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Abstract 
There is strong theoretical evidence that aggregation of hu-
man judgments should not simply average multiple fore-
casts together (the unweighted linear opinion pool, or 
ULinOP), but weight them in such a way as to insure repre-
sentation of a maximally diverse set of models among the 
experts from whom they are elicited. Explicitly eliciting 
these models places a major burden on the experts. We re-
port on a variety of approaches to estimating these models, 
or at least the diversity among them, with minimal explicit 
input from the experts.  

Introduction�� 
In many domains (e.g., intelligence analysis, business 
planning, and economic forecasting), human judgments are 
the most accessible data on which to base decisions. An 
aggregation of opinions of many people is often more ac-
curate than that of a few (Surowiecki 2004). One theory 
explaining this observation is that different people have 
different mental models of the domain (Hong and Page 
2009), and the aggregation should insure the representation 
of as many models as possible (Page 2007).  

In the nature of the case, forecaster models are internal, 
and may not even be consciously articulated by the fore-
casters. So we need to estimate them on the basis of exter-
nal signals. Fortunately, we don’t have to recover the actu-
al models. It is sufficient if we can estimate the diversity 
among models held by various forecasters. We would like 
to be able to assign a number δij � [0,1] to each pair (i, j) of 
forecasters, where 0 means that we can discern no differ-
ence between their models and 1 is maximal distinction 
over the population of forecasters. Diversity among models 
captures a relevant characteristic of diversity among fore-
casters, which we ought to take into account in aggregating 
forecasts. 
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This paper reviews a number of approaches that we have 
explored to estimating the diversity of forecaster models. 
First we discuss what we mean by a mental model. Next, 
we summarize the information that we elicit. Then we de-
scribe a series of diversity measures, and offer discussion 
and next steps. 

What is a Mental Model? 
The question of just what constitutes a “mental model” is 
non-trivial. We are interested in how a forecaster reasons 
her way to a future outcome, so we seek a formal structure 
that can describe how the world evolves. One can imagine 
a variety of forms that such a model might take, including 
differential or difference equations over state variables, 
Markov processes over states, or conditional probability 
dependencies among statements. Elsewhere (Parunak et al. 
2012) we describe these alternatives in more detail, exam-
ine psychological evidence for and against each of them, 
and argue for a weighted directed graph, the Narrative 
Generator (NG), that applies the probabilistic transitions of 
a Markov process to statements rather than states. Unlike 
states, statements are not mutually exclusive and collec-
tively exhaustive, so the full Markovian apparatus is not 
applicable, and we develop a Monte Carlo sampling mech-
anism, PENS (Probability Estimation in Narrative Spaces), 
to fit the transition probabilities to the forecasts that we 
observe. Each node of a NG corresponds to statements 
about the domain of the IFP. Each arc indicates the coher-
ence of a narrative beginning with the node at the tail of 
the arc and moving to the node at the head of the arc. The 
weight on an arc is the probability that the forecaster, hav-
ing constructed a narrative that reaches the tail of the arc, 
will follow that arc for the next statement in the narrative 

In the most concrete terms, when we speak of “diversity 
among forecaster models,” we have in mind some measure 
of the difference among the forecasters’ NGs. Of course, 
we do not have access to these NGs, only to the forecasts 
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that they produce. 
The various 
measures that we 
discuss draw on 
different kinds of 
information that 
plausibly reflect 
some aspects of the 
underlying NGs. 
Thus the diversities 
estimated by the 
different measures, 
like shadows of an 
object cast from 
different angles, are 
not directly com-
mensurable, but we 
will argue that they 
all reflect meaning-
ful differences 
among the underly-
ing mental models. 

Elicited Infor-
mation 

The methods in this 
paper draw on three 
kinds of elicited 
information. All of 
them require fore-
casts, two of them 
require a log of 
world events, and 
two require a 
graphical model 
linking those 
events. In our cur-
rent system, fore-
casts are elicited 
from a large popu-
lation of experts, 
while the event log 
and graphical mod-
el are elicited from 
a small team of 
subject-matter ex-
perts (SMEs). 

Forecasts 
The forecasts used 
in this research 
concern questions 

 
Figure 1: Example NSM for al-Assad IFP. Any path from “Start” to a yellow node is a narrative supporting 
“No.” Edge weights (transition probabilities) are fit to forecasts by PENS algorithm. 
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about international affairs, of the form, “Will Bashar al-
Assad remain President of Syria through 31 January 2012? 
(Yes/No).” Each such question is an “Individual Forecast-
ing Problem,” or IFP, with a discrete unordered set of out-
comes (in this example, two, though some problems offer 
more). IFPs are introduced centrally at a specific time, and 
close either when the focal event takes place, or when a 
specified time window expires. A forecast consists of a 
probability distribution over possible responses. We elicit 
forecasts through a web-based interface that forecasters can 
access at any time, and allow (in fact, encourage) forecast-
ers to update their forecasts over time. Forecasts reflect the 
underlying NGs because they are generated by following a 
trajectory through the NG to a statement (a node in the 
NG) that asserts one of the outcomes of the IFP. 

Narrative Space Model 
A NG consists of a directed graph of statements with 
weights on its edges. We estimate a forecaster’s NG by 
fitting transition probabilities to a preexisting graph, elicit-
ed from a small team of SMEs for each IFP. We call this 
graph a “Narrative Space Model,” or NSM, because it rep-
resents the space of possible narratives that would explain 
the IFP. The objective of the NSM is to support as wide a 
range of coherent narratives about how the forecasted 
event might occur as possible. Each NSM has a unique 
start node, and as many end nodes as there are outcomes to 
the IFP. A trajectory from the start node to one of the out-
come notes generates a sequence of statements (the nodes 
traversed by the trajectory) that constitutes a narrative ex-
plaining how the outcome might arise. At this point, we 
rely on the expertise of our SMEs to construct NSMs that 
are comprehensive enough to contain forecasters’ individ-
ual NGs as subgraphs. 

Figure 1 is an example of a NSM for the al-Assad prob-
lem. The “Start” node is at the top left. The node marked 
“IARPA-1039” contains documentation on the IFP, and is 
not part of the structure of the model. The yellow nodes 
along the right edge are outcomes that could lead to a “No” 
answer. All other nodes have an implicit link to a “Yes” 
answer, which will be the answer if none of the “No” 
nodes is reached. 

Event Log 

Each node in a NSM is a statement about the world. Our 
intuition is that the probability that a forecaster will move 
to a statement depends on events relevant to the IFP that 
the forecaster observes. Thus, correlations between fore-
casts and visible events should provide information about a 
forecaster’s movement over her (internal) NG.  

Each day, a SME who is acquainted with the current 
open set of IFPs reviews a number of news outlets, such as 
Reuters, BBC, and CNN, and notes events that might be 
relevant to each IFP. Each such record includes up to four 
elements: the date of the reported event, the IFP identifier, 
a free text description of the event and its relevance to the 
IFP, and (if an NSM exists for the IFP) the node identifier 
in the NSM for which the event is relevant. More than one 
event may attest to the same node, and a single event may 
attest to more than one node. 

Estimation Procedures 
We describe four different ways to estimate diversity 
among forecasters’ mental models from the elicited infor-
mation, in order of decreasing amounts of required infor-
mation (Table 1). 

Transition Spectra 
The PENS algorithm integrates information about events 
relevant to the IFP with the dated forecasts issued by a 
forecaster to assign a probability to each edge of the NSM 
such that random sampling of the resulting NG according 
to the probabilities will generate outcomes in the propor-
tions indicated by a forecaster’s latest forecast. We call this 
list of probabilities, in an arbitrary but fixed ordering of the 
edges, the NG’s transition spectrum. Clearly, this spectrum 
reflects the underlying NG, and thus (ex hypothesi) the 
forecaster’s mental model. The transition probabilities 
from each node sum to 1, and the NSM has a fixed number 
of nodes, so the sum of transition probabilities for any NG 
fit to the same NSM will be the same, and we can treat the 
entire spectrum as a probability distribution by normalizing 
by the number of nodes.  

The only way to compare two probability distributions 
that is invariant under transformations of their domain is 
the family of delta divergences (Zhu and Rohwer 1995):  

 

 is the Kullback-Leibler (KL) divergence, 
while  is four times the square of the Hellinger 
divergence. The KL divergence is unbounded, but for δ < 
1, the divergence is bounded. In deriving NSM spectra, we 
use a symmetric version of  scaled to [0, 1]. 

Figure 2 shows the differences between successive spec-
tra generated by a forecaster on successive elicitations of 
the binary question about al-Assad given above. The top 

Table 1: Estimation Procedures. 
Procedure Required Information 

Transition  
Spectra 

Forecasts, Event list with NSM node IDs, NSM 
links  

Event Spectra Forecasts, Event list with NSM node IDs 
Event-Forecast 
Correlation Forecasts, Event dates 

Forecast Diver-
gences Forecasts 
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two plots show spectra from a SME-based NSM. The bot-
tom two plots show spectra from random graphs, discussed 
below. The plots share the several features: 
• We plot forecasts from three users “f1,” “f2,” and “f3”, 

and a uniform (0.5, 0.5) forecast “unif” as a baseline. 
• The lines trace the divergence of the spectrum for a fore-

cast at the given date compared with the previous fore-
cast. At the far left of each plot, small dots show the date 
of the first forecast. 

• PENS is stochastic, thus the same series of forecasts 
does not generate the same sequence of spectra, account-
ing for the differences between the two plots in a single 
row. 

• PENS is influenced by events that have happened prior 
to the date of the forecast. Thus even the uniform series 
of forecasts does not yield the same spectrum for each 
forecast. 

In the top row, we observe: 
• The series of forecasts by f2 (green line) is remarkably 

similar to the uniform series, even though the forecasts 
themselves are not uniform. However, they do change 
very slowly, and in ways that do not stimulate any major 
shifts in the spectrum.  

• The uniform series shows very little change in the spec-
trum from one forecast to the next, much less than the 
level of change characteristic of the forecasters other 
than f2. 
How do the patterns in Figure 2 depend on the semantic 

structure built into the NSM by the SME? To explore this 
question, we construct a random NSM that preserves the 
number of nodes, the node names, and the number of nodes 
at each minimum distance from the “Start” node in the 

SME graph (Downs and Parunak 2012). It does not pre-
serve either the detailed connectivity of the NSM, or the 
logical sequence of nodes. We feed events to the nodes 
with which they are labeled, and process the same series of 
forecasts against the random graph. The bottom row of 
Figure 2 shows NGs fitted to two different random graphs 
derived from the al-Assad graph. 

Qualitatively, the random graph shows much less differ-
ence between the uniform spectral changes, on the one 
hand, and the spectral changes in forecasters f1 and f3, on 
the other, than does the SME graph. PENS is able to inte-
grate meaningful structure in the SME graph with forecasts 
made by people, and distinguish those forecasts from a 
series of uniform forecasts. The role played by the SME 
graph in this process is substantiated by the lack of a clear 
distinction when the same forecasts are fit to a random 
graph.  

Event Spectra 
Transition spectra require a SME to identify both a limited 
set of nodes (to which events can be mapped) and a narra-
tive structure among those nodes. What could we do in the 
absence of the structure? Our event log notes the date on 
which each node is activated. Forecasters make forecasts at 
points in time. It’s reasonable that one factor determining 
the date of a forecast would be the occurrence of an event 
that the forecaster deems relevant. If an event happens that 
one forecaster deems relevant and another does not, the 
first becomes more likely to make a forecast than the se-
cond. Thus comparing correlations between forecasts and 
events is likely to reflect a forecaster’s mental model, and 

 
Figure 2: Evolution of the Transition Spectrum. Top: two fittings of the same data, the al-Assad IFP, to a SME-generated 
NSM. Bottom: fittings of the same data to two different random graphs. 
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differences among those patterns of correlation would in-
dicate diversity among forecasters. This approach has two 
clear benefits. 

First, if we can extract a useful signal about model con-
tent from the temporal correlation between event postings 
and forecasts, we could estimate forecaster model diversity 
without the need to construct a full NSM.  

Second, focusing just on nodes, without the need for 
edges, permits crowdsourcing the required semantic infor-
mation. It is unrealistic to ask forecasters for complete nar-
ratives about how an IFP might resolve. But we can elicit 
short statements about what influenced their latest forecast. 
Our SME could curate these statements to provide the 
nodes against which to index events, greatly reducing the 
overhead of managing an IFP. 

We visualize this effect as an event spectrum, the set of 
NSM nodes for which the event log shows events on a giv-
en day. Figure 3 is a plot of NSM nodes (rows) against 
days on which events are noted (columns). The intensity of 
a dot reflects the number of events on the column’s day 
that attest to the node associated with the column’s row. 

Not all nodes are equally attested, and those that are at-
tested most are not attested evenly over the time period in 
question. We surmise that the day on which a user makes a 
forecast is characterized by the events in the recent past, 
say n days (including the day of the forecast). We call the 
sum of these spectra the n-day event spectrum associated 
with a forecast. 

Figure 4 shows some examples for n = 2. The axes are 
reversed from the previous figure: now each row is a suc-
cessive forecast, and each column is a topic (an NSM 
node). The darkness of a cell in the plot is the number of 
events associated with the column that occurred either on 
the day of the forecast, or the day before. These spectra 
show distinctions in the events to which the forecaster ap-
pears to be attending. For example: 
• The third spectrum routinely ignores nodes in the 4-13 

and 24-31 range, which all the others hit 
• The last two routinely hit node 3, which the first two hit 

only once 
• The last three routinely hit 38, which then first forecaster 

hits only once 
We reduce each such collection of event spectra to a dis-

tribution over NSM nodes, then use a delta divergence to 
estimate the dissimilarity of each pair of forecasters (for 
example, summing event counts across all forecasts of a 
given forecaster, then normalizing). Forecasters with emp-
ty event spectra (two out of 61 forecasters for the al-Assad 
IFP) are assigned a uniform distribution over events. This 
gives us a dissimilarity matrix among forecasters.  

Figure 5 shows the result when we apply average-
linkage hierarchical clustering to the 61 forecasters for the 
al-Assad IFP. There is considerable structure in this data; 
many clusters form at fairly low separations, then combine 
at much higher levels. The cophenetic correlation coeffi-

 
Figure 3: Event Counts per Day. Each row is a node in the 
NSM; each column is a day; darkness of a cell corresponds to 
number of events that attest that node on that day. 

 

 

 

 
Figure 4: Example Two-Day Event Spectra for different 
forecasters on the al-Assad IFP. Each row is a day; each 
topic is an NSM node; darkness of a cell reflects the num-
ber of attestations of that node in a two-day window includ-
ing the day of the forecast and the previous day. 

 
Figure 5: Average-Linkage Clustering of Diversities from 
Event Data. CCC = 0.86, highest value (2σ) expected from 
random data is 0.7. 
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cient (CCC) is 0.86, higher than one would expect from 
random data (where the largest value at two standard devi-
ations is 0.7, (Rohlf and Fisher 1968)). Thus looking at 
which event types occur in a forecast’s recent past does 
seem to partition the users non-trivially.  

Event-Forecast Correlation 
So far, we have abstracted away the structure of the NSM 
to focus just on the nodes. The method outlined in the pre-
vious section still requires matching event reports to NSM 
nodes. What we can do with unclassified event reports? Is 
there a correlation between the dates of events, and the 
dates on which forecasts are made, regardless of the nature 
of the events? Differences in such correlations across fore-
casters could reflect differences in their underlying models.  

For each IFP, we define two vectors, each indexed by 
successive days. The event vector counts the number of 
events relevant to that IFP reported on that day, and the 
forecast vector reports the number of forecasts made on 
that IFP on that day. We normalize both vectors. 

We then compute the dot product between both vectors, 
at a variety of offsets. Negative offsets align events with 
forecasts that follow them; positive offsets align events 
with forecasts that precede them. If people are attending to 
events in timing their forecasts, we ought to see higher 
correlations for negative offsets than for positive ones. 

Figure 6 shows representative results from this computa-
tion. There does seem to be a difference between positive 
and negative offsets, but in the wrong direction! Forecasts 
are correlated with events that follow them in time, rather 
than preceding them. 

To understand this anomaly, consider Figure 7, a spread-
sheet of forecast counts per day (row) and IFP (column). 
The cells are color-coded: pink cells have no forecasts, 
yellow cells have one, green cells have two, and blue cells 
have more than two. 

Our project releases IFPs to forecasters in batches, giv-
ing Figure 7 a stairstep appearance. The top of each blue 
step marks a date on which a new batch of forecasts ap-
pears. Forecasts are most common on the day an IFP is 

released, and the two or three following days, as seen by 
the concentration of blue at the top of each step. In addi-
tion, note the line of blue extending across previous prob-
lems from the top of each step. When forecasters enter the 
system to consider new problems, they routinely update 
earlier problems as well.  

This dynamic accounts for the anomalous correlations in 
Figure 6. When an IFP is initially released, it naturally has 
no events in the event log. When the first events are added 
a day or two later, we see a jump in correlation between 
forecasts and events. 

Figure 8 repeats the analysis of Figure 6, omitting each 
forecaster’s initial forecast on each problem. Now there is 
a discernible, if slight, negative slope, evidence that occur-
rence of an event is correlated with subsequent occurrence 
of a forecast. Unlike the analysis of events linked to NSM 
nodes, this analysis does not attempt to distinguish differ-
ent patterns of correlation for different users. Making such 
a distinction would strengthen the effect.  

Forecast Divergences 
What could we tell about forecaster diversity using only 
the collection of forecasts, without SME input on events or 
NSMs? A forecast is a probability distribution over out-
comes, so we can compare two forecasts using a delta di-
vergence (in the examples given here, a symmetrized KL 
divergence). The diversity of two forecasters (i,j) on the 

 
Figure 6: Event-Forecast Correlation (All Forecasts) 

 
Figure 7: Forecast counts per day (row) and IFP (column) 

 
Figure 8: Event-Forecast Correlations (non-initial fore-
casts) 
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same IFP is their within-IFP diversity wij, while the aver-
age of their diversities across all IFPs on which they both 
issue forecasts is their cross-IFP diversity cij. On one hand, 
if two forecasters tend to give the same forecasts across 
many IFPs (indicated by a low cij), they are likely thinking 
about them in the same way, and attending to the same 
kinds of evidence. On the other hand, if their forecasts tend 
to differ across many IFPs (high cij), they are probably 
thinking about them in different ways. Thus cij is arguably 
correlated with forecaster model diversity. 

We can learn a good deal by combining cij and wij. Con-
sider their ratio 

 

where the small constant ζ (= 0.1 in our current work) 
avoids singularities. γij ~1 indicates the unremarkable cir-
cumstance that similar models yield similar forecasts, and 
dissimilar models yield dissimilar ones. However, when γij 
> 1, dissimilar models are yielding similar forecasts, surely 
meriting additional attention to their common estimates. 
Conversely, γij < 1 indicates that even though forecasters 
share a common model, they disagree on a given problem, 
suggesting that their shared model offers no purchase on 
this particular question, and encouraging us to discount 
their forecasts.  

Figure 9 supports this analysis. High Brier scores tend to 
be concentrated among forecasts on the back walls of the 
plot (low average cij and high average wij), while the fore-
casts with the best scores have high average cij and low 
average wij. 

cij and wij can be applied in a number of ways to aggre-
gate forecasts. We have found that it is important not to 
average out the pairwise divergences between forecasters 

prematurely. We use cluster-weighted aggregation (CWA) 
(Parunak 2012a; b), first clustering the forecasters by a 
weighted average of cij and wij, then applying γij incremen-
tally as we climb the tree from individual forecasts to the 
root. This approach yields a lift of 17% over ULinOP when 
applied to the last forecast in each of the 77 closed IFPs in 
our test corpus. The mean number of forecasters on each 
IFP is 60, and the mean number of forecasts per forecasters 
is 29. 

Discussion and Next Steps 
The results reported in this paper demonstrate that diversity 
among forecaster models can be estimated from the fore-
casts themselves, in some cases with the addition of infor-
mation from SMEs. The most broadly applicable method 
(because it does not require SME input) is the forecast di-
vergences method, which also yields impressive gains on 
test data under the CWA algorithm. 

Success in deriving quantitative estimates of diversity 
across forecaster models is affected by some features of the 
operational environment, quite apart from the actual elicit-
ed forecasts themselves. These include: 
• Forecast timing.—The noise generated by grouped re-

lease of IFPs to forecasters overwhelms the important 
signal of correlation between news events and whether 
or not a forecaster issues a forecast. This grouping may 
be more prominent in our experimental framework than 
in an operating analytic environment, but in any case it is 
worthwhile to explore ways to reduce this effect.  

• Forecaster retention.—The forecast divergences meth-
od requires a pool of shared forecasts to derive cij. In 
spite of its theoretical elegance and evidence of practical 
success, it is not applicable when forecasters intersect 
only on single IFPs.  Use of this method places a premi-
um on keeping forecasters engaged across many IFPs. 

• Repeat forecasts.—The two spectral approaches are 
more effective when each forecaster offers repeated 
forecasts on each IFP, so that we can track the depend-
ency between their forecasts and news events. The 
event-forecast correlation method also is much stronger 
when we have repeated forecasts, since the timing of the 
first forecast is usually driven by the release of the prob-
lem rather than IFP-specific news events.   

These results lead to several directions for future research. 
• We plan to offer a forecasting app for mobile devices, to 

encourage repeat forecasts and updating of forecasts the 
moment a forecaster notices a relevant event.  

• Spectral methods will only be practical when we can 
reduce the cost and time needed to construct NSMs. We 
are planning to crowdsource at least the nodes of NSMs, 
a process that will also reduce the potential bias of 
NSMs formulated entirely by a restricted set of SMEs. 

• One may reasonably ask whether these various measures 
are in fact measuring the same thing, or whether they are 

 
Figure 9: Interaction of average cij (“forecasters diversity”) 
and average wij (“forecasts diversity”) on four IFPs. The axis 
across the left front of each plot is forecaster diversity. The axis 
along the right is forecast diversity. The vertical axis records the 
Brier score. Each point represents the most recent forecast from 
one forecaster.  
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detecting different facets of forecaster model diversity. 
We plan to study correlations among them.  

• At present, only the forecast divergences method is ma-
ture enough to evaluate for its impact on aggregation ac-
curacy. We will be refining the other methods to evalu-
ate their performance in aggregation as well. 
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