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Abstract

We present an extended PLCA that represents the shape of
an object qualitatively. PLCA, a framework for qualitative
reasoning, is based on the simple components: points(P),
lines(L), circuits(C) and areas(A), and the entire figure
is represented as a combination of these components. The en-
tire space is considered to be partitioned into disjoint regions,
and the connection patterns of regions can be distinguished.
We extend PLCA to represent the qualitative shape of a region
with a hierarchy of convex hulls. We formalize our approach,
present an algorithm to generate the symbolic expression for
a given figure, and discuss the properties that should be satis-
fied by this expression. Our goal is to represent not only the
shapes of the outer circuits of single regions, but also those of
the boundaries between regions.

1. Introduction

Qualitative Spatial Reasoning(QSR) treats images or figures
qualitatively, by representing only the information required
for a user’s purpose, such as mereological relationships, rel-
ative positional relationships, and relative sizes between re-
gions (Cohn and Hazarika 2001; Stock 1997). In QSR sys-
tems, figures are represented not numerically but symboli-
cally to reduce the amount of data and computation.

RCC (Randell and Cui 1992) is a logical theory that con-
siders a space to be a set of regions, in which the entire figure
is represented by a set of binary relations between regions.
The 9-intersection is another method which uses a matrix to
describe the relationships between objects (Egenhofer 1991;
Egenhofer and Franzosa 1991; 1995). PLCA is a framework
for qualitative spatial reasoning that utilizes simple compo-
nents: points(P), lines(L), circuits(C) and areas(A),
and describes connection patterns between regions (Taka-
hashi and Sumitomo 2005). In PLCA, pairs of areas, circuits
and lines never cross. Intuitively, the entire space is parti-
tioned into disjoint regions. As shown in Figure 1, PLCA
can explicitly represent the fact that the two objects touch at
two points, while other QSR methods are limited to repre-
senting the property that the two objects have the common
part.
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Figure 1: Objects touched by two points

Figure 2: The same figures

In PLCA, only the connection patterns between regions
are represented, and shape information is ignored. The two
figures in Figure 2, for example, are regarded as the same
one, since both show two objects that are connected with a
line.

Shape representation, however, is necessary in many
fields: for example, in recognizing maps or geological
changes, in designing and building objects, and in using Ge-
ographic Information Systems (GIS).

Qualitative shape representation has been studied in sev-
eral QSR frameworks. However, most of these have focused
on representing the shape of a single object and they cannot
handle the shapes of multiple objects connected with each
other (Figure 3). Consider, for example, the shapes of the
borders of countries. Most borders of European countries
are curved, while those of African countries are straight.
To represent borders, it is necessary to express not only the
shape of each single border, but also the pattern of connec-
tions between borders. In this paper, we treat both of these
problems with a single solution.

We extend PLCA to describe the convex hull of each area,
a new approach designated PLCA+. The convexity of each
object is represented by its convex hull, and we extract any



Figure 3: Figures including multiple objects
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Figure 4: Hierarchical representation of convexity

concavity as the difference between the area and its convex
hull. We construct the convex hulls of the extracted parts
recursively. Using this approach, it is possible to express
the detailed shapes of regions (Figure 4). Our goal is to
represent not only the shape of the boundaries of a single
object, but also the detailed connection between objects and
the convexity of areas.

We present an algorithm for generating a PLCA+ expres-
sion from a given figure in a two-dimensional plane, and dis-
cuss the properties the expression satisfies. We also discuss
the expressive power of PLCA+.

This paper is organized as follows. In section 2, we
present the formal definition of PLCA+, an extended PLCA
expression, and the conditions that are to be satisfied. In sec-
tion 3, we describe an algorithm for generating the symbolic
representation of a given figure in a two-dimensional plane,
and show the properties that are satisfied. In section 4, we
compare our approach with the other works, and discusses
the ability of PLCA+. Finally, in section 5, we show the
conclusion.

2. Definition of Extended PLCA
Definition of Classes

PLCA has four basic components: points(P), lines(L),
circuits(C) and areas(A) (Figure 5). We add a hew com-
ponent subP LC' A to represent the convex shape of an area.

Point is defined as a primitive class.

Line is defined as a class that satisfies the following condi-
tion: for an arbitrary instance [ of Line, l.ps is a pair [p1, p2]
where p1,po € Point. A line has an inherent orientation.
When I.ps = [p1, po], I and I~ mean [py, p2] and [p2, 1],
respectively. I* denotes either [* or [~, and [}, denotes the
line with direction inverse of that of [*. Intuitively, a line is
the edge connecting two (not always different) points. No
two lines are allowed to cross. Note that multiple distinct
lines may be defined by the same pair of points. In Fig. 6(a),
the arrows denote the orientations of the lines. All of the
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Figure 5: PLCA components

Figure 6: Multiple lines with the same definition and the
associated circuits

lines l1.ps, l2.ps and I5.ps are defined to be [p, p2], but they
are distinguished by the circuits to which they belong.

In this paper, we assume that each line in the figure is
curved, although PLCA permits straight lines.

Circuit is defined as a class that satisfies the following
condition: for an arbitrary instance ¢ of Circuit, c.ls is
a sequence [I1,...,0%] where l4,...,l, € Line(n > 1),
li.ps = [pi,pix1](1 < i < n)and ppyy = p1. [If,..., 7]
and [I7,...,0%,17,...,1;_;] denote the same circuit for any
j @ < j < n). InFig. 6(b), we have three circuits:
crds = {17,105}, eolls = {15,013}, ealls = {15, 1]}

For c1, co € Circuit, we introduce two new predicates ic
and pc to denote that two circuits share line(s) and point(s),
respectively. lc(c1, o) is true iff there exists [ € Line such
that (IT € ¢1.1s) A (I7 € ca.ls). pe(er, o) is true iff there
exists p € Point such that (p € I1.ps) A (p € la.ps)A
(I7 € c1.ls)A\(I5 € co.ls). Acircuitis the boundary between
an area and its adjacent areas viewed from the side of that
area.

Area is defined as a class that satisfies the following con-
dition: for an arbitrary instance a of Area, a.cs is a set
{c1,...,¢cn} Where ¢1,...,¢, € Circuit(n > 1), and
Ve, ¢j € a.cs; (1 # §) — (—pe(es, ¢j) A —le(es, ¢j)). Intu-
itively, an area is a connected region which consists of ex-
actly one piece. No two areas are allowed to cross. The final
condition means that any pair of circuits that belong to the
same area cannot share a point or a line. For areas a; and
as, if there exist circuits ¢; and ¢, such that ¢; € aq.¢s and
ca € ag.cs, respectively, and lc(cq, c2) holds, then a; and
a9 are said to be line-connected.

We assume that there exists a circuit along the outermost
extremity of the figure called om(outermost). This implies



Figure 7: Important components of convex hull

that the target figure is finite and bounded, and the space can
be partitioned into a number of areas that do not overlap with
each other.

SubPLCA is defined as a class that satisfies several con-
ditions, for an arbitrary instance se of SubPLC' A, these are
as follows:

definition 1 (SubPLCA)

Se‘psz{p07p17"' ;pnfl} .
where Do, P1y " yPn—1 € Point
se.ls = {10711»"' 7ln*1} .
where lg,ly,-++ ,1,_1 € Line
se.cs = {cg,c1,+* ,Cn_1} o
where cg,c1,- -, cn_1 € Circuit
se.as = {a’07a17 e 7an71}
where ag,ay,- -+ ,a,_1 € Area

se.area = a where a € se.as

se.som = ¢ where ¢ € se.cs

We call this expression SUbPLCA of Area a.

Intuitively, SUbPLCA se represents a restricted frame in
which the extracted area se.area from the source figure is
pasted. There exists a circuit along the outermost extremity
of the frame called som(suboutermost).

We also define three components of se. se.iom is the
inner circuit of the frame, se.oca is the outer circuit of the
convex hull of the extracted area, and se.oa, which is called
the background area, is the area between the convex hull
of the extracted area and the outer boundary of the frame.
These components are illustrated for a particular figure in
Figure 7, and their formal definitions are given below.

definition 2 (the inner circuit of the frame) se.iom is a Cir-
cuit ¢ that satisfies:

viI* € se.som.ls(lf, € c.ls)
A VI* e cels(lf, € se.som.ls)
A cE€ secs

It means that for each line [* that belongs to the sub-
outermost circuit, the line oriented opposite to [* belongs
to se.iom, and vice versa.

definition 3 (the outer circuit of the convex hull of the ex-
tracted area) se.oca is a Circuit ¢ that satisfies:

¢ € se.oa.cs N\ ¢ # se.iom
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Figure 8: A tree structure of et .ses

definition 4 (the background area) se.oa is an Area a that
satisfies:
se.iom € a.cs
A la.cs| =2
N a € se.as
A a # se.area

It means that the only circuits belonging to the back-
ground area are the inner circuit of the frame and the outer
circuit of the convex hull of the extracted area.

Tree Structure of SUbPLCAs If the source figure con-
tains n areas, then n SUbPLCAS se’s are defined indepen-
dently. Moreover, if a concave part of the source figure
has concave sub-parts, we use hierarchical representation
to capture its shape. Each SubPLCA is a PLCA+ expres-
sion that includes SubPLCA recursively. As a result, for
a PLCA+ expression e™, et.ses has a tree structure (Fig-
ure 8). For a SUbPLCA se, if se.area = a A se.as =
{a,a1,a9, -+ ,a,}, Area a is said to be a parent Area of
Area ai,as, - ,an,and ay,as, - ,a, are said to be child
Areas of Area a.

PLCA+ Expression

PLCA+ expression is defined as a class that satisfies the fol-
lowing condition: for an arbitrary instance et of PLCA+

expression, et.ps, eT.ls, eT.cs, eT.as and et .ses are sets

of Points, Lines, Circuits, Areas and subPLCA expressions,

respectively, and e™.om € e™.cs is the outermost circuit of

the whole figure.

definition 5 (element) (i) Let p,l,c and a be Point, Ling,
Circuit and Area, respectively. If p € [.ps, then p is said to
be an element of I. If [ € c.is, then [ is said to be an element
of c. If ¢ € a.ls, then c is said to be an element of a. (ii) Let
01,02 and o3 be each a Point, Line, Circuit or Area. If oq
is an element of 05 and o5 is an element of o3, then o is an
element of o3.

Consistency of PLCA+

definition 6 (consistency) A PLCA+ expression e™ is said
to be consistent iff the following constraints are satisfied.



Figure 9: A figure corresponding to a SUbPLCA that does
not satisfy the uniqueness of se.iom

Figure 10: A figure corresponding to a SubPLCA that does
not satisfy the uniqueness of se.oa

Constraint on Point-Line Each Point belongs to some
line. Each Point in I.ps should belong to e™.ps where [ be-
longs to e*.ls. For each SubPLCA, the same constraints
hold.

Constraint on Line-Circuit Each Line belongs to exactly
two distinct Circuits. Each Line in c.ls should belong to
et.ls where c belongs to et.cs. For each SubPLCA, the
same constraints hold.

Constraint on Circuit-Area Each Circuit besides
outermost and suboutermost belongs to exactly one Area.
Each Circuit in a.cs should belong to e™.cs where a belongs
to eT.as. For each SubPLCA, the same constraints hold.

Due to these three constraints, neither isolated lines nor
points are allowed.

Constraint on SUbPLCA There exist a unique se.area,
se.som, se.tom, se.oca and se.oa for each subPLCA.
Moreover, the extracted area se.area and the background
area se.oa should be line-connected.

The uniqueness of se.iom eliminates the case shown in
Figure 9. The uniqueness of se.oa eliminates the case shown
in Figure 10. The line-connectedness of se.area and se.oa
eliminates the case shown in Figure 11.

Planarity of PLCA+

We investigated the planarity condition for PLCA expres-
sions (Takahashi and Sumitomo 2008). For a PLCA+ ex-
pression, since et and each SUbPLCA se are also regarded
as PLCA expressions, they satisfy the planarity condition:
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Figure 11: A figure corresponding to a SubPLCA that
does not satisfy the line-connectedness between se.area and
Se.oa

Figure 12: Inner Circuit and Outer Circuit

let.ps| — |eT.ls| — |eT.cs| +2leT.as| =0
Vse € eT.ses(
|se.ps| — |se.ls| — |se.cs| + 2|se.as| = 0)
We require additional planarity constraints between Area
and SubPLCA, and between SubPLCAs.

Inner and Outer Before presenting the additional pla-
narity conditions, we introduce concepts of Inner and Outer.

First, we define the predicates ioc(is Outer Circuit) and
sic(is Inner Circuit) for a Circuit ¢ as follows.

definition 7 (Inner/Outer Circuit)
c=ect.om
dse € et.ses(c = se.som)
VI* € els(lf, € ¢ .Is A —ioc(c'))
Va € {a|c € a.cs}(
I € a.cs\ {c} (—m'oc(c’)))

otherwise

t
toc(c) = e

false

.. true
iic(c) = False

Intuitively, an Outer Circuit is a Circuit that describes the
outer boundary of an Area, while an Inner Circuit describes
the inner boundary (Figure 12). For a consistent PLCA ex-
pression, it is decidable whether a Circuit is an Inner Circuit
or an Outer Circuit (Takahashi and Sumitomo 2008).

Next, we define the predicate io(Inner Object) for com-
ponents o; and oo as follows.

—ioc(c)
otherwise



Figure 13: Inner Objects in an Area

definition 8 (Inner Object)

01 € As Aoy € 01.C8
01 € CsNog € 01.ls
01 € Ls Nog € 01.ps
tic(o1) A 01 € 03.C8
ioc(o1) N1* € 01.ls
A3c € og.cs(lf, € cls)
10(01,03) A io(03,02)

i0(01,02) =

Let 0; and o5 each be a Point, Line, Circuit or Area. In-
tuitively, io(o1, 02) is true if oy is contained within o4, and
false, otherwise (Figure 13).

Constraint on Area-SubPLCA For each Area a other
than the background area in an se, there exists an Area in
some se’ the parent Area of which is a. Background areas
have no children. These constraints are formalized as fol-
lows.

Let ASs&oa = USEEe+.SeS se.oa.
Va € As\ Asse,oa(|{se|se.ar6a = a}’ = 1)

[{sela € se.as}| =1

Na ¢ Use€e+_ses se.area
Na & eT.as

Va € ASgse o

An Area a and all of its Inner Objects are included in the
interior of the background area of the SUubPLCA of a. This
constraint is formalized as follows.

se.area = a

(io(a,p) Ap€E Ps) }

S€-ps 2 {p‘ v3al e {i|i* € se.som.ls}(p € l.ps)

se.ds D {l’ (io(a,l) Nl € Ls) VI* € se.som.ls}

io(a,c) NceCs

V ¢ = se.som
se.cs D | ¢ .

V ¢ = se.iom

V ¢ = se.oca

V  ¢c=se.oa
V ¢ = se.area

io(a,a’) Na' € As }

se.as D {a'

Constraint on SUbPLCA-SUbPLCA Consider the Sub-
PLCAs of areas that are line-connected. The line shared by
these areas should not connect to the background areas of
the SubPLCAs (Figure 14). This reflects the fact that when
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Figure 14: Convexity of Line and constraints on SUbPLCAS

Figure 15: Inside of Area a

areas are line-connected, one is convex and the other is con-
cave.

VI* € sey.oca.ls(ly, ¢ ses.oca.ls)
(se1,sex € eT.ses A seq # seq)

3. Generation of PLCA+
Constructing PLCA+ from PLCA and Figure

For a given figure F' in a two-dimensional plane, we have al-
ready described the construction of a PLCA expression e for
F (Takahashi and Sumitomo 2008). Here, we describe the
generation of a PLCA+ expression et from F and e. Note
that A and A’ denote the parts in the figure F' correspond-
ing to the expression a and the convex hull of A. In this
algorithm, for each area in F', we build a surrounding frame
for that area’s SUbPLCA, construct expressions correspond-
ing to the inside of A and to the background in the frame,
and combine these expressions. If the extracted area has a
concave part, this process is repeated recursively.
Here, we present the outline of the algorithm.
Initially, e™.ps, e*.ls,et.cs, eT.as are set to be {}.
function : generate(F, e)
(@) Set et.ps = et.psUeps, et.ls = et.ls U els,
et.cs =eT.cpsUe.csand eT.as = eT.as U e.as.
(b) SeteT.ses = {} and Areas = et .as.
(c) Repeat (d) until Areas = {}.
(d) Select an arbitrary Area a from Areas, and proceed
the followings.
(d1) The inside of the Area Each element of a is
added to se.ps, se.ls, se.cs and se.as, depending on
its class. In addition, set se.area = a (Figure 15).
(d2) The outside of the Area Make a SubPLCA ex-
pression se which consists of the only one area a’ con-
taining one Point, one Line, and two Circuits se.som
and se.iom (Figure 16).
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se.ioﬁ—ﬂ

Figure 16: The background in the frame

se.som
se.iom

Figure 17: Combining

(d3) Combining expressions Make a new Circuit ex-
pression corresponding to the circuit that encircles the
outer part of Area «, and add it to both se.cs and
se.oa.cs (Figure 17).

(d4) Generating expression for concavity If the con-
vex hull A" is not filled by the area A in F', obtain the
concave part of A by comparing Aand A’ in F. Todo
this, we use the Line-division and Area-generation op-
erators (Sumitomo and Takahashi 2007) (Figure 18).
Otherwise, do nothing.

(d5) Updating Areas Add se to e'.ses, and add all
Areas in se.areas other than se.area and se.oa to
Areas.

Judgment of Line Convexity

For a given PLCA+ expression, assume that a and o’ are the
expressions corresponding to the Area A and its convex hull
A’ inthe figure. If A and 4 are matched, that is, A’ is fully
occupied by A, then A is said to be convex. Otherwise, it is
said to be concave.

Figure 18: Generation of concavity
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Figure 19: Convexity of Line

The Line expression corresponding to the overlap be-
tween A and A’ when they are superimposed is said to be
convex, and that not corresponding to the overlap is said to
be concave (Figure 19). Note that the convexity of a Line is
defined with respect to the inside of A and it is inverted with
respect to the outside of A. For a directed Line I*, which is
an element of an Area a, convex(I*) denotes that Line [ is
convex with respect to an Area a; and concave(l*) denotes
that Line [ is concave with respect to an Area a.

Each line in the figure is curved. Therefore, the Line in
se.oca IS concave, since se.oca corresponds to the outer cir-
cuit of the convex hull. Hence, the following properties hold.

convex(l*) < concave(l},)

Vse € et .ses (Vl* € se.oca.ls(concave(l*)))

An Algorithm for Judging the Convexity of Line We
give an algorithm for determining the convexity of a Line
which is not included in the outermost or sub-outermosts.

function : getConvexity(l*)

Consider SUbPLCA se such that [* € se.ls holds.
(a) If i* € se.oca.ls, then concave(l*).
(b) IfI* ¢ se.oca.ls, consider getConvexity(l,).
(b1) If convex(l,) is obtained as the result of
getConvexity(lr,), then concave(l*).
(b2) If concave(l?,) is obtained as the result of
getConvexity(l%,), then convex(I*).

The convexity of each Line can be determined by this al-
gorithm (see Appendix).

4. Discussion

There have been several previous studies of qualitative shape
representations.

Some authors have taken a logic-based approach in which
the relationships between the regions are represented using
predicates. Gotts provided a qualitative representation of
the shape of a region in the RCC framework (Gotts 1994).
He used a predicate that signifies a connected relation and
showed that various types of qualitative shape reference can
be represented using Clark’s C operator in first-order logic.
Cohn proposed a symbolic representation for the shapes of
figures (Cohn 1995), and extended RCC to represent differ-
ences between the shapes of regions in first-order logic. In



Figure 20: Geometric inside

Cohn’s framework, concavity of a region is defined by the
difference between the original shape of the region and its
convex hull. He represented subtle qualitative shape differ-
ences using the relative positional relationships of the con-
cave parts of a region, and used a hierarchical representa-
tion of regions to capture complicated shapes. Although
these studies demonstrated the expressive power of RCC or
the C operator, new predicates and axioms must be defined
every time a new distinction is introduced, and there have
been no discussions of well-definedness. Pratt investigated
shape representation in an algebraic manner (Pratt 1999). In
PLCA+, we also utilize convex hulls and a hierarchical rep-
resentation of complicated shapes. However, our approach
to representation is object-oriented, rather than relying on
predicates. Moreover, the above-mentioned frameworks ad-
dress only the shape of a single object, and not relationships
between multiple objects. For example, the connection be-
tween two objects with concave parts shown in Figure 3 can-
not be represented in these other methods, while it can be
represented in PLCA+.

Another approach to qualitative shape representation fo-
cuses on the shapes of the lines between regions. In
(Museros and Escrig 2004), each line is divided into several
segments, and properties such as the qualitative shape, an-
gle and size of each segment are represented. This method,
requires a large amount of information even for a single seg-
ment. In (Nedas and Egenhofer 2004), each line is also
divided into segments, and the relationships between these
segments are represented. In (Schlieder 1996), the shape
of the line is represented by a positional ordering of points
on the line. In these methods, it is sometimes difficult to
choose the locations of the representational points, with po-
tential for a large amount of redundancy. Moreover, it is
impossible to represent the locations of the objects shown
in Figure 20 called the “geometric inside” using only this
line information. Therefore, we focused on convex hulls in
PLCA+. Although PLCA+ does not currently represent a
case of “geometric inside,” it is possible with a little exten-
sion.

5. Conclusion

We have proposed a qualitative spatial representation called
PLCA+, which extends PLCA to handle qualitative shape
representation using convex hulls. We formally defined
PLCA+ and presented an algorithm to generate the PLCA+
expression for a given figure.

PLCA provides a symbolic expression to describe figures
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in a two-dimensional plane by representing the connection
patterns of regions using the simple components of Point,
Line, Circuit and Area. PLCA+ can additionally represent
the convex shapes of regions. We can reason about the con-
vexity of a single region, and the connectivity of multiple
regions with the convexity information.

We have given the properties to be satisfied by a PLCA+
expression generated from a figure, which are considered to
be necessary and sufficient conditions for the planarity of a
PLCA+ expression. In future, we will attempt to prove this
property.

Extensions of PLCA+ are also under consideration. We
would like to treat figures that use straight lines and also to
represent other relationships between regions, including the
“geometric inside.”
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Appendix. Decidability of Line Convexity

For a consistent planar PLCA+ expression e*, let Ls,,. be
Ls \ Usecet ses1UI* € se.som.ls}, which is equivalent to
Usecet ses s€-08\ {I|I* € se.som.ls}.

We show that the convexity of each Line in each Sub-
PLCA is decidable. We prove this by induction on the tree
structure of SUbPLCA given in Section 2.

lemma 1 The convexity of each Line in SUbPLCA se at the
leaf node is decidable.

VI* € Lsieq fnode (com;e:v(l*) A concave(l;e)).

Proof)
In this case,

se.as = {se.oa, se.area}

holds, since the SUbPLCA of se.area is equivalent to se
itself and there is no child node.

The number of other components of se is fully deter-
mined, since it is consistent and planar. Therefore, the
PLCA+ expression for se is as follows (Figure 21):

se.ps = {p1,p2} l1.ps = [p1, p1]
selds ={ly,ls} lo.ps = [p2, pa)
se.cs = {c1,co,c3,¢4}  c1.ds = [I]]
se.as = {ay,as} co.ls = [I]]
se.area = ag cz.ls = [I5]
se.som = ¢ cqls = [I5]

se.tom = co
se.oa = a
se.oca = c3

ay.cs = {ca,c3}

In this case, it is sufficient to determine the convexity of
the directed Lines of /5 and 7 .
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Figure 21: The SubPLCA for a leaf node

concave(l3) holds since I € se.oca.ls. Therefore,
convex(l5 ) holds. Thus, the lemma holds.
Q.E.D.

lemma 2 Assume that the convexity of each line in all of the
SUbPLCAs se;(1 < i < n), which are the SubPLCAs of
Areas in se.as is decidable. Then, the convexity of each line
in SUbPLCA se is decidable.

Proof)
Let Lsinternar = seds \ {l|I* € se.som.ls}. It is suffi-
cient to prove that

VI* € LSinternal (convea:(l*) A concave(l:e))

Ls;nterna; €an be divided into three subsets: the directed
Lines in se.oca, the directed Lines belonging to the Circuit
in se.area.cs, and the directed Lines belonging to the Cir-
cuitin se;.cs.

VI* € se.oca.ls(concave(l*)) holds and the convexity of
each Line in se; is decidable from the induction hypothesis.
The shape of the Line belonging to the circuit in se.area.cs
is determined by the definition of line convexity. That is,
the convexity of every Line in Ls;niernar Can be obtained.
Moreover, the convexity of each Line is decidable, since
e is a consistent planar expression. Therefore, the lemma
holds.

Q.E.D.

theorem 1 For a consistent planar PLCA+ expression, the
convexity of each Line in the expression is decidable.

Proof) The theorem holds from the above two lemmas.
Q.E.D.





