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Abstract 
Decision making with varying kinds of preferences 
simultaneously is pervasive in realities. In such sights it is 
essential to know the interaction among the kinds of 
preferences and the general principles of reasoning with the 
kinds of preferences. In this paper, we introduce MKPL: a 
many-kinds-preferences logic, to formalize four kinds of 
preference. Firstly, we consider four kinds of preferences ⎯ 
four interpretations on sets of ordered alternatives. Secondly, 
we study such properties as reflexive, symmetric, transitive 
of every kind of preference on partial ordered alternatives, 
and study the transform of preference kinds considering the 
changes of subsets of alternatives. Then, we develop MKPL 
by extending proposition logic with four preference 
connectives. Moreover, we propose a decision procedure of 
MKPL. 

Introduction   

Preferences are essential for making intelligent choices in 
complex situations, for mastering large sets of alternatives, 
and for coordinating a multitude of decisions. In many 
problems, making choices is to find a solution, where a 
solution means an assignment of a certain value to each 
variable in given set of variables such that the value is 
taken from the finite domain of each domain. Without loss 
of generality, restrict our discussion to the Boolean case 
where the values for each variable are true or false. The 
number of assignments is exponential in the number of 
variables. For this reason it is, in general, impossible for a 
user to describe her preferences by all pairs of the 
preference relation among assignments. This is where logic 
comes into play. 

 From different disciplines, many definitions of 
preference are given in logical ways. [von Wright 1963, 
1972] give definitions of strong, weak, and ceteris paribus 
preference. [Boutilier 1993, 1994] interprets ceteris paribus 
by “all other things being normal”, whereas [Doyle and 
Wellman 1994] defines it as “all other things being equal” 
by mean of contextual equivalence. [Joseph Y. Halpern 
1997] extend preference order on worlds to orders on sets 
of worlds by several approaches. [M. Freund 2004] 
introduce a logic of rational inferences and preferences. 
[Otterloo, and Roy 2005] study a whole spectrum of global 
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preferences on ∀∃, ∃∀, ∀∀, and ∃∃ four patterns. E.g., 
someone many prefer getting a raise (R) over honors (H) 
can be expressed in a ∀∃ pattern as “Every H-situation of 
honors can be topped by one of getting a raise”. [J. Lang 
2004] gives a survey of preferences defined with 
proposition goals.  

A drawback of the present state of the art in the logic of 
preferences is that proposed logics typically formalize only 
preferences of one kind. Decision making with varying 
kinds of preferences simultaneously is a familiar sight in 
realities. Varying kinds of preferences can be used 
simultaneously. [S. Kaci and L. van der Torre 2005] first 
defines four basic preference kinds considering two agent 
types. Let V be a finite set of propositional variables, W the 
set of propositional interpretations,  a total pre-order on 
W, φ and ψ  propositional logic well-formed formulas. The 
semantics of preferences formulas defined as follows: 
• Locally optimistic:φM≥Mψ: |=φM≥Mψ iff ∀w∈max(φ∧ 

¬ψ, ) and ∀w′∈max(ψ∧¬φ, ), w w′. 
• Locally pessimistic:φm≥mψ: |=φm≥mψ iff ∀w∈min(φ∧ 

¬ψ, ) and ∀w′∈min(ψ∧¬φ, ), w w′. 
• Opportunistic:φM≥mψ: |=φM≥mψ iff ∀w∈max(φ∧¬ψ, ) 

and ∀w′∈min(ψ∧¬φ, ), w w′. 
• Careful:φm≥Mψ: |=φm≥Mψ iff ∀w∈min(φ∧¬ψ, ) and 

∀w′∈max(ψ∧¬φ, ), w w′. 
Where max(φ, )={w∈W| w |=φ, ∀w′∈W: w |=φ  w w′}, 
min(φ, )={w∈W| w |=φ, ∀w′∈W: w |=φ  w′ w}. 

Then, they extend them into sixteen strict and non-strict 
kinds of preferences, and present algorithms to calculate 
the distinguished preference orders according to a set of 
preferences formulas. 

[G. Brewka 2004] uses ranked knowledge bases together 
with various preference strategies to represent various 
kinds of preference, and expresses nested combinations of 
preference descriptions using various connectives. This 
gives the user the possibility to represent and reason 
varying kinds of preferences simultaneously. 

Our focus in this paper will be based on qualitative 
preferences as four basic preference types of [S. Kaci and 
L. van der Torre 2005]. We hope to give the user the 
possibility to represent and reason her preferences in a 
more natural, concise and flexible manner by four 
approaches: 
• Defining four more general kinds of preference based on 

partial pre-order on W than those based on total pre-
order on W in [S. Kaci and L. van der Torre 2005]. 
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• Ignoring von Wright’s expansion principle in the new 
preference types. The principle means that a preference 
of φ over ψ is interpreted as a preference of φ∧¬ψ over 
ψ∧¬φ.

• Regarding preference connectives as general propo-
sitional connectives, like ∧,∨,¬ etc. 

• Studying a whole proof system. 
Firstly, we present four general preference types 

considering four interpretations on sets of partial-ordered 
alternatives. Secondly, we study such properties as 
reflexive, symmetric, transitive of every kind of preference 
on partial ordered alternatives, and study the transform of 
preference kinds considering the changes of sets of 
alternatives. Then, we develop MKPL by extending 
proposition logic with four preference connectives. 
Moreover, we propose a decision procedure with MKPL.

Four Kinds of Preferences 

Let V be a finite set of propositional variables, W the set of 
propositional interpretations, φ and ψ  propositional logic 
well-formed formulas. If  is a partial order on W, max(φ,

) and min(φ, ) may be empty, and are inexplainable. 
We present four more general preference types as follows: 
• Locally optimistic:φ∃≥∀ψ: |=φ∃≥∀ψ iff ∃w∈{w∈W| w

|=φ} and ∀w′∈{w∈W| w |=ψ}, w w′.
• Locally pessimistic:φ∀≥∃ψ: |=φ∀≥∃ψ iff ∀w∈{w∈W| w

|=φ} and ∃w′∈{w∈W| w |=ψ}, w w′.
• Opportunistic:φ ∃≥∃ψ: |=φ∃≥∃ψ iff ∃w∈{w∈W| w|=φ}

and ∃w′∈{w∈W| w |=ψ}, w w′.
• Careful:φ∀≥∀ψ: |=φ∀≥∀ψ iff ∀w∈{w∈W| w|=φ} and 

∀w′∈{w∈W| w |=ψ}, w w′.
Evidently, If  is a total pre-order on W, we can get 

that (φ∧¬ψ)∃≥∀(ψ∧¬φ)⇔φM≥Mψ, (φ∧¬ψ)∀≥∃(ψ∧¬φ)⇔
φm≥mψ, (φ∧¬ψ)∃≥∃(ψ∧¬φ)⇔φM≥mψ, and (φ∧¬ψ)∀≥∀(ψ∧
¬φ)⇔φm≥Mψ.
Example 1. Let V={p, q}, p∧q p∧¬q ¬p∧q ¬p∧¬q.
We can see that |= p∀≥∀q, |=¬q∀≥∀¬p, |=¬p∃≥∃q etc. 

Note that our preferences on ∀∃, ∃∀, ∀∀, and ∃∃ four 
patterns are different from those of [Otterloo, and Roy 
2005]. E.g., “someone prefers getting a raise (R) over 
honors (H)” expressed in our ∀∃ pattern means “For each 
R-situation of getting a raise, there exist some H-situations 
of honor that are topped by it”. 

Properties and Transform 

Above four kinds of preference mean four methods of 
going from an ordering on worlds to one on sets of worlds. 
With the uniform meaning, methods in [S. Kaci and L. van 
der Torre 2005] can only go from a total pre-order on 
worlds to one on sets of worlds, and our methods can go 
from the more real-life partial order on worlds to one on 
sets of worlds. A propositional formula φ represents a set 
of worlds {w∈W| w |=φ}. We can study these preferences 
from the set theory discipline. 

Properties of Order on Sets of Worlds 
Proposition 1. Let Ω be a finite set of alternatives, R a 
partial order on Ω, A and B subsets of Ω. We define the 
following relations on sets of alternatives: 
• R∃∀: AR∃∀B iff A≠∅ and B=∅, or ∃a∈A and ∀b∈B, aRb.
• R∀∃: AR∀∃B iff A≠∅ and B=∅, or ∀a∈A and ∃b∈B, aRb.
• R∃∃: AR∃∃B iff A≠∅ and B=∅, or ∃a∈A and ∃b∈B, aRb.
• R∀∀: AR∀∀B iff A≠∅ and B=∅, or ∀a∈A and ∀b∈B, aRb.
then  
1) R∃∃ and R∀∃ are reflexive on 2Ω-∅.
2) R∃∀, R∀∃, and R∀∀ are transitive on 2Ω.
Proof. 1) R is reflexive, then ∀c∈Ω, cRc must hold. For 
any A∈2Ω-∅, ∀a∈A a∈Ω, aRa must hold, then AR∃∃A
and AR∀∃A.
2) R is transitive, then if ∀a, b, c∈Ω, aRb and bRc, aRc
must hold. Let A, B, C∈2Ω, then 
• when AR∃∀B and BR∃∀C, if C=∅ AR∃∀C must be true, 

else if ∃a∈A, ∀b∈B, aRb and ∃b∈A, ∀c∈B, bRc, then
aRc must be true, so AR∃∀C.

• when AR∀∃B and BR∀∃C, if C=∅ AR∀∃C must be true, 
else if ∀a∈A and ∃b∈B, aRb and ∀b∈A and ∃c∈C, bRc,
then aRc must be true, so AR∀∃C.

• when AR∀∀B and BR∀∀C, if C=∅ AR∀∀C must be true, 
else if  ∀a∈A and ∀b∈B, aRb and ∀b∈A and ∀c∈C,
bRc, then aRc must be true, so AR∀∀C.

Transform of Preference Kinds 
As showed in fig.1, preference reasoning with four kinds 
of preferences is to find complete preference relations Rxy

(x,y∈{∀, ∃}) on 2Ω that must be consistent with the known 
part of Rxy. The part of Rxy on single element sets is just R.

We study preference reasoning in the following patterns: 
(1) ⊆ patterns 
• C⊆A, ARxyB CRx′y′B
• C⊆B, ARxyB ARx′y′C
• A⊆C, ARxyB CRx′y′B
• B⊆C, ARxyB ARx′y′C
(2)  patterns 
• (A C)RxyB CRx′y′B, ARx′y′B
• ARxy(B C) ARx′y′B, ARx′y′C
• ARxyB (A C)Rx′y′B, (A Cc)Rx″y″B
• ARxyB ARx′y′(B C), ARx″y″(B Cc)
(3) patterns 
• (A C)RxyB C Rx′y′B, ARx″y″B
• ARxy(B C) ARx′y′B, ARx″y″C

Rx(unknown)

R

Rxy (Known)

Model checking to find 
the part of Rxy on Ω
based on the known part

Theory proof to prove a 
preference in Rxy based on 
known part. 

Fig.1. Preference Reasoning 
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• ARxyB (A C)Rx′y′B, (A Cc)Rx″y″B
• ARxyB ARx′y′(B C), ARx″y″ (B Cc)
By predigesting iterative results, we conclude the 
following proposition. 
Proposition 2. Let Ω be a finite set of alternatives, R a 
partial order on Ω, A, B and C nonempty subsets of Ω. It 
can be concluded that 
(1) for R∃∀

• AR∃∀B, A⊆C CR∃∀B
• AR∃∀B (A C)R∃∀B, or (A Cc)R∃∀B
• AR∃∀B,B⊆C AR∃∃C
• AR∃∀B,C⊆B AR∃∀C
(2) for R∃∃

• AR∃∃B,A⊆C CR∃∃B
• AR∃∃B (A C)R∃∃B, or (A Cc)R∃∃B
• AR∃∃B,B⊆C  AR∃∃C
• AR∃∃B AR∃∃(B C), or AR∃∃(B Cc)
(3) for R∀∀

• AR∀∀B,C⊆A CR∀∀B
• AR∀∀B,A⊆C CR∃∀B
• AR∀∀B,B⊆C AR∀∃C
• AR∀∀B,C⊆B AR∀∀C
(4) for R∀∃

• AR∀∃B,A⊆C CR∃∃B
• AR∀∃B,C⊆A CR∀∃B
• AR∀∃B,B⊆C AR∀∃C
• AR∀∃B  AR∀∃(B C), or AR∀∃(B Cc)
Proof. A, B, and C are nonempty.
(1) AR∃∀B⇔∃a∈A, ∀b∈B, aRb,
• A⊆C a∈C, then ∃c∈C, cRb. That is CR∃∀B.
• it must be a∈A C or a∈A Cc, then ∃c∈A C, ∀b∈B,

aRb or ∃c∈A Cc, ∀b∈B, cRb. That is (A C)R∃∀B, or 
(A Cc)R∃∀B.

• B⊆C b∈C, then ∃c∈C, aRc. That is AR∃∃C.
• if C⊆B, then ∀c∈C c∈B, and aRc. That is AR∃∀C.
(2) AR∃∃B⇔∃a∈A, ∃b∈B, aRb,
• A⊆C a∈C, then ∃c∈C, ∃b∈B, cRb. That is CR∃∃B.
• it must be a∈A C or a∈A Cc, then ∃c∈A C, ∀b∈B,

aRb or ∃c∈A Cc, ∀b∈B, cRb. That is (A C)R∃∀B, or 
(A Cc)R∃∀B.

• B⊆C b∈C, then ∃a∈A, b∈C, aRb. That is AR∃∃C.
• it must be b∈B C or b∈B Cc, then ∃a∈A, ∃c∈B C or 

∃c∈B Cc, aRc. That is AR∃∃(B C), or AR∃∃(B Cc).
(3) AR∀∀B⇔∀a∈A, ∀b∈B, aRb,
• C⊆A then ∀c∈C c∈A, and cRb. That is CR∀∀B.
• A⊆C a∈C, then ∃c∈C, cRb. That is CR∃∀B.
• B⊆C b∈C, then ∃c∈C, aRc. That is AR∀∃C.
• C⊆B, then ∀c∈C c∈B, and aRc. That is AR∀∀C.
(4) AR∀∃B⇔∀a∈A, ∃b∈B, aRb,
• A⊆C a∈C, then ∃c∈C, cRb. That is CR∃∃B.

• C⊆A then ∀c∈C c∈A, and cRb. That is CR∀∃B.
• B⊆C b∈C, then ∃c∈C, aRc. That is AR∀∃C.
• it must be b∈B C or b∈B Cc, then ∃c∈B C or 

∃c∈B Cc, aRc. That is AR∀∃(B C), or AR∀∃(B Cc).
The above principles give us a clear picture of four kinds 
of preference from set theory discipline. 

MKPL Logic 

We develop MKPL by extending proposition logic with 
four preference connectives ∃≥∀, ∀≥∃, ∃≥∃, and ∀≥∀.
Definition 1 (Language). Given a set V={p1, …, pn} be a 
finite set of propositional variables, we define the set LMKPL

of MKPL formulas as follows. 
• pi∈LMKPL

•φ,ψ∈LMKPL ¬φ∈LPL,φ→ψ∈LMKPL,φx≥yψ∈LMKPL, x,y∈{∀,
∃}

•↔, ∨, ∧, ,⊥, (, ) are defined as usually, x≥y has the same 
priority as that of ∨.

Definition 2 (Semantics). Given a preference model 
M=(W, R), W the set of propositional interpretations 2V, R
a partial order on W, w∈W, we write w a set of variable, 
p∈w iff p is true. The semantics of MKPL is defined as 
follows. 
• M, w|=p iff p∈w
• M, w|=¬φ  iff M, w|≠φ
• M, w|=φ→ψ  iff M, w|=¬φ, or M, w|=ψ
• M, w|=φ∀≥∀ψ  iff M, w|=φ and ∀w′∈W(M, w′|≠ψ), or 

∀w1∈W(M, w1|=φ) and ∀w2∈W(M, w2|=ψ), w1Rw2

• M, w|=φ∃≥∀ψ  iff M, w|=φ and ∀w′∈W(M, w′|≠ψ), or 
∃w1∈W(M, w1|=φ) and ∀w2∈W(M, w2|=ψ), w1Rw2

• M, w|=φ∃≥∃ψ  iff M, w|=φ and ∀w′∈W(M, w′|≠ψ), or 
∃w1∈W(M, w1|=φ) and ∃w2∈W(M, w2|=ψ), w1Rw2

• M, w|=φ∀≥∃ψ  iff M, w|=φ and ∀w′∈W(M, w′|≠ψ), or 
∀w1∈W(M, w1|=φ) and ∃w2∈W(M, w2|=ψ), w1Rw2

Lemma 1. Given a MKPL formulas φ, if φ expresses that 
φ is satisfiable, then φ↔(φ∃≥∃φ). If ♦φ expresses that φ is 
a tautology, then ♦φ↔¬(¬φ∃≥∃¬φ).
Proof. Let M=(W, R), w be a preference model, 
(1) M, w|= φ iff ∃w′∈W, M, w′|=φ. M, w|=φ∃≥∃φ iff 
∃w1∈W(M, w1|=φ) and ∃w2∈W(M, w2|=ψ), w1Rw2, that is 
∃w′∈W, M, w′|=φ.
(2) ♦φ↔¬ ¬φ↔¬(¬φ∃≥∃¬φ).
Definition 3 (Maximal Propositional Conjunction). A 
maximal propositional conjunction is an ordered 
conjunction of atoms or negated atoms such that every 
atom in V is mentioned exactly once.  
According to a usual procedure of transforming a 
propositional formula into complete normal propositional 
disjunction, it is easy to decide whether φ can be expressed 
by a maximal propositional conjunction. We write ♠φ if φ
can be expressed by a maximal propositional conjunction. 
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Evidently, no matter what R is, there is exactly only w∈W,
we have M, w|=φ. Therefore, we can treat a maximal 
propositional conjunction as a world of 2V in the following.
Definition 4 (Proof System SMKPL).
Axiom 
1. all propositional tautologies 
2. φ x≥yψ→ φ
3. ♠φ∧♠ψ→((φx≥yψ)↔(φ x′≥y′ψ))
4. ψ∧(((φ x≥yψ)∧γ) x′≥y′χ)↔ ψ∧(φ x≥yψ)∧(γ x′≥y′χ)
5. ψ∧((¬(φ x≥yψ)∧γ) x′≥y′χ)↔ ψ∧¬(φ x≥yψ)∧(γ x′≥y′χ)
6. ψ∧(χ x′≥y′((φx≥yψ)∧γ))↔ ψ∧(φ x≥yψ)∧(χ x′≥y′γ)
7. ψ∧(χ x′≥y′(¬(φ x≥yψ)∧γ))↔ ψ∧¬(φ x≥y ψ)∧(χ x′≥y′γ)
8. Order axiom: 
 • R∃∃: φ→φ∃≥∃φ
 • R∀∃: φ→φ∀≥∃φ
 • T∀∀: (φ ∀≥∀ψ)∧(ψ ∀≥∀γ)→φ ∀≥∀γ
 • T∀∃: (φ∀≥∃ψ)∧(ψ ∀≥∃γ)→φ ∀≥∃γ
 • T∃∀: (φ ∃≥∀ψ)∧(ψ∃≥∀γ)→φ∃≥∀γ
9. Transform axiom: 
 •∃∀R1: ( φ∧ ψ∧ γ)∧♦(φ→γ)∧(φ∃≥∀ψ)→γ∃≥∀ψ
 •∃∀R2: ( φ∧ ψ∧ γ)∧(φ∃≥∀ψ)→((φ∧γ)∃≥∀ψ)∨((φ∧¬γ)∃

≥∀ψ)
 •∃∀R3: ( φ∧ ψ∧ γ)∧ (φ∃≥∀ψ)∧♦(ψ→γ)→φ∃≥∃γ
 •∃∀R4: ( φ∧ ψ∧ γ)∧ (φ∃≥∀ψ)∧♦(γ→ψ)→φ∃≥∀γ
 •∃∃R1: ( φ∧ ψ∧ γ)∧♦(φ→γ)∧(φ∃≥∃ψ)→γ∃≥∃ψ
 •∃∃R2: ( φ∧ ψ∧ γ)∧φ∃≥∃ψ→((φ∧γ)∃≥∃ψ)∨((φ∧¬γ)∃≥∃

ψ)
 •∃∃R3: ( φ∧ ψ∧ γ)∧(φ∃≥∃ψ)∧♦(ψ→γ)→φ∃≥∃γ
 •∃∃R4: ( φ∧ ψ∧ γ)∧φ∃≥∃ψ→(φ∃≥∃(ψ∧γ))∨(φ∃≥∃(ψ∧¬

γ))
 •∀∀R1: ( φ∧ ψ∧ γ)∧♦(γ→φ)∧(φ∀≥∀ψ)→γ∀≥∀ψ
 •∀∀R2: ( φ∧ ψ∧ γ)∧♦(φ→γ)∧(φ∀≥∀ψ)→γ∀≥∀ψ
 •∀∀R3: ( φ∧ ψ∧ γ)∧(φ∀≥∀ψ)∧♦(ψ→γ)→φ∀≥∃γ
 •∀∀R4: ( φ∧ ψ∧ γ)∧(φ∀≥∀ψ)∧♦(γ→ψ)→φ∀≥∀γ
 •∀∃R1: ( φ∧ ψ∧ γ)∧♦(φ→γ)∧(φ∀≥∃ψ)→γ∃≥∃ψ
 •∀∃R2:  ( φ∧ ψ∧ γ)∧♦(γ→φ)∧(φ∀≥∃ψ)→γ∀≥∃ψ
 •∀∃R3:  ( φ∧ ψ∧ γ)∧ (φ∀≥∃ψ)∧♦(ψ→γ)→φ∀≥∃γ
 •∀∃R4:  ( φ∧ ψ∧ γ)∧φ∀≥∃ψ→(φ)∀≥∃(ψ∧γ))∨(φ∀≥∃(ψ∧

¬γ))
10. Modus Ponens: φ, φ→ψ ψ
Where x, y, x′, y′∈{∃,∀}, Order axiom and Transform 
axiom are rewrite of proposition 1 and proposition 2 in 
LMKPL.
Proposition 3. SMKPL is sound and complete. 
Proof. (1) Soundness. The validity proofs for each axiom 
are given below. 
• Axiom 2: Suppose that M, w|=φ x≥yψ. We have that M,

w|=φ and ∀w′∈W, M, w′|≠ψ, or xw1∈W(M, w1|=φ) and 

yw2∈W(M, w2|=ψ), w1Rw2, where x, y∈{∃,∀}. This 
means that there exist(s) models of φ, that is M, w|= φ.

•  Axiom 3: Suppose that M, w|=♠φ∧♠ψ. There is exactly 
only one w″, M, w″|=φ, and There is exactly only one w′,
M, w′|=ψ. So M, w|=φx≥yψ⇔w″Rw′⇔M, w|=φx′≥y′ψ holds 
for any x, y, x′, y′∈{∃,∀}. 

•  Axiom 4-7: Suppose that M, w |= ψ∧(((φ∀≥∃ψ)∧γ)∃≥∀χ).
then 

 1) ∃w′∈W, M, w′|=ψ and M, w|=((φ∀≥∃ψ)∧γ), ∀w′∈W, M,
w′|≠χ, or 

 2) ∃w′∈W, M, w′|=ψ, ∃w1∈W(M, w1|=((φ∀≥∃ψ)∧γ)) and 
∀w2∈W(M, w2|=γ), w1Rw2.

If 1) holds, then M, w|= ψ. M, w|=((φ∀≥∃ψ)∧γ) M,
w|=φ∀≥∃ψ and M, w|=γ. M, w|=γ and ∀w′∈W, M,
w′|≠χ M, w|=γ ∃≥∀χ. These three conclusions can be 
combined to derive M, w|= ψ∧(φ∀≥∃ψ)∧(γ ∃≥∀χ). 

 If 2) holds, then M, w |= ψ. M, w1|=φ∀≥∃ψ, M, w1|=γ. M,
w|= ψ and M, w1|=φ∀≥∃ψ ∀w0∈W(M, w0|=φ), ∃w2∈W
(M, w2|=ψ), w0Rw2  M, w|=φ∀≥∃ψ. M, w1|=γ, ∀w2∈W(M,
w2|=γ), w1Rw2  M, w|=γ ∃≥∀χ. These three conclusions 
can be combined to derive M, w|= ψ∧(φ∀≥∃ψ)∧(γ ∃≥∀χ). 

 The above proof procedure is reversible, so we can get 
that ψ∧(((φ∀≥∃ψ)∧γ)∃≥∀χ)↔ ψ∧(φ∀≥∃ψ)∧(γ ∃≥∀χ). 

For other interpretations of x, y, x′, y′, and axiom 5-7, the 
proof are of the same type. 
•  Axiom 8:      these axioms can be easily derived from the 
corresponding conclusions in proposition 1. 
•  Axiom 9:     these axioms can be easily derived from the 

corresponding conclusions in proposition 2. 
(2) Completeness. SMKPL is complete iff |=φ implies 
SMKPL|−φ. Let S be a maximally consistent set containing φ.
All we need to do is to show that there is a model M, w
such that ∀ψ∈S: M, w|= ψ. In SMKPL, all axioms are based 
on a partial order, we need to construct M=(W, R) with R a 
partial order.  

Let SP={α x≥yβ| both α and β are maximal propositional 
conjunction, x, y∈{∃,∀}}, then construct M=(W, R) with 
W=2V and R={(α , β)|α x≥yβ∈SP}. According to axiom 3, 
R={(α, β)|α∀≥∀β∈SP}={(α, β)|α∀≥∃β∈SP}={(α, β)|α∃≥∃β
∈SP}={(α, β)|α∃≥∀β∈SP}. According to axiom 8, 9, R is 
reflexive and transitive: a partial order.  

A Decision Procedure 

In this section, we propose a decision procedure for SAT 
of MKPL, that is, a procedure to decide whether there is a 
preference model for a given formula φ of MKPL.
Definition 5 (Preference Formula). A MKPL formula φ is 
a preference formula iff it has the form  αx≥yβ. αx≥yβ is a 
basic preference formula iff both α and β are 
propositional formulas. αx≥yβ is a normal preference 
formula iff both α and β are maximal propositional 
conjunction. 
Lemma 2. Conjunction expansion principles. 
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• (1) (φ∧γ)∧ (φ∧¬γ)∧(φ∀≥∀ψ)→((φ∧γ)∀≥∀ψ)∧((φ∧¬γ)
∀≥∀ψ)

 • (2) φ∀≥∀ψ→(φ∀≥∀(ψ∧γ))∧(φ∀≥∀(ψ∧¬γ))
 • (3) φ∃≥∀ψ→((φ∧γ)∃≥∀ψ)∨((φ∧¬γ) ∃≥∀ψ)
 • (4)φ∃ ≥∀ψ→(φ∃≥∀(ψ∧γ))∧(φ∃≥∀(ψ∧¬γ))
 • (5) (φ∧γ)∧ (φ∧¬γ)∧(φ∀≥∃ψ)→((φ∧γ)∀≥∃ψ)∧((φ∧¬γ)

∀≥∃ψ)
 • (6) φ∀≥∃ψ→(φ∀≥∃(ψ∧γ))∨(φ∀≥∃(ψ∧¬γ))
 • (7) φ∃≥∃ψ→((φ∧γ)∃≥∃ψ)∨((φ∧¬γ)∃≥∃ψ)
 • (8) φ∃≥∃ψ→(φ∃≥∃(ψ∧γ))∨(φ∃≥∃(ψ∧¬γ)) 
Proof.(1) can be derived from axiom 2 and ∀∀R1, (2) can 
be derived from axiom 2 and ∀∀R4, (3) can be derived 
from axiom 2 and ∃∀R1, (4) can be derived from axiom 2 
and ∃∀R4, (5) can be derived from axiom 2 and ∀∃R2, (6) 
can be derived from axiom 2 and ∀∃R4, (7) can be derived 
from axiom 2 and ∃∃R2, (8) can be derived from axiom 2 
and ∃∃R4.
Lemma 3. Disjunction expansion principles. 
 •(1) ((φ∨γ)∀≥∀ψ)∧ φ∧ γ→(φ∀≥∀ψ)∧(γ∀≥∀ψ)
 •(2) φ∀≥∀(ψ∨γ)→(φ∀≥∀ψ)∧(φ∀≥∀γ)
 •(3) (φ∨γ)∃≥∀ψ→(φ∃≥∀ψ)∨(γ∃≥∀ψ)
 •(4) φ∃≥∀(ψ∨γ)→(φ∃≥∀ψ)∧(φ∃≥∀γ)
 •(5) (φ∨γ)∀≥∃ψ∧ φ∧ γ→(φ∀≥∃ψ)∧(γ∀≥∃ψ)
 •(6) φ∀≥∃(ψ∨γ)→(φ∀≥∃ψ)∨(φ∀≥∃γ)
 •(7) (φ∨γ)∃≥∃ψ→(φ∃≥∃ψ)∨(γ∃≥∃ψ)
 •(8) φ∃≥∃(ψ∨γ)→(φ∃≥∃ψ)∨(φ∃≥∃γ)
Proof. (1) can be derived from axiom 2 and ∀∀R1, (2) can 
be derived from axiom 2 and ∀∀R4, (3) can be derived 
from axiom 2 and ∃∀R1, (4) can be derived from axiom 2 
and ∃∀R4, (5) can be derived from axiom 2 and ∀∃R2, (6) 
can be derived from axiom 2 and ∀∃R4, (7) can be derived 
from axiom 2 and ∃∃R2, (8) can be derived from axiom 2 
and ∃∃R4.
 Our decision procedure is inspired by von Wright’s 
decision procedure in his preference logic, and similarly 
includes two steps: normalization and consistency 
checking. The normalization step to transform a well-
formed formula into its normal form is based on axioms 4-
7, conjunction expansion principles, and disjunction 
expansion principles. In the normal form, all preference 
formulas are normal preference formulas. The consistency 
checking step is based on axiom 8, axiom 9, and truth 
tables. Following the normalization step, one assigns truth-
values to these normal preference formulas and computes 
the resulting truth-tables. We describe the procedure using 
an example as follows. 
Example 2. Let V={p, q}, φ≡p∧q∧(((p∀≥∀¬p)∧q)∃≥∀(¬q∨
p)). Check the satisfiability of φ as follows: 
1. Normalization 

(1)Decompose preference formulas of φ into basic 
preference formulas by axiom 4. Transform φ into φ1.

φ1≡ p∧q∧(p∀≥∀¬p)∧(q∃≥∀(¬q∨p)) 

 (2)Remove disjunction in preference formulas based on 
disjunction expansion principles (4), and transform φ1
into φ2.

φ2≡ p∧q∧(p∀≥∀¬p)∧(q∃≥∀¬q)∧(q∃≥∀p)
 (3) Suppose p∈V, but does not occur in β or α of a basic 

preference formula αx≥yβ. According to conjunction 
expansion principles, transform basic preference 
formulas into normal preference formulas. For φ2:

 •Use conjunction expansion principles (1) and (2) on 
p∀≥∀¬p, we get: 

((p∧q)∀≥∀(¬p∧q))∧((p∧q)∀≥∀(¬p∧¬q))∧((p∧¬q)∀≥∀(¬
p∧q))∧ ((p∧¬q)∀≥∀(¬p∧¬q)) 

 • Use conjunction expansion principles (3) and (4) on 
q∃≥∀¬q, we get: (((p∧q)∃≥∀(p∧¬q))∧((p∧q)∃≥∀(¬p
∧¬q)))∨(((¬p∧q)∃≥∀(p∧¬q))∧ ((¬p∧q)∃≥∀(¬p∧¬q))) 

 • Use conjunction expansion principles (3) and (4) on 
q∃≥∀p, we get: (((p∧q)∃≥∀(p∧¬q))∧((p∧q)∃≥∀(p∧q)))∨
(((¬p∧q)∃≥∀(p∧¬q))∧ ((¬p∧q)∃≥∀(p∧q))) 

Combine these results, transform φ2 into φ3

φ3≡ p∧q∧((p∧q)∀≥∀(¬p∧q))∧((p∧q)∀≥∀(¬p∧¬q))∧((p∧¬q)
∀≥∀(¬p∧q))∧((p∧¬q)∀≥∀(¬p∧¬q))∧((((p∧q)∃≥∀(p∧¬q)) 
∧((p∧q)∃≥∀(¬p∧¬q)))∨(((¬p∧q)∃≥∀(p∧¬q))∧((¬p∧q)∃≥
∀(¬p∧¬q))))∧((((p∧q)∃≥∀(p∧¬q))∧((p∧q)∃≥∀(p∧q)))∨(((
¬p∧q)∃≥∀(p∧ ¬q)) ∧((¬p∧q)∃≥∀(p∧q))))  

2. Consistency checking 
Assign truth-values to the normal preference formulas 
and computes the resulting truth-tables in the following 
way: 

 •The constituent of the form αx≥yβ is assigned true.
 •If both αx≥yβ and βx′≥y′γ are assigned true, the 

constituent αx″≥y″γ is also assigned true.
 •Finally, ones compute the truth-table in a standard way. 
Check φ3, we can get M=({p∧q, p∧¬q, ¬p∧q, ¬p∧¬q}, R),
w= p∧q is a model of φ3, where R is as showed in Fig.2. 

Conclusion

In this paper, we introduce MKPL: a many-kinds-
preferences logic with finite set of propositional variables, 
to formalize four kinds of preference. We hope to give the 
user(s) the possibility to represent and reason her(their) 
varying kinds of preferences simultaneously in a more 
natural, concise and flexible manner by four approaches: 
(1)Defining four more general kinds of preference based 
on partial order on W than those based on total pre-order 

p∧q

¬p∧q ¬p∧¬q

p∧¬q

Fig.2. R
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on W in [S. Kaci and L. van der Torre 2005]. (2) Ignoring 
von Wright’s expansion principle in the new preference 
types. (3)Regarding preference connectives as general 
propositional connectives, like ∧,∨,¬ etc. (4) Studying a 
whole proof system. Moreover, we propose a decision 
procedure with MKPL.
 We are currently extending the work in this paper in the 
following directions. 
• We are investigating expressive power of MKPL for 

preference representation by comparing with other 
preference definitions. 

• We plan to add ceteris paribus constraint in MKPL, and 
plan to investigate computational issue related the 
approach. In particular, it would be interesting to see  the 
application of varying kinds of preferences in logic 
programming. 

• We are trying to contain more combination strategies in 
MKPL, and to find general principles of reasoning with 
varying kinds of preferences simultaneously. 

References 

G. H. von Wright 1963. The Logic of Preference.
Edinburgh. 
G. H. von Wright 1972. The Logic of Preference 
Reconsidered. Theory and Decision, 3:140-169. 
C. Boutilier 1993. A Modal Characterization of Defeasible 
Deontic Conditionals and Conditional Goals. AAAI Spring 
Symposium on Reasoning about Mental States. 30-39. 
C. Boutilier 1994. Toward a logic for Qualitative Decision 
Theory. In Proceedings of the Fourth International 
Conference on Principle of Knowledge Representation and 
Reasoning, 75-86. 
J. Doyle and M. P. Wellman 1994. Representing 
Preferences as Ceteris Paribus Comparatives. Working 
Notes of The AAAI Symposium on Decision-Theoretic 
Planning, 69-75. 
Joseph Y. Halpern 1997. Defining Relative Likelihood in 
Partially-ordered Preferential Structure. Journal of 
Artificial Intelligence Research, 7,1-24. 
Michael Freund 2004. On the Revision of Preferences and 
Rational Inference Process. Artificial Intelligence. 152, 
105-137. 
S. v. Otterloo and O. Roy 2005. Preference logic and 
applications. 
J. Lang 2004. Logic preference representation and 
combinatorial vote. Annals of Mathematics and Artificial 
Intelligence, 42,37–71. 
S. Kaci and L. van der Torre 2005. Algorithms for a 
Nonmonotonic Logic of Preferences. In Proceeding of 8th

European Conference on Symbolic and Quantitative 
Approaches to Reasoning with Uncertainty. 281-292. 
S. Kaci and L. van der Torre 2005. Non-monotonic 
Reasoning with Various Kinds of Preferences. In 
Proceedings of Multidisciplinary IJCAI-05 Workshop on 
Advances in Preference Handling. 112-117. 

G. Brewka 2004. A Rank Based Description Language for 
Qualitative Preferences. In Proceedings of the 16th 
European Conf. on Artificial Intelligence. Valencia: IOS 
Press, 303-307. 
J. Doyle 2004. Prospects for Preferences. Computational 
Intelligence, 20(2),111-136. 
M. Öztürk, A. Tsoukiàs 2005, Vincke Ph. Preference 
Modelling. In State of the Art in Multiple Criteria Decision 
Analysis, Springer-Verlag, Berlin. 27-72. 

100



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


