu search;and
the randomwalk probability, p, in the caseof MCRW and
SDRW. Preliminarytestsdeterminethefollowing rangesof
parametervalues: 10 2 tl size 2 20 and0 � 05 2 p 2 0 � 15�
Differentdiscretevaluesbetweentheserangeswerefurther
testedandthe bestvalueswereidentifiedfor eachclassof
problems.

Table2 presentstestsperformedon consistentproblems
randomlygenerated.It givesa summaryof the bestresults
of MCRW, SDRW andTabu searchfor thechoseninstances
in termsof quality of thesolutions.The resultscorrespond
to the average time, number of moves and quality of
solutionprovidedby eachmethod.To obtaintheseresults,
the algorithmswere run 100 times on eachinstance,each
run beinggiven a maximumof 100,000movesin the case
of MCRW and 10,000moves in the caseof SDRW and
tabu search. The parameterof each algorithm(the size
of the tabu list tl size and the random-walk probability
p) is fixed accordingto the best value found during the
parametricstudy. Notethat,asnoticedbeforein subsection
3.2, the cost in time of a move in the caseof Tabu Search
and SDRW is equalto N times the cost of a move in the
caseof the MCRW method, where N is the number of
variables(events).

From the dataof Table 2, we can make the following
observations.For under-constrainedandmiddle-constrained
problems, the MCRW method always provides the best
results. It always founds a completesolution within a
reasonableamountof time which is not the caseof the
other two methods. It is also faster than the other two
methodsto find solutionsof the samequality. However
for over-constrainedproblems(see last row of table 2)
SDRW andTabu Searchhave betterperformance.We can
explain this by thefactthat,for underconstrainedproblems
the initial configurationis in generalof good quality. A
completesolution can be obtained in this caseby only
changingthe valuesof someconflicting variables(caseof
MCRW) insteadof looking for the bestneighborwhich is
muchmoreexpensive.

Table3 presentstestsperformedoninconsistentproblems
randomlygenerated.For eachinstance,the exact method
basedonbranchandboundtechniques(Mouhoub2000)was
first performedin orderto gettheoptimalsolution(solution
with the minimum numberof violated constraints). The
threealgorithmsare then run 100 times on eachinstance,
eachrun beinggivena maximumof 100,000movesin the
caseof MCRW and10,000movesin thecaseof SDRW and



Tightness MCRW SDRW Tabu Search
of theproblem p qual time # moves p qual time # moves tl size qual time # moves
0.0002 5 0 0.12 5 15 0 2.67 80 10 0 0.17 4
0.0004 5 0 0.28 18 15 0 4.95 136 10 1 185 5000
0.001 5 0 0.46 28 5 0 8.24 193 10 0 0.6 16
0.002 5 0 0.95 68 5 0 11.22 212 10 2 294 10000
0.0037 5 0 1.74 145 10 0 126 712 10 1 270 10000
0.006 5 0 4 255 10 0 33 336 10 3 286 10000
0.03 15 0 86 3713 10 33 33802 10000 10 12 349 10000
0.044 5 0 73 1633 5 4 9595 10000 15 25 355 10000
0.045 5 0 72 1633 5 4 9614 10000 10 16 376 10000
0.058 5 0 15 433 5 74 12333 10000 15 12 364 10000
0.1 5 0 12 332 5 0 34 225 10 0 112 211
0.14 5 0 8.47 304 5 0 39 243 10 0 112 193
0.35 5 0 181 2009 15 0 66 210 20 68 714 10000
0.44 5 0 137 1291 5 220 8346 10000 10 63 646 10000
0.55 5 0 315 2505 5 0 66 210 10 0 262 190
0.67 5 372 13945 100000 5 0 130 297 10 0 422 224

Table2: Comparativeresultsof Tabu search,MCRW andSDRW for consistentproblems

Tightness MCRW SDRW Tabu Search
of theproblem p qual time # moves p qual time # moves tl size qual time # moves
0.0002 5 8 0.44 32 15 8 4.5 107 10 8 0.28 6
0.001 5 10 0.7 53 5 10 10.26 199 10 11 242 5000
0.002 5 2 0.68 43 5 3 7.77 183 10 2 194 5000
0.0037 5 14 1237 100000 10 14 14.62 238 10 18 230 5000
0.006 5 20 5.83 425 10 20 33 336 10 22 377 10000
0.03 15 21 190 5406 10 32 3663 10000 10 85 341 10000
0.044 5 43 853 25 5 46 4827 10000 15 45 255 10000
0.1 5 41 10 318 5 106 41 233 10 91 25 230
0.14 5 208 10.14 279 5 208 37 215 10 230 22 197
0.35 5 141 259 3015 15 141 439 554 20 141 201 415
0.44 5 531 105 271 5 531 82 216 10 531 48 195
0.67 5 858 156 315 5 858 98 206 10 924 58 224

Table3: Comparativeresultsof Tabu search,MCRW andSDRW for nonconsistentproblems

tabu search. Quality valuesin boldfacecorrespondto the
bestquality(optimal solution) found by the exact method.
Fromtable3 we canmake thesameobservationsasfor ta-
ble2 i.e theMCRW methodis thealgorithmof choiceif we
have to dealwith under-constrainedor middle-constrained
problems.Theeffort madeby SDRW andtabu searchmeth-
odsto look for the bestneighborhelpsonly in the caseof
overconstrainedproblems.

5.2 Comparison of the dynamic arc-consistency
algorithms

In order to comparethe performanceof the four dynamic
arc-consistency algorithmswe have seenin the previous
subsection,in thecaseof temporalconstraints,wehaveper-
formedtestson randomlygeneratedDTCSPs.Thecriterion
usedto comparetheabove algorithmsis the computingef-
fort neededby analgorithmto performthearcconsistency.
This criterion is measuredby the running time in seconds
requiredby eachalgorithm. 3 classesof instances,corre-
spondingto 3 typeof tests,weregeneratedasfollows:

case1: actionscorrespondto additionsof constraints.C 3
N � N 4 1�65 2 (constraintsareaddeduntil acompletegraph
is obtained).

case2: actions can be additions or retractionsof con-
straints.
C 3 N � N 4 1��5 2 additions � N � N 4 1��5 4 retractions(the
final TCSPwill haveN � N 4 1��5 4 constraints).

case3: this caseis similar to case1 but with inconsistent

DTCSPs. Indeedin the previous 2 casesthe generated
DTCSPsareconsistent.In this last caseconstraintsare
addeduntil anarc inconsistency andthusa global incon-
sistency is detected(the inconsistency is detectedif one
variabledomainbecomesempty). Retractionsare then
performeduntil thearc-consistency is restored.

Figure 4a) shows the resultsof testscorrespondingto
case1. As wecaneasilysee,theresultsprovidedby DnAC-
6 and AC-3.1�DC are better than the ones provided by
AC �DC and DnAC-4(which do not appearon the chart).
SinceDnAC-6requiresmuchmorememoryspacethanAC-
3.1�DC, this latter is the algorithmof choicein the caseof
constraintadditions.Figure4b)and4c)correspondto case2
andcase3 respectively. DnAC-4 andDnAC-6 have better
performancein this casethan AC3.1�DC and AC �DC(the
runningtime of AC �DC is very slow comparingto theother
3 algorithms). However, sinceAC3.1�DC doesnot require
a lot of memoryspace,it haslesslimitations thanDnAC-4
andDnAC-6in termsof spacerequirementsespeciallyin the
caseof problemshaving largedomainsizes.

6 Conclusionand Future Work
In thispaperwehavepresentedastudyof thedifferentmeth-
odsfor solvingMTCSPsandDTCSPs.Experimentalcom-
parative study of the different approximationmethodsfor
solving MTCSPswere performedon randomly generated
temporalconstraintproblems.Experimentaltestsshow that
theMCRW techniqueis themethodof choicein thecaseof
under-constrainedand middle-constrainedproblemswhile



0.000

2.000

4.000

6.000

8.000

10.000

12.000

14.000

10 20 30 40 50 60 70 80 90 100

AC|DC

Domain size

T
im

e 
(s

ec
)

(a)

0.000

5.000

10.000

15.000

20.000

25.000

30.000

35.000

40.000

10 20 30 40 50 60 70 80 90 100

Domain size

T
im

e(
se

c)

DnAC4

DnAC6

AC-3.1|DC

(c)

0.000

1.000

2.000

3.000

4.000

5.000

6.000

7.000

10 20 30 40 50 60 70 80 90 100

Domain size

T
im

e(
se

c)

DnAC4

DnAC6

AC3.1|DC

(b)

AC-3.1|DC

DnAC6

Figure4: ExperimentalTestsonrandomDTCSPs

Tabu searchand STRD have betterperformancefor over-
constrainedproblems. Theoreticalandexperimentalcom-
parisonof thedifferentdynamicarc-consistency algorithms
demonstratesthatthenew algorithmweproposehasabetter
compromisebetweentimeandspacethantheotherdynamic
arc-consistency algorithms.

Oneperspective of our work is to look for a methodto
maintainpathconsistency whendealingwith dynamictem-
poral constraints.Indeed,aswe have shown in(Mouhoub,
Charpillet,& Haton1998),pathconsistency is usefulin the
filtering phaseto detecttheinconsistency whensolvingtem-
poralconstraintproblemsandalsoin thecasewherethenu-
meric information is incomplete. The otherperspective is
to handlethe additionandrelaxationof constraintsduring
thebacktracksearchphase.For example,supposethatdur-
ing thebacktracksearcha constraintis addedwheninstan-
tiating the currentvariable. In this case,the instantiation
of thevariablesalreadyinstantiatedshouldbereconsidered
andthe domainsof the currentandfuture variablesshould
beupdated.
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