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Abstract

A principled way to study limited forms of reasoning for ex-
pressive knowledge bases is to specify the reasoning prob-
lem within a suitable logic of limited belief. Ideally such a
logic comes equipped with a perspicuous semantics, which
provides insights into the nature of the belief model and fa-
cilitates the study of the reasoning problem. While a number
of such logics were proposed in the past, none of them is able
to deal with function symbols except perhaps for the special
case of logical constants. In this paper we propose a logic of
limited belief with arbitrary function symbols. Among other
things, we demonstrate that this form of limited belief has
desirable properties such as eventual completeness for a large
class of formulas and that it serves as a specification of a form
of decidable reasoning for very expressive knowledge bases.

Introduction

A principled way to study limited forms of reasoning for ex-
pressive knowledge bases is to specify the reasoning prob-
lem within a suitable logic of limited belief. Ideally such a
logic comes equipped with a perspicuous semantics, which
provides insights into the nature of the belief model and fa-
cilitates the study of the reasoning problem.

One such example is the logic SL proposed by Liu, Lake-
meyer, and Levesque (2004), henceforth called LLL. Among
other things, they show that the logic yields attractive com-
putational properties for expressive first-order knowledge
bases. The logic was later extended to deal with nested be-
liefs as well as logical constants (Lakemeyer and Levesque
2013) and actions (Lakemeyer and Levesque 2014). How-
ever, so far the question of how to deal with arbitrary func-
tion symbols has remained open. This paper addresses this
issue by taking inspiration from the original SL and its vari-
ants and adding new ingredients to account for function
symbols.

To start with, let us briefly recap the main ideas behind
the model of limited belief as defined in (Lakemeyer and
Levesque 2014), but ignoring actions. The semantic prim-
itive used for belief is a setup, which is a (possibly infi-
nite) set of ground clauses. Intuitively, these clauses repre-
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sent what the agent believes explicitly. Belief is then defined
in levels. At level 0, for example, a clause is believed just
in case it is subsumed by a clause in the set obtained by
closing the setup under unit propagation.1 Hence determin-
ing beliefs at level 0 amounts, roughly, to unit propagation
plus retrieval wrt the given setup. Beliefs at level 1 allow,
in addition, a simple form of reasoning by cases, namely by
splitting a single literal. At level 2, two splits are allowed,
and so on.

To illustrate the approach, consider the setup

s = {(p ∨ q), (¬p ∨ q)}.
Here q is not believed at level 0, but it is believed at level 1
because we can split on p, which amounts to checking that
q is believed at level 0 in the setups s ∪ {p} and s ∪ {¬p},
which is the case by unit propagation and subsumption.

With this model of belief in hand, reasoning in the con-
text of a knowledge base can then be phrased in terms of
belief implications, that is, as the question which beliefs at
any level k follow logically from believing the sentences in
the knowledge base at level 0. LLL showed that this problem
is decidable and often tractable for a large class of first-order
disjunctive knowledge bases called proper+.

In our new logic we keep the ideas of setups as seman-
tic primitive and levels of belief corresponding to how much
case analysis is allowed. Different from the earlier work we
do not deal with predicates except for =, but consider arbi-
trary functions instead. Moreover, we introduce a new form
of case analysis.

To get an idea of what we are after, consider the following
set of sentences KB, which can be thought of both as the
explicit beliefs of an agent and a setup:

(bestFriend(mary) = sue) ∨ (bestFriend(mary) = jane)
father(sue) = george
father(jane) = george

Here we assume that proper names such as sue and george
uniquely identify individuals and that we indeed have such
names for all individuals in our domain. We call such names
standard names. Clearly,

father(bestFriend(mary)) = george

1Unit propagation refers to resolving a literal (or unit clause)
with a clause that mentions the complement of the literal.
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is entailed by KB in classical logic. However, this con-
clusion cannot be obtained simply by subsumption or
by splitting literals. What we propose instead is to split
on the possible standard names denoted by a term, in
our case bestFriend(mary). More precisely, by adding
(bestFriend(mary) = n) to KB for every standard name
n, we can verify in each case that the modified query
father(n) = george follows immediately: if n is either sue
or jane, the modified query follows by subsumption, and for
any n other than sue or jane we obtain an obvious contradic-
tion between (bestFriend(mary) = n) and the first clause of
KB, from which the query follows vacuously. Since we only
needed to apply this new way of splitting once, the belief
that George is the father of the best friend of Mary is said to
be obtained at belief level 1.

In the paper we will make these ideas precise by providing
a formal semantics for beliefs about equality expressions at
any level. Among other things we will show a form of even-
tual completeness for propositional and universally quanti-
fied sentences, that is, for any such sentence, if it is valid,
then there is always a level at which that sentence is be-
lieved. Perhaps more importantly, we demonstrate how the
new logic serves as a specification of a decidable reasoning
service for an expressive class of knowledge bases.

The rest of the paper is organized as follows. We begin
by reviewing related work. Then we introduce our new logic
LBF and some of its properties. In the following section we
define a reasoning service for so-called proper+ knowledge
bases, show decidability and discuss the expressiveness of
proper+ knowledge bases. Then we conclude.

Related Work
The work on formal models of belief goes back to Hin-
tikka’s possible-world approach (Hintikka 1962; Kripke
1959). See (Halpern and Moses 1992), for example, for a
review of belief based on possible worlds. While intuitively
appealing, the possible-world model suffers from the logi-
cal omniscience problem (Hintikka 1975) so that reasoning
services based on this model are intractable in the proposi-
tional case and undecidable when the language is first order.
The approaches addressing the logical omniscience problem
can roughly be characterized as syntactic or semantic. The
syntactic approaches include (Konolige 1986; Vardi 1986;
Fagin and Halpern 1988) and either include sets of sentences
as part of the interpretation of belief or use notions such as
awareness to rule out certain beliefs. Examples of the seman-
tic approach are (Levesque 1984b; Cadoli and Schaerf 1992;
Delgrande 1995; Lakemeyer 1996), which are based on
tautological entailment (Anderson and Belnap 1975; Dunn
1976; Patel-Schneider 1985; Frisch 1987) using four (and
sometimes three) truth values instead of the usual two. While
the syntactic approach can be criticized for being perhaps
too fine-grained and not providing enough guidance as to
which beliefs to include and which to leave out, the seman-
tic approaches are much more in line with the possible-world
tradition, but they also have a significant drawback in that
the beliefs of a knowledge base become extremely weak un-
der these models. In particular Modus ponens is completely
ruled out. Hence it is not even possible to infer q from p and

p ⊃ q. Moreover, these approaches also need to deal with
the fact that reasoning about existentials is generally unde-
cidable even without Modus ponens (Patel-Schneider 1985).
In order to restore decidability, belief needs to be weak-
ened even more. The model of belief underlying the logic
SL, based on ideas presented in (Lakemeyer and Levesque
2002), can be viewed as a compromise between the two
camps. On the one hand, there is a syntactic flavour in that
setups consist of clauses. On the other hand, there are well-
motivated semantic rules which determine the beliefs at any
level. Most importantly, reasoning becomes more and more
powerful with increasing belief levels while remaining de-
cidable and often even tractable (Liu and Levesque 2005).
SL was extended in two directions: in (Lakemeyer and
Levesque 2013) nested beliefs with introspection are con-
sidered as well as logical constants, whose handling is based
on ideas developed in (De Giacomo et al. 2011); in (Lake-
meyer and Levesque 2014) SL is generalized to a logic of
actions called ESL based on earlier work on a modal situ-
ation calculus (Lakemeyer and Levesque 2011). Recently,
Klassen et al. (2015) proposed a new logic of limited belief
inspired by ESL. Instead of setups the logic uses a three-
valued version of neighborhood semantics (Montague 1968;
Scott 1970). While elegantly avoiding the syntactic flavour
inherent in setups, the logic is restricted to the propositional
case only.

The Logic LBF
Syntax

The language is a first-order modal dialect with an infi-
nite supply of function symbols of every arity, the equal-
ity predicate =, variables, and an infinite set N of stan-
dard names #1,#2,#3, . . . , which are syntactically treated
like constants but which are intended to be isomorphic to
the (fixed) domain of discourse. In other words, standard
names can be thought of as constants that satisfy the unique
name assumption and an infinitary version of domain clo-
sure. Among other things, standard names allow for a very
simple, substitutional account of quantifiers, criticisms from
a philosophical perspective notwithstanding (Kripke 1976).
In the following we often simply write ’name’ instead of
’standard name.’

Besides the usual connectives ¬,∨ and the quantifier ∃ we
have modal operators Bk for k = 0, 1, 2, . . .. The terms of
the language form the least set containing variables, standard
names, and function symbols applied to terms. An atomic
formula is of the form (t = t′) where t and t′ are terms. For-
mulas are the least set which contain the atomic formulas,
and if α and β are formulas, φ a formula not mentioning any
Bk, and x a variable, then so are ¬α, α ∨ β, ∃x.α and Bkφ.
Bkφ should be read as “φ is believed at level k.”

As is customary, we will freely use the logical connectives
∧,⊃,≡ and the quantifier ∀ as the usual syntactic abbrevia-
tions. We often write (t 	= t′) instead of ¬(t = t′). A vector
of terms (t1, . . . , tn) is sometimes abbreviated as �t. Given a
formula α, we write αx

t to mean the result of replacing ev-
ery free occurrence of variable x within α by t. Similarly,
for any term t and standard name n, we write αt

n to mean

289



the result of replacing every occurrence of t as a term within
α by n. Ground atomic formulas and terms are those not
mentioning any variables.

Atomic formulas and their negations are called literals. A
literal is positive if is of the form (t = t′) and negative if it
is of the form ¬(t = t′). For any literal l, we write l to de-
note its complement. A primitive term consists of a function
symbol applied to standard names. A literal is called prim-
itive if it is of the form (t = n) or ¬(t = n), where n is a
standard name and t is a primitive term.

For any literal l, we write l̃ to denote its symmetric dual.
For example, if l is (t = t′) then l̃ is (t′ = t). A clause is
a disjunction of literals. We often identify a clause with the
set of literals it contains. A primitive clause is a clause all
of whose literals are primitive. The empty clause is denoted
as []. A unit clause is a clause with a single literal. We will
often identify a unit clause with the literal it contains.

Sentences are formulas without free variables. Formu-
las without modal operators are called objective; formulas
where all function symbols appear within the scope of a
modal operator are called subjective.

Semantics

A world w ∈ W is any function from the primitive terms to
the standard names N .

We now introduce the notion of coreferring standard
names of ground terms. Given a ground term t and a world
w we define |t|w (read: the coreferring standard name for t
given w) by:

1. If t ∈ N , then |t|w = t;
2. |h(t1, . . . , tk)|w = w[h(n1, . . . , nk)],

where ni = |ti|w.
A setup is a (possibly infinite) set of primitive clauses. For

any setup s, the closure of s under unit propagation, which
we denote as UP(s), is defined as the least set s′ such that

1. s ⊆ s′;
2. if unit clause l ∈ s′ and {l} ∪ c ∈ s′, then c ∈ s′;
3. if (t = n) ∈ s′ and {(t = m)} ∪ c ∈ s′, where n and m

are distinct standard names, then c ∈ s′.
While the first two conditions correspond to the usual def-

inition of unit propagation, the third is special for equality
expressions and derives from the fact that the coreferring
standard name of a term is unique.

We say that a clause c′ subsumes a clause c if for all liter-
als l ∈ c′,

1. either l or l̃ is in c, or
2. if l = (t = n) then either (t 	= m) or (m 	= t) is in c for

distinct standard names n and m.
Again, the last condition is special for equality and derives
from the fact that if n is the coreferring name of t then it is
not m for any other name m.

We write c′ ⊆ c to mean that c is subsumed by c′. Let

VP(s) = {c | c is a clause and for some c′ ∈ UP(s), c′ ⊆ c}.
Given a world w and a setup s, the truth of a sentence α,

written as s, w |= α, is inductively defined as follows:

1. s, w |= (t1 = t2) iff |t1|w and |t2|w are ident. names;
2. s, w |= (α ∨ β) iff s, w |= α or s, w |= β;
3. s, w |= ¬α iff s, w 	|= α;
4. s, w |= ∃x. α iff s, w |= αx

n for some name n;
5. s, w |= Bkα iff s, k |= α.
Rules 1–4 are essentially the classical truth conditions from
first-order logic except for the use of standard names, which
serve as denotations of terms (Rules 1) and can be substi-
tuted for quantified variables (Rule 4). Note also that equal-
ity is given a fixed interpretation: two terms are equal just
in case they denote the same name. The meaning of belief
at any level is given in terms of another relation between
setups, belief levels and (objective) sentences (s, k |= α)
and is defined as the least relation that satisfies the follow-
ing rules:

6. s, k |= α if [] ∈ UP(s);
7. s, k |= c if k = 0, c is a clause and c ∈ VP(s);
8. s, k |= α if k > 0 and for some primitive term t,

s ∪ {(t = n)}, k − 1 |= αt
n for all n ∈ N ;

9. s, k |= (n = n′) if n, n′ are identical names;
s, k |= ¬(n = n′) if n, n′ are distinct names;

10. s, k |= ¬¬α if s, k |= α;
11. s, k |= (α ∨ β) if s, k |= α or s, k |= β;

s, k |= ¬(α ∨ β) if s, k |= ¬α and s, k |= ¬β;
12. s, k |= ∃x.α if s, k |= αx

n for some name n;
s, k |= ¬∃x.α if s, k |= ¬αx

n for all names n;
Rule 6 simply says that whenever the empty clause is

derivable by (extended) unit propagation, everything is be-
lieved. Rule 7 says that a clause is believed at level 0 if it is
subsumed by some clause in s. Rule 8 says that α is believed
at level k > 0 if α is believed at level k − 1 by considering
all substitutions of a primitive term in s and α by a stan-
dard name. This formalizes our new kind of case splitting
by looking at all possible denotations of a term. In the fol-
lowing, we will often refer to Rule 8 as the split rule. Rules
9–12 handle “obvious” beliefs. For example, believing ei-
ther α or β at level k clearly sanctions the belief (α ∨ β) at
the same level (Rule 11). We remark that, except for Rule 1
and the split rule all rules have very similar counterparts in
the semantics of belief of the logic ESL in (Lakemeyer and
Levesque 2014). Rule 1 is different because we are dealing
with equality expressions involving arbitrary terms, and the
split rule is new.

When a sentence α is objective, we sometimes write w |=
α instead of s, w |= α. For subjective α, we write s |= α.

To conclude the semantic definition, we say that a set of
sentences Σ logically entails a sentence α (written Σ |= α)
if for every setup s and world w, if s, w |= α′ for every
α′ ∈ Σ, then s, w |= α. Finally, α is valid (written |= α) if
{} |= α.

Some Properties

Let us now turn to some of the properties of belief. The logic
shares many of the properties with its relatives SL and ESL
such as these:
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Proposition 1

|= Bk¬¬α ≡ Bkα
|= Bk(α ∧ β) ≡ Bkα ∧Bkβ
|= Bk∀x.α ≡ ∀x.Bkα

Proof: Here we only prove the first property. (The others
can be proved by similar arguments.)

Suppose s |= Bkα, that is, s, k |= α. Then, by Rule 10,
s, k |= ¬¬α and hence s |= Bk¬¬α.

Conversely, suppose s |= Bk¬¬α, that is, s, k |= ¬¬α.
If [] ∈ UP(s) then s, k |= α follows immediately by Rule
6. Otherwise the proof proceeds by induction on k. If k = 0
then s, 0 |= α follows because, by the minimality of the
satisfaction relation, the only way to obtain s, k |= ¬¬α is
by Rule 10.

Suppose the lemma holds for k ≥ 0 and let s, k + 1 |=
¬¬α. Then there are two possibilities: either s, k + 1 |= α
by Rule 10 again, in which case we are done, or there is a
primitive term t such that for all n ∈ N , s∪{(t = n)}, k |=
¬¬αt

n. Then, by induction, s ∪ {(t = n)}, k |= αt
n and, by

Rule 8, s, k + 1 |= α. Hence s |= Bkα.

As in SL and ESL, not all equivalence preserving trans-
formation rules of classical logic are preserved at the same
belief level. For example, while

Bk((φ ∧ ψ) ∨ (φ ∧ χ)) ⊃ Bk(φ ∧ (ψ ∨ χ))

is valid for any φ, ψ, and χ, the converse

Bk(φ ∧ (ψ ∨ χ)) ⊃ Bk((φ ∧ ψ) ∨ (φ ∧ χ))

is not.
The next property expresses that the set of beliefs grows

monotonically when adding clauses to a setup.
Proposition 2 Let s ⊆ s′. If s, k |= φ then s′, k |= φ.

The proof (omitted) is a simple induction on k using the fact
that if s ⊆ s′ then VP(s) ⊆ VP(s′).

The set of beliefs also grows monotonically with increas-
ing k.
Lemma 1 |= Bkφ ⊃ Bk+1φ.

Proof: Let s |= Bkφ. Then s, k |= φ. Let t be any prim-
itive term which does not occur in φ. By Proposition 2,
s ∪ {(t = n)}, k |= φ for all n ∈ N . Hence, by the split
rule and since φ = φt

n, s |= Bk+1φ.

Eventual completeness

In (Lakemeyer and Levesque 2014) we showed that for a
valid propositional formula φ mentioning predicate but no
function symbols there is always a k such that Bkφ is valid,
that is, there is always a belief level where the validity of φ
can be decided. We call this property eventual completeness.
We now show that an analogous result can be obtained in the
new logic for quantifier-free sentences mentioning arbitrary
(closed) terms.

We begin with the observation that the truth value and the
belief of any sentence without function symbols is indepen-
dent of any world, setup, and belief level.

Lemma 2 Let φ be an objective sentence without function
symbols. Then

1. Either |= φ or |= ¬φ;
2. |= φ iff |= Bkφ for all k.

(1.) is proved by a simple induction on |φ|. Note that the
base case is (n = m) for n,m ∈ N , whose truth value is in-
dependent of any world. (2.) can be proved by first showing,
again by induction on φ, that |= φ iff |= B0φ and then using
Lemma 1. Similar to (1.), the proof rests on the fact that the
truth of (n = m) for names n and m is independent of any
setup.

Let us now consider a special kind of setup constructed
from worlds.

Definition 1 For any world w let

s(w) = {(p = n) | p primitive, n ∈ N , and w |= (p = n)}.
In other words, s(w) is the setup consisting of all primitive
unit clauses of the form (p = n) which are true at w.

The following lemma will be needed both for the even-
tual completeness result and the soundness of the reasoning
service considered in the next section.

Lemma 3 For any world w and k ≥ 0,
if s(w), k |= φ then w |= φ.

Proof: The proof is by induction on k and a sub-induction
on |φ|. Let k = 0 and s(w), 0 |= φ. If φ is function-free, then
w |= φ follows by Lemma 2. If φ is a clause and s(w), 0 |=
φ holds by subsumption, then clearly w |= φ. The cases
¬¬φ, (φ ∨ ψ), and ¬(φ ∨ ψ) follow easily by induction.
Suppose the lemma holds for k − 1 and let s(w), k |= φ.
If the split rule applies for a primitive term p, then for all
m ∈ N , s(w) ∪ {(p = m)}, k − 1 |= φp

m. For m = n
where w |= (p = n) this is the same as s(w), k − 1 |= φp

n
and thus, by induction on k, w |= φp

n from which w |= φ
follows. (Note that the split rule is the only applicable rule
for the base case of a literal containing function symbols.)
The argument for the remaining cases is the same as for k =
0.

As the following lemma shows, if a belief holds at the
empty setup, it holds in all setups.

Lemma 4 Let s0 be the empty setup {}.
If s0, k |= φ then |= Bkφ.

Proof: By Proposition 2, if s0, k |= φ then s, k |= φ for all
s such that s0 ⊆ s. Since s0 is contained in every setup, the
lemma follows.

The next lemma comes in two parts. Part 1 says that the
truth of an objective sentence does not change when a prim-
itive term is replaced by its coreferring standard name. Part
2 can be thought of as a version of the split rule for logical
entailment in the case of objective sentences.

Lemma 5 Let Γ be a set of objective sentences, φ a
quantifier-free objective sentence, w a world, p a primi-
tive term occurring in φ, and n a standard name such that
w |= (p = n). Then
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1. w |= φ iff w |= φp
n.

2. Γ |= φ iff Γ ∪ {(p = m)} |= φp
m for all m ∈ N .

Proof:

1. The proof is by a simple induction on |φ| (omitted).
2. If Γ is unsatisfiable the statement holds vacuously. Now

assume Γ is satisfiable. To prove the only-if direction,
suppose Γ |= φ and let w |= Γ ∪ {(p = m)} for any
m. Then w |= φp

m by (1.) above.
Conversely, let Γ ∪ {(p = n)} |= φp

m for all m ∈ N and
let w be any world such that w |= Γ. Then w |= (p = n)
for some name n. Then w |= φp

n by assumption and w |=
φ by (1.). Hence Γ |= φ. .

The following lemma is key to proving eventual com-
pleteness. In particular, it shows that any valid quantifier-
free objective sentence is also believed at some level k,
where k is bounded by the number of function symbols oc-
curring in the sentence.

Lemma 6 Let Γ = {(pi = ni)} for primitive terms pi and
standard names ni. Let φ be an objective quantifier-free sen-
tence and k be the number of function symbols occurring in
φ. Then Γ |= φ implies Γ, k |= φ.

Proof: Note that we use Γ both as a set of primitive literals
and a setup. The proof is by induction on k. Let k = 0 and
Γ |= φ. If Γ is unsatisfiable, that is, it contains both (p = n)
and (p = m) for distinct names n and m, then [] ∈ UP(Γ)
and hence Γ, k |= φ holds by semantic rule 6. Now sup-
pose Γ is satisfiable. Since k = 0, φ contains no function
symbols. Then, by Lemma 2, |= φ and hence Γ, 0 |= φ.

Suppose the lemma holds for sentences with at most k−1
function symbols. Let φ contain k function symbols and let
p be a primitive term in φ. By assumption and Lemma 5,
Γ ∪ {(p = n)} |= φp

n for all n ∈ N . Then φp
n contains k′ ≤

k − 1 function symbols and thus, by induction, Γ ∪ {(p =
n)}, k′ |= φp

n for all n ∈ N . By the split rule, Γ, k′+1 |= φ.
If k′ = k − 1 we are done. Otherwise apply Lemma 1 to
obtain Γ, k |= φ.

We are now ready to prove the main result of this section.

Theorem 1 Let φ be a quantifier-free objective sentence.
Then |= φ iff |= Bkφ for some k.

Proof: We prove the theorem by showing it holds where k
is the number of function symbols in φ. For the only-if direc-
tion let |= φ. By Lemma 6 with Γ = {} we have {}, k |= φ.
Thus, by Lemma 4, |= Bkφ.

Conversely, let |= Bkφ and let w be any world. Then
s(w) |= Bkφ and, by Lemma 3, w |= φ.

To illustrate the theorem, let us consider the following
sentences:

φ = (a = #1) ∨ (a 	= #1);
ψ = (f(#1) = #1) ⊃ (f(f(#1)) = #1).

Both are clearly valid. To prove |= B1φ it suffices to show
that for all n ∈ N , {(a = n)}, 0 |= (n = #1) ∨ (n 	= #1)
(*) holds, that is, applying the split rule for constant a. (*)
clearly holds because of semantic rules 11 and 9.

While ψ contains three function symbols, we can actually
show that |= B1ψ. Here we split on f(#1), that is, it suffices
to show that for all n ∈ N , {(f(#1) = n)}, 0 |= n =
#1 ⊃ (f(n) = #1) (**) holds. If n is #1, then (**) holds
by subsumption (Rule 7), and if n is different from #1 then
(**) holds by Rules 11 and 9.

It turns out that the previous theorem can be generalized
easily to universally quantified sentences in prenex normal
form.
Theorem 2 Let φ be a quantifier-free objective formula
with free variables �x.
Then |= ∀�x.φ iff |= Bk∀�x.φ for some k.

Proof: For the only-if direction let |= ∀�x.φ. Then |= φ�x
�n

for all standard names �n. By Theorem 1, for all �n there is a
k such that |= Bkφ

�x
�n. The proof of the theorem shows that

k can be bounded by the number of function symbols occur-
ring in φ�x

�n, and this number is independent of any particular
�n. Hence there is a k such that for all �n, |= Bkφ

�x
�n and, hence,

|= ∀�x.Bkφ. By Proposition 1, |= Bk∀�x.φ.
Conversely, let |= Bk∀�x.φ for some k. Then |= ∀�x.Bkφ

by Proposition 1 and, hence, |= Bkφ
�x
�n for all �n. Thus, by

Theorem 1, |= φ�x
�n for all �n, from which |= ∀�x.φ follows.

Note that corresponding eventual completeness results
hold for the logic ESL, which deals with predicate symbols
instead of function symbols. Interestingly, both logics use
very different split rules: ESL splits on primitive literals (see
the example in the introduction), and here we split on the de-
notation of terms. It is easy to see that adding an additional
split rule to our logic, where we allow splitting on primitive
literals, does not add any additional power.

We remark that the eventual completeness does not gen-
eralize to formulas with existential quantifiers. For example,
it is not hard to show that the valid sentence

∀x.(f(x) = g(x)) ∨ ∃x.(f(x) 	= g(x))

is not believed by the empty setup for any k. In particular, it
can be shown that the empty setup does not believe this sen-
tence for any (finite) number of splits. Note that ESL suffers
from the same limitation.

Besides this limitation of eventual completeness, there is,
of course, another issue which should be of concern: the split
rule requires considering all standard names and hence an in-
finite number as substitutions of a primitive term. It turns out
that it suffices to look only at a finite number of them, which
are those appearing in the formula plus a few more. With that
it is possible to actually compute whether the formulas con-
sidered in Theorem 2 are valid by picking an appropriate k.
We defer the proof to the next section, where we address the
decidability of limited reasoning for first-order knowledge
bases.

A Decidable Reasoning Service

In this section, we consider the problem of limited reasoning
based on LBF with respect to a given knowledge base KB.
As in the case of SL and ESL, we specify reasoning with
respect to a KB as the problem of determining belief impli-
cations, which amounts to determining whether sentences of
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the form B0KB ⊃ Bkα are valid in LBF . The idea is that
the sentences in the KB are assumed to be believed explic-
itly (at level 0), and the question then is which beliefs follow
from B0KB, at any level k.

In order to arrive at a reasoning service that is decidable,
we consider knowledge bases in a certain normal form called
proper+. Originally, proper+ KBs were introduced in (Lake-
meyer and Levesque 2002) as an extension of the proper KBs
proposed in (Levesque 1998). The main difference between
our definition of proper+ compared to the original one is that
literals are not made up of predicate symbols but of equality
expressions.

Let θ denote a substitution of all variables by standard
names. We write αθ as the result of applying the substitution
to α. We use ∀α to mean the universal closure of α. We let
e range over quantifier-free formulas containing no function
symbols and we call such formulas ewffs. An example ewff
is (x = #1)∧ (y 	= x). Let us call a clause quasi-primitive if
it is like a primitive clause except that some of the standard
names may be replaced by variables.

Let e be an ewff and c a quasi-primitive clause. Then a
formula of the form ∀(e ⊃ c) is called a ∀-clause. A KB
is called proper+ if it is a finite (possibly empty) set of ∀-
clauses. Given a proper+ KB, we define gnd(KB) as the pos-
sibly infinite setup {cθ | ∀(e ⊃ c) ∈ KB and |= eθ}. In the
following we will use KB both as a set of sentences and as a
conjunction of the sentences it contains.

The example in the introduction about the father of the
best friend of Mary, where proper names are meant to be
standard names, is both a setup and a proper+ KB. Note that
we count primitive clauses c as special ∀-clauses. Hence any
finite setup also qualifies as a proper+ KB.

Here is an example of a somewhat more elaborate proper+
KB using a constant a and a unary function symbol.f :

(a = #1) ∨ (a = #2)
∀x.(f(x) 	= x)

∀x, y.(x = #1) ∧ (y = #2) ⊃ (f(x) 	= y)
∀x.(f(x) = #2) ∨ (f(x) = #3)

The restrictions imposed by the definition of proper+ may
seem quite severe: no nesting of function symbols is allowed
and there are no existential quantifiers. We will see in the
next section that these limitations are actually not that seri-
ous.

We begin our investigations of proper+ KBs by showing
that limited reasoning in such knowledge bases, as specified
by belief implications, is always sound:

Theorem 3 Let KB be proper+and φ an arbitrary objective
formula. For all k, if |= B0KB ⊃ Bkφ then |= KB ⊃ φ.

Proof: Suppose |= B0KB ⊃ Bkφ and let w |= KB. Now
consider the setup s(w) constructed from w as in Defini-
tion 1. We now show that s(w), 0 |= B0KB. Let ∀�x(e ⊃ c)
be any ∀-clause in KB and consider any instance (e ⊃ c)�x�n,

replacing universals by arbitrary standard names. If |= ¬e�x�n
then |= B0¬e�x�n by Lemma 2 and thus s(w), 0 |= (e ⊃ c)�x�n
by Rule 11. Otherwise, there is a literal l in c such that
w |= l�x�n. If l�x�n = (p = n) then (p = n) ∈ s(w) and hence
s(w), 0 |= (e ⊃ c)�x�n by subsumption. If l = (p 	= n) then

(p = m) ∈ s(w) for some name m distinct from n, and
again s(w), 0 |= (e ⊃ c)�x�n holds by subsumption. As this
is true for all instances of all ∀-clauses in KB, we obtain
s(w), 0 |= B0KB. Then, by assumption, s(w), k |= φ. Fi-
nally, by Lemma 3, w |= φ.

The following result establishes that determining belief
implications reduces to checking whether the respective be-
lief holds in the setup gnd(KB).

Theorem 4 For any proper+ KB and objective sentence φ,
|= B0KB ⊃ Bkφ iff gnd(KB) |= Bkφ.

Proof: For the only-if direction, let us assume that |=
B0KB ⊃ Bkφ holds. We first show that gnd(KB) |= B0KB.
Let ∀(e ⊃ c) be any ∀-clause in KB, where �x are the free
variables in (e ⊃ c). Then gnd(KB) contains c�x�n for standard
names �n iff |= e�x�n. This is because, by Lemma 2, |= e�x�n iff
|= B0e

�x
�n. Hence gnd(KB) |= B0KB and therefore, using the

assumption, gnd(KB) |= Bkφ.
Conversely, suppose gnd(KB) |= Bkφ and let s be any

setup such thats, 0 |= KB. Then gnd(KB) ⊆ VP(s) and
hence, by Proposition 2, s |= Bkφ.

To illustrate the usefulness of this result, let us go over
two examples. First, consider the KB from the introduction,
where obviously KB = gnd(KB). Recall that proper names
are understood to be standard names. Then it is easy to see
that KB ∪ {(bestFriend(mary) = n)}, 0 |= (father(n) =
george) for all standard names n. Thus, by the split rule,
KB, 1 |= (father(bestFriend(mary)) = george) and, by
the theorem, |= B0KB ⊃ B1(father(bestFriend(mary)) =
george).

As a second example, consider the KB introduced earlier
in this section. It is easy to see that KB |= (f(a) = #3).
As we will see in a moment, we also have that |= B0KB ⊃
B1(f(a) = #3). To see why, consider gnd(KB), which is
the union of the following sets:

{(a = #1) ∨ (a = #2)},
{(f(n) 	= n) |n ∈ N},

{(f(#1) 	= #2)},
{(f(n) = #2) ∨ (f(n) = #3) |n ∈ N}.

Note that both (f(#1) = #3) and (f(#2) = #3) are
in UP(gnd(KB)). Now let KBn be KB ∪ {(a = n)}
for any standard name n. By splitting on a we then ob-
tain gnd(KB#1), 0 |= f(#1) = #3 and gnd(KB#2), 0 |=
f(#2) = #3 by subsumption. Also for any name n other
than #1 and #2, [] ∈ UP(gnd(KBn)) because of the clause
(a = #1) ∨ (a = #2) together with (a = n). Hence
gnd(KBn), 0 |= f(n) = #3 holds vacuously. Thus, by the
split rule, gnd(KB), 1 |= f(a) = #3.

We now turn to defining a computable function called V ,
which is shown below to solve the decision problem for be-
lief implication. We begin our investigation by introducing
some notation.

Given a proper+ KB and an objective φ, let PTE(KB, φ)
consist of all primitive terms occurring in gnd(KB) together
with all primitive terms whose function symbol occurs in
φ. For example, if KB = {∀(f(x,#1) = #2)} and φ =
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∀x∃y.g(h(x)) = y, then PTE(KB, φ) = {f(n,#1) |n ∈
N} ∪ {h(n) |n ∈ N} ∪ {g(n) |n ∈ N}.

For any m ≥ 0 let H+
m be the set of standard names men-

tioned in KB and φ plus m new standard names. Let p be
the maximum number of variables appearing in a ∀-clause
of KB or a literal in φ. Then gnd(KB)|H+

p
denotes gnd(KB)

with substitutions θ restricted to names in H+
p . Similarly,

PTE(KB, φ)|H+
p

denotes the set of elements of PTE(KB, φ)
restricted to mentioning names in H+

p only. Note that the
resulting sets are all finite.

Definition 2 Let KB be proper+, φ an objective sentence,
and k ≥ 0.

V [KB, φ, k] =

{
1 if any of the following

conditions (1)–(10) holds
0 otherwise

1. [] ∈ UP(gnd(KB)|H+
p
);

2. k = 0, φ is a clause c, and there exists a
c′ ∈ UP(gnd(KB)|H+

p
) such that c′ ⊆ c;

3. k > 0 and for some t ∈ PTE(KB, φ)|H+
p

,
V [KB ∪ {(t = n∗)}, φt

n∗ , k − 1]=1 for all n∗ ∈ H+
1 ;

4. φ = (n = m), and n,m are the same standard names;
5. φ = ¬(n = m), and n,m are distinct standard names;
6. φ = ¬¬ψ, and V [KB, ψ, k] = 1;
7. φ = (ψ ∨ χ), V [KB, ψ, k] = 1 or V [KB, χ, k] = 1;
8. φ = ¬(ψ∨χ), V [KB,¬ψ, k] = 1 and V [KB,¬χ, k] = 1;
9. φ = ∃x.ψ, and V [KB, ψx

n, k] = 1 for some n ∈ H+
1 ;

10. φ = ¬∃x.ψ, and V [KB,¬ψx
n, k] = 1 for all n ∈ H+

1 ;

We remark that this definition of V is very similar to the defi-
nition of V in (Lakemeyer and Levesque 2014) (restricted to
static formulas) except for the new Rule 3, which is intended
to handle the splitting of terms. Given the well-founded
nature of the definition of V and the fact that V consid-
ers only finitely many standard names as well as finitely
many choices for splitting literals or terms, V is clearly com-
putable. What is left to show is that this indeed decides belief
implications.

Let ∗ be a bijection over the set of names. For any for-
mula α, let α∗ be α with every name n replaced by n∗. We
extend this notion to sets of formulas, including setups, and
substitutions θ in the obvious way.

The following Lemmas 7–9 are straightforward adapta-
tions of corresponding results in (Lakemeyer and Levesque
2014).

Lemma 7

c ∈ UP(s) iff c∗ ∈ UP(s∗);
s, k |= φ iff s∗, k |= φ∗;
gnd(KB)∗ = gnd(KB∗).

Lemma 8 Let m1, . . . ,mp be the names in H+
p that do not

occur in KB and φ. Let c ∈ UP(gnd(KB)) contain names
m′

1, . . . ,m
′
l (l ≤ p) not mentioned in H+

p . Let ∗ be the bi-
jection which swaps mi and m′

i for all 1 ≤ i ≤ l and is the
identity otherwise. Then c∗ ∈ UP(gnd(KB)|H+

p
).

Lemma 9 Let φ be an objective formula with a single vari-
able x. Let n,m be names not occurring in KB or φ.
Then gnd(KB), k |= φx

n iff gnd(KB), k |= φx
m.

Lemma 10
Suppose that gnd(KB), k |= φ by splitting a term t. Then
gnd(KB), k |= φ by splitting a term in PTE(KB, φ)|H+

p
.

The lemma holds, roughly, because only those primitive
terms matter which are substitution instances of quasi-
primitive terms in KB and φ. The fact that only substitutions
from H+

p are needed follows from Lemma 7 and 9.

Theorem 5 gnd(KB) |= Bkφ iff V [KB, φ, k] = 1.

Given the above lemmas, the proof of the theorem proceeds
by a simple but tedious induction on k and |φ|.

Together with Theorem 4 we immediately get
Corollary 1 |= B0KB ⊃ Bkφ iff V [KB, φ, k] = 1.

With this result in hand we can now revisit the eventual
completeness result of the previous section and show that
eventual completeness can be decided using V .
Theorem 6 Let φ be a quantifier-free objective formula
with free variables �x.
Then |= ∀�x.φ iff V [{}, ∀�x.φ, k] = 1 for some k.

Proof: As in the proof of Theorem 2, let k be the number
of function symbols occurring in ∀�x.φ. By Theorem 2, |=
∀�x.φ iff |= Bk∀�x.φ iff {}, k |= ∀�x.φ by Lemma 4. Let KB
be the empty knowledge base, which is also proper+. Then
gnd(KB) = {}. Hence |= ∀�x.φ iff gnd(KB), k |= ∀�x.φ iff
V [KB, ∀�x.φ, k] = 1 by Theorem 5.

It is also not hard to generalize the result to reasoning about
proper+ KBs:
Theorem 7 Let KB be proper+ and φ a quantifier-free ob-
jective formula with free variables �x. Then
|= KB ⊃ ∀�x.φ iff V [KB, ∀�x.φ, k] = 1 for some k.

On the Expressiveness of proper+ KBs

Knowledge bases which are proper+ are of a very specific
and indeed restricted form. In particular, no function sym-
bol occurs within the scope of another, existential quantifiers
are not allowed, and predicate symbols are not even part of
the language. In the following, we will consider all three re-
strictions and demonstrate that they do not really limit the
expressiveness.

We begin by showing that nested occurrences of function
symbols can always be avoided, without loss of generality.
For that we introduce the notion of a flat formula.
Definition 3 (Flat formulas) A formula α is called flat if all
atomic formulas are of the form t = t′, where t mentions at
most one function symbol and t′ is either a variable or a
standard name.

For example, the sentence

∀x.(f(x) = x) ⊃ (∀y.(f(x) = y) ⊃ (f(y) = x))

is flat, but ∀x.(f(x) = x) ⊃ (f(f(x)) = x) is not. Note
that, in particular, every ∀-clause in a proper+ KB is flat ac-
cording to the above definition. It is easy to see that, as in
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classical logic, every objective sentence φ can be converted
into a logically equivalent flat sentence.

Proposition 3 Let φ be an objective sentence. Then there is
a flat objective sentence φ∗ such that |= φ ≡ φ∗.

The idea is to first put φ into negation normal form, where
negation signs appear only directly in front of atoms (remov-
ing double negations as needed). Then for each literal l such
that a term f(�t) occurs in the scope of a function symbol,
replace l by ∀x.(f(�t) = x) ⊃ l

f(�t)
x , where x is a new vari-

able. Repeat this until the formula contains no more nested
occurrences of function symbols. Finally, for every literal
l = (t = t′) or l = (t 	= t′), where t′ still mentions a
function symbol, replace l by ∀x.(t′ = x) ⊃ (t = x) or
∀x.(t′ = x) ⊃ (t 	= x), respectively, for a new variable x.

In the above example, the first sentence is the result of
flattening the second, and both are clearly logically equiva-
lent.

Now let us consider the issue of modelling predicate sym-
bols in the logic. It is well known that in classical logic pred-
icate symbols can be simulated by function symbols (and
vice versa). It is not hard to see that we can do this as well
in LBF and, indeed, using ∀-clauses. We illustrate this by
showing how a binary predicate P can be represented. First
of all, let us interpret the standard name #1 as the truth value
true and any standard name other than #1 as false. Then,
choose a binary function symbol fP . In order to represent,
say, P (#3,#3) and ∀x.x 	= #3 ⊃ ¬P (x, x), we would then
add fP (

#3,#3) = #1 and ∀((x 	= #3) ⊃ fP (x, x) 	= #1)
to the KB. Of course, all this generalizes to arbitrary n-ary
predicate symbols. Interestingly, the other direction, simu-
lating function symbols by predicate symbols is not possi-
ble under the constraints of proper+ in the sense of (Lake-
meyer and Levesque 2002). Recall that there proper+ was
defined exactly as it is done here except that atomic for-
mulas within the c-part of ∀-clauses ∀(e ⊃ c) are pred-
icate symbols whose arguments are variables or standard
names. To see where the problem is, let us consider the
case of a binary function symbol f . As in the case of clas-
sical logic, we could, of course, try to simulate f by intro-
ducing a ternary predicate Pf with the understanding that
Pf (x, x, z) represents f(x, y) = z. We can also formulate
as a ∀-clause that function values are unique, for example,
using ∀((z 	= z′) ⊃ ¬Pf (x, y, z)∨¬Pf (x, y, z

′)). What we
cannot say is that the function is total as this would require
the use of an existential quantifier, for example, expressed as
∀x, y∃z.Pf (x, y, z), which is not proper+. Hence there does
not seem to be a faithful representation of function symbols
using predicate symbols under the restrictions of proper+.
In this sense, using a language with function symbols is ac-
tually an advantage in connection with proper+ KBs, as we
can easily simulate predicate symbols with function sym-
bols, but not the other way around.

Finally, what about existential quantifiers? Since our logic
is based on function symbols, the answer is actually quite
simple: use Skolemization. For example, consider the sen-
tence ∀x∃yf(x, y) = #1. By introducing a new unary func-
tion symbol g not used anywhere else we can rephrase the
sentence as ∀x.f(x, g(x)) = #1. After flattening, we ob-

tain ∀x, y.(g(x) = y) ⊃ f(x, y) = #1, or, equivalently,
the ∀-clause ∀((g(x) 	= y) ∨ f(x, y) = #1). If we let this
∀-clause be our KB, then it is not hard to show, for exam-
ple, that |= B0KB ⊃ B1(∃x.(f(#2, x) = #1)) by splitting
on g(#2). In general, we obtain that limited reasoning about
proper+ knowledge bases which are obtained by Skolemiza-
tion remains sound.

Theorem 8 Let Γ be any finite set of objective sentences.
Then there is a proper+ KB, obtained from Γ by Skolemiza-
tion and flattening such that for any φ not mentioning any of
the Skolem functions introduced in KB,
if |= B0KB ⊃ Bkφ then |= Γ ⊃ φ.

Proof: (Sketch) It is easy to see that after Skolemiza-
tion and flattening the resulting formulas ΓSk can always be
rewritten as a proper+ KB such that |= ΓSk ≡ KB (essen-
tially by transformation into prenex CNF and then rewrit-
ing each clause as a ∀-clause.) The result then follows using
Theorem 3 and the fact that |= Γ ⊃ φ iff |= KB ⊃ φ.

In summary, while proper+ comes with a very restricted
syntactic form, we have seen that it does not really limit what
can be expressed compared to full first-order logic.

Before we conclude, let us briefly compare our approach
to our earlier work (Lakemeyer and Levesque 2013), where,
as mentioned before, we are able to handle constants, but
not arbitrary terms. Roughly, when evaluating a belief im-
plication B0KB ⊃ Bkφ in that logic called LB, where both
KB and φ may contain constants, these are first simultane-
ously replaced by all combinations of standard names and
then the method of LLL is applied. Decidability is obtained
because, again, it can be shown that only finitely many
such substitutions need to be considered. For the example
KB = {(P (a) ∨ Q(a), ∀x.x 	= #3 ⊃ ¬P (x)}, where a is
a constant, B0KB ⊃ B0(a 	= #3 ⊃ Q(a)) is valid in LB.
Translating the KB into the language of LBF using the ideas
from above gives us KB′ consisting of these ∀-clauses:

∀((x 	= a) ∨ (fP (x) =
#1) ∨ (fQ(x) =

#1)),
∀(x 	= #3 ⊃ fP (x) 	= #1).

The query would translate to φ = a 	= #3 ⊃ fQ(a) =
#1.

We leave it as an exercise to verify that one split on a suf-
fices to obtain gnd(KB′), 1 |= φ, that is, |= B0KB′ ⊃ B1φ.
The difference between LB and LBF is that LB considers
substitutions of constants by standard name to be of no cost
while in LBF we need to substitute constants one by one
with a corresponding increase in belief levels. From a prac-
tical point of view, the actual work required is roughly the
same in both logics. Moreover, note that the method pro-
posed for LB does not scale. At best one could extend it to
the case where all terms mentioned in the KB or the query
are primitive. It does not work for terms with nested function
symbols and terms mentioning variables.

Conclusions

In this paper, we considered a new logic of limited belief
based on ideas which were first explored in the logic SL and
later variants. The main new feature is that arbitrary terms
can now be handled in a coherent semantic fashion. Among
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a number of properties of the new logic, we showed even-
tual completeness for a large class of sentences, that is, for
each valid sentence of that class there is an appropriate belief
level the sentence is also believed. The main result concerns
the decidability of belief implications for proper+ knowl-
edge bases for any belief level, that is, there is a procedure
which decides whether a sentence is believed at level k given
that the sentences in the KB are believed at level 0.

As we saw, a nice benefit of considering function symbol
rather than predicate symbols as in earlier work on limited
belief is that proper+ KBs have become much more expres-
sive. While previous versions could not express incomplete
information due to existentials, we are now able to say such
things by way of Skolemization. Moreover, using function
symbols turns out to be sufficient to simulate predicate sym-
bols, even in the context of proper+ KBs.

As for future work, having established the decidability of
belief implications is, of course, only a first step towards
an in-depth complexity analysis. As noted earlier, Liu and
Levesque (2005) proved tractability results for belief impli-
cations in SL. Given the similarities between SL and LBF ,
we believe that similar results will be obtainable in the new
logic as well. Beyond this theoretical work, we also intend to
incorporate functions in an ongoing implementation of lim-
ited belief. There is, moreover, room for extending the logic.
Note that here we only considered the case of objective and
static beliefs. We conjecture that the ideas developed to han-
dle nested beliefs in (Lakemeyer and Levesque 2013)as well
as dynamic settings (Lakemeyer and Levesque 2014) can be
adapted to our new logic without much difficulty.

A more radical change of the logic involves getting rid
of the rule of subsumption, as the split rule can actually do
the work for us, provided we are willing to go to higher be-
lief levels. To see how, consider the setup s = {(a = #1)}
and the sentence φ = (a = #1) ∨ (b = #2). Then clearly
s, 0 |= φ by subsumption. Note though that we also have
s, 1 |= φ by splitting on a without needing to appeal to sub-
sumption at all because s ∪ {(a = n)}, 0 |= φa

n is obtained
either by the semantic rules for standard names (Rule 9) and
disjunctions (Rule 11) in the case where n is #1 or because
[] ∈ UP(s ∪ {(a = n)}) for all other n. It is not hard to
see that this can be generalized to arbitrary subsumption of
clauses. While leaving out the rule of subsumption is ap-
pealing because it simplifies the semantics, the downside is
that proper+ knowledge bases would no longer be believed
at level 0, that is, we would, at the very least, need to come
up with a different form of belief implications for proper+
KBs. We leave a more thorough investigation of these issues
to future work.
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