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Abstract

Network congestion games are a well-understood model of
multi-agent strategic interactions. Despite their ubiquitous
applications, it is not clear whether it is possible to design
information structures to ameliorate the overall experience of
the network users. We focus on Bayesian games with atomic
players, where network vagaries are modeled via a (random)
state of nature which determines the costs incurred by the
players. A third-party entity—the sender—can observe the
realized state of the network and exploit this additional infor-
mation to send a signal to each player. A natural question is
the following: is it possible for an informed sender to reduce
the overall social cost via the strategic provision of informa-
tion to players who update their beliefs rationally? The paper
focuses on the problem of computing optimal ex ante persua-
sive signaling schemes, showing that symmetry is a crucial
property for its solution. Indeed, we show that an optimal ex
ante persuasive signaling scheme can be computed in poly-
nomial time when players are symmetric and have affine cost
functions. Moreover, the problem becomes NP-hard when
players are asymmetric, even in non-Bayesian settings.

Introduction
Network congestion games, where players seek to mini-
mize their own costs selfishly, are a canonical example of
a setting where externalities may induce socially inefficient
outcomes [Roughgarden 2005]. In real-world problems, the
state of the network may be uncertain, and not known to
its users (e.g., drivers may not be aware of road works and
accidents in a road network). This setting is modeled via
Bayesian network congestion games (BNCGs). We inves-
tigate whether providing players with partial information
about the state of the network may mitigate inefficiencies.

We model this information-structure design problem
through the Bayesian persuasion framework by Kamenica
and Gentzkow [2011]. At its core, this framework involves
an informed sender trying to influence the behavior of a
set of self-interested players—the receivers—via the pro-
vision of payoff-relevant information. In the specific case
of BNCGs, the sender is informed about the realized state
of the network. The model assumes that the sender has the
ability to commit to a publicly disclosed signaling scheme,
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which is a randomized mapping from network states to ac-
tion recommendations (i.e., routes suggestions) for the play-
ers. The commitment assumption is realistic in many set-
tings [Dughmi 2017]. These include BNCGs, where signal-
ing schemes are usually implemented as software (e.g., real-
time traffic apps) whose features are publicly revealed by
the sender. One argument to that effect is that reputation
and credibility may be a key factor for the long-term utility
of the sender [Rayo and Segal 2010]. We focus on the no-
tion of ex ante persuasiveness, as introduced by Xu [2020]
and Celli, Coniglio, and Gatti [2020], where the receivers are
incentivized to follow the sender’s recommendations hav-
ing observed only the signaling scheme. This assumes cred-
ible receivers’ commitments to following recommendations,
which is reasonable in practice. In our setting, it is natural to
assume that each player decides to either follow the signal-
ing scheme (i.e., adopting the traffic app) or act based on
her prior belief about the network state. In some cases, the
receivers could also be forced to stick to their ex ante com-
mitment by contractual agreements or penalties.

Related Works Arnott, De Palma, and Lindsey [1991]
and Acemoglu et al. [2018] study the impact of informa-
tion on traffic congestion. Several recent works focus on
non-atomic games [Das, Kamenica, and Mirka 2017; Mas-
sicot and Langbort 2019; Wu, Amin, and Ozdaglar 2018;
Vasserman, Feldman, and Hassidim 2015]. The majority of
these works focus on ex interim persuasiveness, where the
receivers are incentivized to follow recommendations after
receiving them. Bhaskar et al. [2016] study the inapprox-
imability of finding optimal ex interim persuasive signaling
schemes in non-atomic games. Liu and Whinston [2019] fo-
cus on atomic games with costs uncertainties and study ex
interim persuasion by placing stringent constraints on the
network structure. To the best of our knowledge, the present
work is the first studying ex ante persuasion in general
atomic BNCGs. Other related works study the simpler prob-
lem of finding (coarse) correlated equilibria in non-Bayesian
congestion games [Christodoulou and Koutsoupias 2005;
Papadimitriou and Roughgarden 2008]. The closest to our
work is that of Jiang and Leyton-Brown [2011], who pro-
vide a polynomial-time algorithm to find an optimal coarse
correlated equilibrium (i.e., an ex ante persuasive signaling
scheme in the non-Bayesian setting) in simple congestion
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games with symmetric players selecting a single resource
(a.k.a. singleton congestion games).

Original Contributions We investigate whether it is pos-
sible to efficiently compute optimal (i.e., minimizing the so-
cial cost) ex ante persuasive signaling schemes in BNCGs.
First, we show that an optimal ex ante persuasive signaling
scheme can be computed in polynomial time in symmetric
BNCGs (i.e., where all the players share the same source
and destination pair) with edge costs defined as affine func-
tions of the edge congestion. To prove this result, we ex-
ploit the ellipsoid algorithm by designing a sophisticated
polynomial-time separation oracle based on a suitably de-
fined min-cost flow problem. Then, we show that symmetry
is a crucial property for efficient signaling by proving that it
is NP-hard to compute an optimal ex ante persuasive signal-
ing scheme in asymmetric BNCGs. Our reduction proves an
even stronger hardness result, as it works for non-Bayesian
singleton congestion games with affine costs, which is ar-
guably the simplest class of asymmetric congestion games.
Furthermore, in such setting, a solution to our problem is an
optimal coarse correlated equilibrium and, thus, computing
optimal coarse correlated equilibria is NP-hard.

Signaling in Network Congestion Games
We study atomic network congestion games where edge
costs depend on a stochastic state of nature. In this section,
we introduce the main elements of our model.

Network Congestion Game (NCG) A network conges-
tion game [Fabrikant, Papadimitriou, and Talwar 2004] is
defined as a tuple (N,G, {ce}e∈E , {(sp, tp)}p∈N ), where:

• N := {1, . . . , n} denotes the set of players;

• G := (V,E) is the directed graph underlying the game,
with V being its set of nodes and each e = (v, v′) ∈ E
representing a directed edge from v to v′;

• {ce}e∈E are the edge costs, with each ce : N→ R+ defin-
ing the cost of edge e ∈ E as a function of the number of
players traveling through e;

• {(sp, tp)}p∈N , with sp, tp ∈ V , denote the source-
destination pairs for all the players.

In an NCG, the setAp of actions available to a player p ∈ N
is implicitly defined by the graph G, the source sp, and the
destination tp. Formally, Ap is the set of all directed paths
from sp to tp in the graph G. In this work, we use ap ∈ Ap
to denote a player p’s path and we write e ∈ ap whenever
the path contains the edge e ∈ E. An action profile a ∈ A,
where A := ×p∈NAp, is a tuple of sp-tp directed paths
ap ∈ Ap, one per player p ∈ N . Sometimes, we denote an
action profile a ∈ A as a = (ap, a−p), where ap ∈ Ap is the
action played by player p ∈ N and a−p collectively denotes
the actions of the other players. For the ease of notation,
given an action profile a ∈ A, we let fae be the congestion
of edge e ∈ E in a, i.e., the number of players selecting a
path passing thorough e in a; formally, fae := |{p ∈ N | e ∈
ap}|. Thus, ce(fae ) denotes the cost of edge e in a. Finally,

the cost incurred by player p ∈ N in an action profile a ∈ A
is denoted by cp(a) :=

∑
e∈ap ce(f

a
e ).

Bayesian Network Congestion Game (BNCG) We de-
fine a Bayesian network congestion game as a tuple
(N,G,Θ, µ, {ce,θ}e∈E,θ∈Θ, {(sp, tp)}p∈N ), where, differ-
ently from the basic setting, the edge cost functions ce,θ :
N → R+ also depend on a state of nature θ drawn from
a finite set of states Θ. Moreover, µ encodes the prior be-
liefs that the players have over the states of nature, i.e.,
µ ∈ int(∆Θ) is a fully-supported probability distribution
over the set Θ, with µθ denoting the prior probability that
the state of nature is θ ∈ Θ. All the other components are de-
fined as in non-Bayesian NCGs. Notice that, in BNCGs, the
cost experienced by player p ∈ N in an action profile a ∈ A
also depends on the state of nature θ ∈ Θ, and, thus, it is de-
fined as cp,θ(a) :=

∑
e∈ap ce,θ(f

a
e ). A BNCG is symmetric

if all the players share the same (sp, tp) pair, i.e., whenever
they all have the same set of actions (paths). For the ease of
notation, in such settings we let s, t ∈ V be the common
source and destination. Moreover, we focus on BNCGs with
affine costs, i.e., for all e ∈ E and θ ∈ Θ, there exist con-
stants αe,θ, βe,θ ∈ R+ such that the edge cost function can
be expressed as ce,θ(fae ) := αe,θf

a
e + βe,θ. 1

Signaling in BNCGs Suppose that a BNCG is employed
to model a road network subject to vagaries. It is reasonable
to assume that third-party entities (e.g., the road manage-
ment company) may have access to the realized state of na-
ture. We call one such entity the sender. We focus on the
following natural question: is it possible for an informed
sender to mitigate the overall costs through the strategic
provision of information to players who update their beliefs
rationally? The sender can publicly commit to a signaling
scheme which maps the realized state of nature to a sig-
nal for each player. The sender can exploit general private
signaling schemes, sending different signals to each player
through private communication channels. In this setting, a
simple revelation-principle-style argument shows that it is
enough to employ players’ actions as signals [Arieli and
Babichenko 2016; Kamenica and Gentzkow 2011]. There-
fore, a private signaling scheme is a function φ : Θ → ∆A

which maps any state of nature to a probability distribution
over action profiles (signals). For the ease of notation, the
probability of recommending an action profile a ∈ A given
the state of nature θ ∈ Θ is denoted by φθ,a. Then, it has
to hold

∑
a∈A φθ,a = 1, for each θ ∈ Θ. After observing

the state of nature θ ∈ Θ, the sender draws an action pro-
file a ∈ A according to φθ,a and recommends action ap to
each player p ∈ N . A signaling scheme is persuasive if fol-
lowing recommendations is an equilibrium of the underlying
Bayesian game [Bergemann and Morris 2016a,b]. We focus

1We focus on affine costs since: (i) the assumption is reasonable
in many applications [Vasserman, Feldman, and Hassidim 2015],
and (ii) the problem is trivially NP-hard when generic costs are
allowed (see Section ).
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on the notion of ex ante persuasiveness as defined by Xu
[2020] and Celli, Coniglio, and Gatti [2020].
Definition 1. A signaling scheme φ : Θ → ∆A is ex ante
persuasive if, for each p ∈ N and ap ∈ Ap, it holds:∑
θ∈Θ

µθ
∑

a′=(a′p,a−p)∈A

φθ,a′
(
cp,θ(ap, a−p)− cp,θ(a′)

)
≥ 0.

Then, a coarse correlated equilibrium (CCE) [Moulin and
Vial 1978] may be seen as an ex ante persuasive signaling
scheme in non-Bayesian NCGs in which there are no states
of nature, i.e., when |Θ| = 1. Finally, a sender’s optimal
ex ante persuasive signaling scheme φ∗ is such that it mini-
mizes the expected social cost of the solution, i.e.:

φ∗ ∈ argmin
φ

∑
θ∈Θ

µθ
∑
a∈A

φθ,a
∑
p∈N

cp,θ(a).

The following example illustrates the interaction flow be-
tween the sender and the players (receivers).

s t

αA = 30 βA = 0

αB,θ0=1 βB,θ0=0
αB,θ1=0 βB,θ1=100

Signals(
B,B,B

) (
A,A,B

) (
A,B,A

) (
B,A,A

)
θ0 1 0 0 0
θ1 0 1/3 1/3 1/3

Figure 1: Left: BNCG for Example 1. Right: An ex ante per-
suasive signaling scheme for the case with n = 3. The table
displays only those a ∈ A such that φθ,a > 0 for some state
of nature θ ∈ Θ = {θ0, θ1}.

Example 1. Figure 1 (Left) describes a simple BNCG mod-
eling the road network between the JFK International Air-
port (node s), and Manhattan (node t). It is late at night and
three lone researchers have to reach the AAAI venue. They
are following navigation instructions from the same applica-
tion, whose provider (the sender) has access to the current
state of the roads (called A and B, respectively). Roads costs
(i.e., travel times) are depicted in Figure 1 (Left). In normal
conditions (state θ0), road B is extremely fast (αB = 1 and
βB = 0). However, it requires frequent road works for main-
tenance (state θ1), which increase the travel time. Moreover,
it holds µθ0 = µθ1 = 1/2. The interaction between the
sender and the three players goes as follows: (i) the sender
commits to a signaling scheme φ; (ii) the players observe
φ and decide whether to adhere to the navigation system
or not; (iii) the sender observes the realized state of nature
and exploits this knowledge to compute recommendations.
Figure 1 (Right) describes an ex ante persuasive signaling
scheme. In this case, when the state of nature is θ1, one of
the players is randomly selected to take road B, even if it is
undergoing maintenance. In expectation, following sender’s
recommendations is strictly better than congesting road A.

A simple variation of Example 1 is enough to show that
the introduction of signaling allows the sender to reach so-
lutions with arbitrarily better expected social cost than what
can be achieved via the optimal Bayes-Nash equilibrium in

absence of signaling. Specifically, consider the BNCG in
Figure 1 (Left) with the following modifications: n = 1,
β coefficients always equal to zero, αA,θ0 = ∞, αA,θ1 = 0,
αB,θ0 = 0, and αB,θ1 = ∞. Without signaling, the opti-
mal choice yields an expected social cost of∞. However, a
perfectly informative signal (i.e., one revealing the realized
state of nature) allows the player to avoid any cost.

The Power of Symmetry
We design a polynomial-time algorithm to compute an op-
timal ex ante persuasive signaling scheme in symmetric
BNCGs with affine cost functions. Our algorithm exploits
the ellipsoid method. We first formulate the problem as an
LP (Problem (1)) with polynomially many constraints and
exponentially many variables. Then, we show how to find an
optimal solution to the LP in polynomial time by applying
the ellipsoid algorithm to its dual (Problem (2)), which fea-
tures polynomially many variables and exponentially many
constraints. This calls for a polynomial-time separation ora-
cle for Problem (2), which is not readily available since the
problem has an exponential number of constraints. We prove
that, in our setting, a polynomial-time separation oracle can
be implemented by solving a suitably defined min-cost flow
problem. The proof of this result crucially relies on the sym-
metric nature of the problem and the assumption that the
costs are affine functions of the edge congestion.

The following lemma shows how to formulate the prob-
lem as an LP. 2 For the ease of presentation, we use I{e/∈ap}
to denote the indicator function for the event e /∈ ap, i.e., it
holds I{e/∈ap} = 1 if e /∈ ap, while I{e/∈ap} = 0 otherwise.
Lemma 1. Given a symmetric BNCG, an optimal ex ante
persuasive signaling scheme φ can be found with the LP:

min
φ≥0,x

∑
θ∈Θ

µθ
∑
a∈A

φθ,a
∑
p∈N

cp,θ(a) s.t. (1a)

∑
θ∈Θ

µθ
∑
a∈A

cp,θ(a)φθ,a ≤ xp,s ∀p ∈ N (1b)

xp,v ≤
∑
θ∈Θ

µθ
∑
a∈A

ce,θ
(
fae + I{e/∈ap}

)
φθ,a + xp,v′

∀p ∈ N, ∀e = (v, v′) ∈ E (1c)
xp,t = 0 ∀p ∈ N (1d)∑
a∈A

φθ,a = 1 ∀θ ∈ Θ (1e)

Proof. Clearly, Objective (1a) is equivalent to minimizing
the social cost, while Constraints (1e) imply that φ is well
formed. Constraints (1b) enforce ex ante persuasiveness for
every player p ∈ N : the expression on the left-hand side
represents player p’s expected cost, while xp,s is the cost of
her best deviation (i.e., a cost-minimizing path given µ and
φ). This is ensured by Constraints (1c) and (1d). In particu-
lar, for every player p ∈ N and node v ∈ V \{t}, the former
guarantee that xp,v is the minimum cost of a path from v to

2LPs analogous to Problem (1) and Problem (2) can also be de-
rived for the asymmetric setting. However, the separation problem
for the dual is solvable in poly-time only in the symmetric case.
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t. This is shown by noticing that (given that xp,t = 0) such
cost can be inductively defined as follows:

min
v′∈V :

e=(v,v′)∈E

{∑
θ∈Θ

µθ
∑
a∈A

ce,θ
(
fae + I{e/∈ap}

)
φθ,a + xp,v′

}
,

where fae + I{e/∈ap} accounts for the fact that the congestion
of edge e must be incremented by one if player p does not
select a path containing e in the action profile a.

Lemma 2. The dual of Problem (1) reads as follows:

max
y

∑
θ∈Θ

yθ s.t. (2a)

µθ

∑
p∈N

cp,θ(a)yp −
∑
p∈N

∑
e∈E

ce,θ
(
fae + I{e/∈ap}

)
yp,e


+ yθ ≤ µθ

∑
p∈N

cp,θ(a) ∀θ ∈ Θ, ∀a ∈ A (2b)

∑
v′∈V :e=(v,v′)∈E

yp,e −
∑

v′∈V :e=(v′,v)∈E

yp,e = 0

∀p ∈ N, ∀v ∈ V \ {s, t} (2c)∑
v∈V :e=(s,v)∈E

yp,e − yp = 0 ∀p ∈ N (2d)

yp,t −
∑

v∈V :e=(v,t)∈E

yp,e = 0 ∀p ∈ N (2e)

yp ≤ 0 ∀p ∈ N (2f)
yp,e ≤ 0 ∀p ∈ N, ∀e ∈ E. (2g)

Proof. It directly follows from LP duality, by letting yp (for
p ∈ N ), yp,e (for p ∈ N and e ∈ E), yp,t (for p ∈ N ), and yθ
(for θ ∈ Θ) be the dual variables associated to, respectively,
Constraints (1b), (1c), (1d), and (1e).

Since |A| is exponential in the size of the game, Prob-
lem (1) features exponentially many variables, while its
number of constraints is polynomial. Conversely, Prob-
lem (2) has polynomially many variables and exponentially
many constraints, which enables the use of the ellipsoid al-
gorithm to find an optimal solution to Problem (2) in poly-
nomial time.This requires a polynomial-time separation or-
acle for Problem (2), i.e., a procedure that, given a vector y
of dual variables, it either establishes that y is feasible for
Problem (2) or, if not, it outputs a hyperplane separating y
from the feasible region. In the following, we focus on a par-
ticular type of separation oracles: those generating violated
constraints of Problem (2).

Given that Problem (2) has an exponential number of con-
straints, a polynomial-time separation oracle is not readily
available. It turns out that, in our setting, we can design one
by leveraging the symmetry of the players and the fact that
the cost functions are affine, as described in the following.

First, we prove that Problem (2) always admits an optimal
player-symmetric solution, i.e., a vector y such that, for each
pair of players p, q ∈ N , it holds that yp = yq , yp,e = yq,e
for all e ∈ E, and yp,t = yq,t. This result allows us to restrict
the attention to player-symmetric vectors y.

Lemma 3. Problem (2) always admits an optimal player-
symmetric solution.

Proof. Given any optimal solution y to Problem (2), we can
always recover, in polynomial time, a player-symmetric op-
timal solution ỹ. Specifically, for every p ∈ N , let ỹp =∑

p∈N yp

n , ỹp,e =
∑
p∈N yp,e

n for all e ∈ E, and ỹp,t =∑
p∈N yp,t

n , while ỹθ = yθ for every θ ∈ Θ. Let us remark
that ỹ is player-symmetric since: (i) for every e ∈ E, it
holds ỹp,e = ỹq,e for each pair of players p, q ∈ N ; and
(ii) ỹp = ỹq and ỹp,t = ỹq,t for each p, q ∈ N . First, notice
that y and ỹ provide the same objective value, as ỹθ = yθ
for all θ ∈ Θ. Thus, we only need to prove that ỹ satisfies
all the constraints of Problem (2). For a ∈ A and i ∈ [n],
let us denote with πi(a) an action profile a′ ∈ A such that
a′p = a((p+i) mod n), i.e., a permutation of a in which each
player p ∈ N takes on the role of player (p + i) mod n.
Moreover, let π(a) :=

⋃
i∈[n] πi(a). Constraints (2b) are sat-

isfied by ỹ, since, for every θ ∈ Θ and a ∈ A, it holds:

µθ

∑
p∈N

cp,θ(a)ỹp −
∑
p∈N

∑
e∈E

ce,θ
(
fae + I{e/∈ap}

)
ỹp,e

+ ỹθ

=
1

n

∑
a′∈π(a)

µθ

∑
p∈N

cp,θ(a
′)yp−

−
∑
p∈N

∑
e∈E

ce,θ

(
fa
′

e + I{e/∈a′p}

)
yp,e

+ yθ

≤ 1

n

∑
a′∈π(a)

µθ
∑
p∈N

cp,θ(a
′) = µθ

∑
p∈N

cp,θ(a).

Similar arguments show that ỹ satisfies all the other con-
straints, concluding the proof.

Notice that any polynomial-time separation oracle for
Problem (2) can explicitly check whether each member
of the polynomially many Constraints (2c), (2d), and (2e)
is satisfied for the given y. Thus, we focus on the sepa-
ration problem restricted to the exponentially many Con-
straints (2b), which, using Lemma 3, can be formulated as
stated in the following lemma.
Lemma 4. Given a player-symmetric y, solving the separa-
tion problem for Constraints (2b) amounts to finding θ ∈ Θ
and a ∈ A that are optimal for the following problem:

min
θ∈Θ,a∈A

µθ

(1− ȳ)
∑
p∈N

cp,θ(a)−

−
∑
p∈N

∑
e∈E

ce,θ
(
fae + I{e/∈ap}

)
ȳe

− yθ, (3)

where we let ȳ = y1 and ȳe = y1,e for all e ∈ E.
Next, we show how Problem (3) can be equivalently for-

mulated avoiding the minimization over the exponentially-
sized set A. Intuitively, we rely on the fact that, for a fixed
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θ ∈ Θ, we can exploit the symmetry of the players to equiv-
alently represent action profiles a ∈ A as integer vectors q
of edge congestions qe ∈ [n], for all e ∈ E.

Lemma 5. Problem (3) can be formulated as minθ∈Θ χ(θ),
where χ(θ) is the optimal value of the following problem:

min
q∈Z|E|+

(1− ȳ)
∑
e∈E

αe,θq
2
e + βe,θqe−

−
∑
e∈E

ȳe

(
nαe,θqe + (n− qe)αe,θ + nβe,θ

)
s.t. (4a)∑

v∈V :e=(s,v)∈E

qe = n (4b)

∑
v∈V :e=(v,t)∈E

qe = n (4c)

∑
v′∈V :

e=(v′,v)∈E

qe =
∑
v′∈V :

e=(v,v′)∈E

qe ∀v ∈ V \ {s, t}. (4d)

Proof. First, given a state θ ∈ Θ, Problem (3) reduces
to computing χ(θ) := mina∈A(1 − ȳ)

∑
p∈N cp,θ(a) −∑

p∈N
∑
e∈E ce,θ

(
fae + I{e/∈ap}

)
ȳe, where the function to

be minimized only depends on the number of players se-
lecting each edge e ∈ E in a, rather than the identity
of the players who are choosing e (since they are sym-
metric). Letting qe ∈ [n] be the congestion level of edge
e ∈ E and using ce,θ = αe,θqe + βe,θ (affine costs), it
holds

∑
p∈N cp,θ(a) =

∑
e∈E αe,θq

2
e + βe,θqe, and, for ev-

ery e ∈ E,
∑
p∈N ce,θ

(
fae + I{e/∈ap}

)
= nαe,θqe + (n −

qe)αe,θ + nβe,θ. This gives Objective (4a). Moreover, Con-
straints (4b), (4c), and (4d) ensure that q is well defined.

Let us remark that computing an optimal integer solution
to Problem (4) is necessary in order to (possibly) find a vi-
olated constraint for a given y; otherwise, we would not be
able to easily recover an action profile a ∈ A from q.

Now, we show that an optimal integer solution to Prob-
lem (4) can be found in polynomial time by reducing it to
an instance of integer min-cost flow problem. Intuitively, it
is sufficient to consider a modified version of the original
graph G in which each edge e ∈ E is replaced with n par-
allel edges with unit capacity and increasing unit costs. This
is possible given that the Objective (4a) is a convex function
of q, which is guaranteed by the fact that costs are affine.

Lemma 6. An optimal integer solution to Problem (4) can
be found in polynomial time by solving a suitably defined
instance of integer min-cost flow problem.

Proof. First, notice that Objective (4a) is a sum edge costs,
in which the cost of each edge e ∈ E is a convex func-
tion of the edge congestion qe, as the only quadratic term
is (1 − ȳ)ae,θq

2
e , where the multiplying coefficient is al-

ways positive, given ȳ ≤ 0 and αe,θ ≥ 0. This al-
lows us to formulate Problem (4) as an instance of inte-
ger min-cost flow problem. We build a new graph where
each e ∈ E is replaced with n parallel edges, say ei for
i ∈ [n]. For e ∈ E and i ∈ [n], let us define g(e, i) :=

(1− ȳ)
(
αe,θi

2 + βei
)
− ȳe (nαe,θi+ (n− i)αe,θ + nβe,θ).

Each (new) edge ei has unit capacity and a per-unit cost
equal to δ(ei) := g(e, i)−g(e, i−1). Clearly, finding an inte-
ger min-cost flow is equivalent to minimizing Objective (4a).
Notice that, since the original edge costs are convex, it holds
δ(ei) ≥ δ(ej) for all j < i ∈ [n]. Thus, an edge ei is used
(i.e., it carries a unit of flow) only if all the edges ej , for
j < i ∈ [n], are already used. This allows us to recover an
integer vector q from a solution to the min-cost flow prob-
lem. Finally, let us recall that we can find an optimal solution
to the integer min-cost flow problem in polynomial time by
solving its LP relaxation.

The last lemma allows us to prove our main result:

Theorem 1. Given a symmetric BNCG, an optimal ex-ante
persuasive signaling scheme can be computed in poly-time.

Proof. The algorithm applies the ellipsoid algorithm to
Problem (2). At each iteration, we require that the vec-
tor of dual variables y given to the separation oracle be
player-symmetric, which can be easily obtained by apply-
ing the symmetrization technique introduced in the proof of
Lemma 3. The separation oracle needs to solve an instance
of integer min-cost flow problem for every θ ∈ Θ (see Lem-
mas 5 and 6). Notice that an integer solution is required in
order to be able to identify a violated constraint. Finally, the
polynomially many violated constraints generated by the el-
lipsoid algorithm can be used to compute an optimal φ.

The Curse of Asymmetry
In this section, we provide our hardness result on asymmet-
ric BNCGs. Our proof is split into two intermediate steps:
(i) we prove a hardness result for a simple class of asym-
metric non-Bayesian congestion games in which each player
selects only one resource (Lemma 7); and (ii) we show that
such games can be represented as NCGs with only a poly-
nomial blow-up in the representation size (Lemma 8). Our
main result reads as follows:

Theorem 2. The problem of computing an optimal ex ante
persuasive signaling scheme in BNCGs with asymmetric
players is NP-hard, even with affine costs. 3

The proof of Theorem 2 is based on a reduction that
maps an instance of 3SAT (a well-known NP-hard prob-
lem, see [Garey and Johnson 1979]) to a game in the
class of singleton congestion games (SCGs) [Ieong et al.
2005], where each player can select only one resource at
a time. A (non-Bayesian) SCG is described by a tuple
(N,R, {Ap}p∈N , {cr}r∈R), where R is a finite set of re-
sources, each player p ∈ N selects a single resource from
the set Ap ⊆ R of available resources, and resource r ∈ R
has a cost cr : N → R+. Another way of interpreting
SCGs is as games played on parallel-link graphs, where each
player can select only a subset of the edges.

3Without affine costs, computing an optimal ex ante persuasive
signaling scheme is trivially NP-hard even in symmetric BNCGs.
This directly follows from [Meyers and Schulz 2012], which shows
that even finding an optimal action profile (that is also an optimal
Nash equilibrium) is NP-hard in symmetric (non-Bayesian) NCGs.
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First, let us provide the following definition and notation.

Definition 2 (3SAT). Given a finite set C of three-literal
clauses defined over a finite set V of variables, is there a
truth assignment to the variables satisfying all the clauses?

We denote with l ∈ ϕ a literal (i.e., a variable or its nega-
tion) appearing in a clause ϕ ∈ C. Moreover, we let m and
s be, respectively, the number of clauses and variables, i.e.,
m := |C| and s := |V |. W.l.o.g., we assume that m ≥ s.

Lemma 7 introduces our main reduction, proving that
finding a social-cost-minimizing CCE is NP-hard in SCGs
with asymmetric players, i.e., whenever the resource setsAp
are different among each other. 4 Notice that the games used
in the reduction are not Bayesian; this shows that the hard-
ness fundamentally resides in the asymmetry of the players.

Lemma 7. The problem of computing a social-cost-
minimizing CCE in SCGs with asymmetric players is NP-
hard, even with affine costs.

Proof. Our 3SAT reduction shows that the existence of
a polynomial-time algorithm for computing a social-cost-
minimizing CCE in SCGs would allow us to solve any 3SAT
instance in polynomial time. Given (C, V ), let z := m40,
u := m12, and ε := 1

m4 . We build an SCG Γ(C, V ) ad-
mitting a CCE with social cost smaller than or equal to
γ := z2+(4us+s+3m)(z−u)+ 3z

m9 iff (C, V ) is satisfiable.
Mapping. Γ(C, V ) is defined as follows (for every r ∈ R,

the cost cr is an affine function with coefficients αr and βr).

• N = {pv | v ∈ V } ∪ {pϕ,q | ϕ ∈ C, q ∈ [3]} ∪
{pv,j , pv̄,j | v ∈ V, j ∈ [2u]} ∪ {pi | i ∈ [z]};

• R = {rt} ∪ {rv, rv̄, rv,1, rv,2, rv̄,1, rv̄,2 | v ∈ V };
• Apv = {rv, rv̄, rt} ∀v ∈ V ;
• Apϕ,q = {rl | l ∈ ϕ} ∀ ϕ ∈ C, ∀q ∈ [3];
• Apv,j = {rv, rv,1, rv,2} ∀v ∈ V, ∀j ∈ [2u];
• Apv̄,j = {rv̄, rv̄,1, rv̄,2} ∀v ∈ V, ∀j ∈ [2u];
• Api = {rt} ∀i ∈ [z];
• αrv = αrv̄ = ε and βrv = βrv̄ = z + 1− ε ∀v ∈ V ;
• αrv,1 = αrv,2 = αrv̄,1 = αrv̄,2 = 1 ∀v ∈ V ;
• βrv,1 = βrv,2 = βrv̄,1 = βrv̄,2 = z + 1− u ∀ v ∈ V ;
• αrt = 1 and βrt = 0.

Figure 2 shows a picture representing how the players’ ac-
tion sets are constructed in games Γ(C, V ), where, for sim-
plicity, only the part referring to a single variable v ∈ V and
a single clause ϕ ∈ C is reported.

Overview. Intuitively, in games Γ(C, V ) the social cost is
small if players pi (for i ∈ [z]) are the only ones selecting
resource rt. Then, each player pv (for v ∈ V ) must choose
either rv or rv̄ (rather than rt), representing the fact that vari-
able v is set to either false or true, respectively. At the same

4The reduction in Lemma 7 does not rely on standard construc-
tions, as most of the reductions for congestion games only work
with action profiles, while ours needs randomization. Indeed, in
asymmetric SCGs, a social-cost-minimizing action profile can be
computed in poly-time by solving an instance of min-cost flow
problem. This also prevents the use of other techniques for proving
the hardness of CCEs, e.g., those by Barman and Ligett [2015].
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<latexit sha1_base64="XcAw1Xx7otHIKa7pu2pCNYUaJvg=">AAAB/nicbVA9SwNBEN2LXzF+RS1tFoNgIeEuCFoGbSwjmBjIhTC3mcQlex/szgXCEfBX2GplJ7b+FQv/i3fnFZr4qsd7M8yb50VKGrLtT6u0srq2vlHerGxt7+zuVfcPOiaMtcC2CFWoux4YVDLANklS2I00gu8pvPcm15l/P0VtZBjc0SzCvg/jQI6kAEolVw8S1wPNp2eN+aBas+t2Dr5MnILUWIHWoPrlDkMR+xiQUGBMz7Ej6iegSQqF84obG4xATGCMvZQG4KPpJ3nmOT+JDVDII9RcKp6L+HsjAd+Yme+lkz7Qg1n0MvE/rxfT6LKfyCCKCQORHSKpMD9khJZpGciHUiMRZMmRy4AL0ECEWnIQIhXjtJ1K2oez+P0y6TTqjl13bs9rzauimTI7YsfslDnsgjXZDWuxNhMsYk/smb1Yj9ar9Wa9/4yWrGLnkP2B9fENMaeVxQ==</latexit><latexit sha1_base64="XcAw1Xx7otHIKa7pu2pCNYUaJvg=">AAAB/nicbVA9SwNBEN2LXzF+RS1tFoNgIeEuCFoGbSwjmBjIhTC3mcQlex/szgXCEfBX2GplJ7b+FQv/i3fnFZr4qsd7M8yb50VKGrLtT6u0srq2vlHerGxt7+zuVfcPOiaMtcC2CFWoux4YVDLANklS2I00gu8pvPcm15l/P0VtZBjc0SzCvg/jQI6kAEolVw8S1wPNp2eN+aBas+t2Dr5MnILUWIHWoPrlDkMR+xiQUGBMz7Ej6iegSQqF84obG4xATGCMvZQG4KPpJ3nmOT+JDVDII9RcKp6L+HsjAd+Yme+lkz7Qg1n0MvE/rxfT6LKfyCCKCQORHSKpMD9khJZpGciHUiMRZMmRy4AL0ECEWnIQIhXjtJ1K2oez+P0y6TTqjl13bs9rzauimTI7YsfslDnsgjXZDWuxNhMsYk/smb1Yj9ar9Wa9/4yWrGLnkP2B9fENMaeVxQ==</latexit><latexit sha1_base64="XcAw1Xx7otHIKa7pu2pCNYUaJvg=">AAAB/nicbVA9SwNBEN2LXzF+RS1tFoNgIeEuCFoGbSwjmBjIhTC3mcQlex/szgXCEfBX2GplJ7b+FQv/i3fnFZr4qsd7M8yb50VKGrLtT6u0srq2vlHerGxt7+zuVfcPOiaMtcC2CFWoux4YVDLANklS2I00gu8pvPcm15l/P0VtZBjc0SzCvg/jQI6kAEolVw8S1wPNp2eN+aBas+t2Dr5MnILUWIHWoPrlDkMR+xiQUGBMz7Ej6iegSQqF84obG4xATGCMvZQG4KPpJ3nmOT+JDVDII9RcKp6L+HsjAd+Yme+lkz7Qg1n0MvE/rxfT6LKfyCCKCQORHSKpMD9khJZpGciHUiMRZMmRy4AL0ECEWnIQIhXjtJ1K2oez+P0y6TTqjl13bs9rzauimTI7YsfslDnsgjXZDWuxNhMsYk/smb1Yj9ar9Wa9/4yWrGLnkP2B9fENMaeVxQ==</latexit><latexit sha1_base64="XcAw1Xx7otHIKa7pu2pCNYUaJvg=">AAAB/nicbVA9SwNBEN2LXzF+RS1tFoNgIeEuCFoGbSwjmBjIhTC3mcQlex/szgXCEfBX2GplJ7b+FQv/i3fnFZr4qsd7M8yb50VKGrLtT6u0srq2vlHerGxt7+zuVfcPOiaMtcC2CFWoux4YVDLANklS2I00gu8pvPcm15l/P0VtZBjc0SzCvg/jQI6kAEolVw8S1wPNp2eN+aBas+t2Dr5MnILUWIHWoPrlDkMR+xiQUGBMz7Ej6iegSQqF84obG4xATGCMvZQG4KPpJ3nmOT+JDVDII9RcKp6L+HsjAd+Yme+lkz7Qg1n0MvE/rxfT6LKfyCCKCQORHSKpMD9khJZpGciHUiMRZMmRy4AL0ECEWnIQIhXjtJ1K2oez+P0y6TTqjl13bs9rzauimTI7YsfslDnsgjXZDWuxNhMsYk/smb1Yj9ar9Wa9/4yWrGLnkP2B9fENMaeVxQ==</latexit>

rv̄,1
<latexit sha1_base64="y6ORZ2L9bTDjMia3lJ/EX4T2wEY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHoMevEYwTwgG0LvpBOHzD6Y6Q2EJeBXeNWTN/Hqr3jwX9xd96CJdSqquunq8iIlDdn2p1VaWV1b3yhvVra2d3b3qvsHbRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJTeZ3pqiNDIN7mkXY92EcyJEUQKnk6kHieqD59MyZD6o1u27n4MvEKUiNFWgOql/uMBSxjwEJBcb0HDuifgKapFA4r7ixwQjEBMbYS2kAPpp+kmee85PYAIU8Qs2l4rmIvzcS8I2Z+V466QM9mEUvE//zejGNrvqJDKKYMBDZIZIK80NGaJmWgXwoNRJBlhy5DLgADUSoJQchUjFO26mkfTiL3y+T9nndsevO3UWtcV00U2ZH7JidModdsga7ZU3WYoJF7Ik9sxfr0Xq13qz3n9GSVewcsj+wPr4BMBeVxA==</latexit><latexit sha1_base64="y6ORZ2L9bTDjMia3lJ/EX4T2wEY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHoMevEYwTwgG0LvpBOHzD6Y6Q2EJeBXeNWTN/Hqr3jwX9xd96CJdSqquunq8iIlDdn2p1VaWV1b3yhvVra2d3b3qvsHbRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJTeZ3pqiNDIN7mkXY92EcyJEUQKnk6kHieqD59MyZD6o1u27n4MvEKUiNFWgOql/uMBSxjwEJBcb0HDuifgKapFA4r7ixwQjEBMbYS2kAPpp+kmee85PYAIU8Qs2l4rmIvzcS8I2Z+V466QM9mEUvE//zejGNrvqJDKKYMBDZIZIK80NGaJmWgXwoNRJBlhy5DLgADUSoJQchUjFO26mkfTiL3y+T9nndsevO3UWtcV00U2ZH7JidModdsga7ZU3WYoJF7Ik9sxfr0Xq13qz3n9GSVewcsj+wPr4BMBeVxA==</latexit><latexit sha1_base64="y6ORZ2L9bTDjMia3lJ/EX4T2wEY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHoMevEYwTwgG0LvpBOHzD6Y6Q2EJeBXeNWTN/Hqr3jwX9xd96CJdSqquunq8iIlDdn2p1VaWV1b3yhvVra2d3b3qvsHbRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJTeZ3pqiNDIN7mkXY92EcyJEUQKnk6kHieqD59MyZD6o1u27n4MvEKUiNFWgOql/uMBSxjwEJBcb0HDuifgKapFA4r7ixwQjEBMbYS2kAPpp+kmee85PYAIU8Qs2l4rmIvzcS8I2Z+V466QM9mEUvE//zejGNrvqJDKKYMBDZIZIK80NGaJmWgXwoNRJBlhy5DLgADUSoJQchUjFO26mkfTiL3y+T9nndsevO3UWtcV00U2ZH7JidModdsga7ZU3WYoJF7Ik9sxfr0Xq13qz3n9GSVewcsj+wPr4BMBeVxA==</latexit><latexit sha1_base64="bzB0uW1fzy1MgMhO8gWsRy3sg4E=">AAAB5HicbVC7TsNAEFyHVzABQk1zIkKiimwaKJFoKINEHlKwovVlE045n627NVIU5QdoqegQf0XBv2CbFJAw1WhmVzs7caaV4yD49Gpb2zu7e/V9/6DhHx4dNxs9l+ZWUlemOrWDGB1pZajLijUNMkuYxJr68ey29PvPZJ1KzQPPM4oSnBo1URK5kDqjZitoBxXEJglXpAUrjJpfj+NU5gkZlhqdG4ZBxtECLSupaek/5o4ylDOc0rCgBhNy0aKKuRTnuUNORUZWKC0qkX5vLDBxbp7ExWSC/OTWvVL8zxvmPLmOFspkOZOR5SFWmqpDTlpV/E9irCwxY5mchDJCokVmskqglIWYF4X4RR3h+vObpHfZDoN2eB9AHU7hDC4ghCu4gTvoQBckjOEFXj3nvXnvP7XVvFV/J/AH3sc3ljCOsg==</latexit><latexit sha1_base64="E5sA9fL0sYdfVBIo+ji6evtkvAQ=">AAAB83icbZA7SwNBFIXvxleMUaOtzWAQLCTs2mgp2FhGMA/ILuHu5CYOmX0wczcQloC/wlYrO/H3WPhf3MQUmniqwzkz3Hu/MNXKsut+OqWNza3tnfJuZa+6f3BYO6q2bZIZSS2Z6MR0Q7SkVUwtVqypmxrCKNTUCce3874zIWNVEj/wNKUgwlGshkoiF5Fv+rkfohGTC2/Wr9XdhruQWDfe0tRhqWa/9uUPEplFFLPUaG3Pc1MOcjSspKZZxc8spSjHOKJeYWOMyAb5YueZOMssciJSMkJpsQjp948cI2unUVi8jJAf7Wo3D//rehkPr4NcxWnGFMv5IFaaFoOsNKqAQWKgDDHjfHMSKhYSDTKTUQKlLMKsoFMpeHir16+b9mXDcxvevQtlOIFTOAcPruAG7qAJLZCQwjO8wKvz5Lw57z/kSs4S4TH8kfPxDb0ylFs=</latexit><latexit sha1_base64="E5sA9fL0sYdfVBIo+ji6evtkvAQ=">AAAB83icbZA7SwNBFIXvxleMUaOtzWAQLCTs2mgp2FhGMA/ILuHu5CYOmX0wczcQloC/wlYrO/H3WPhf3MQUmniqwzkz3Hu/MNXKsut+OqWNza3tnfJuZa+6f3BYO6q2bZIZSS2Z6MR0Q7SkVUwtVqypmxrCKNTUCce3874zIWNVEj/wNKUgwlGshkoiF5Fv+rkfohGTC2/Wr9XdhruQWDfe0tRhqWa/9uUPEplFFLPUaG3Pc1MOcjSspKZZxc8spSjHOKJeYWOMyAb5YueZOMssciJSMkJpsQjp948cI2unUVi8jJAf7Wo3D//rehkPr4NcxWnGFMv5IFaaFoOsNKqAQWKgDDHjfHMSKhYSDTKTUQKlLMKsoFMpeHir16+b9mXDcxvevQtlOIFTOAcPruAG7qAJLZCQwjO8wKvz5Lw57z/kSs4S4TH8kfPxDb0ylFs=</latexit><latexit sha1_base64="ebZDy7dP7vmpyIYjFXujzC4okDE=">AAAB/nicbVC7TsNAEDzzDOEVoKQ5ESFRoMimgTKChjJI5CHFVrS+bMIp54fu1pEiKxJfQQsVHaLlVyj4F2zjAhKmGs3samfHj5U0ZNuf1srq2vrGZmWrur2zu7dfOzjsmCjRAtsiUpHu+WBQyRDbJElhL9YIga+w609ucr87RW1kFN7TLEYvgHEoR1IAZZKrB6nrg+bTc2c+qNXthl2ALxOnJHVWojWofbnDSCQBhiQUGNN37Ji8FDRJoXBedRODMYgJjLGf0RACNF5aZJ7z08QARTxGzaXihYi/N1IIjJkFfjYZAD2YRS8X//P6CY2uvFSGcUIYivwQSYXFISO0zMpAPpQaiSBPjlyGXIAGItSSgxCZmGTtVLM+nMXvl0nnouHYDefOrjevy2Yq7JidsDPmsEvWZLesxdpMsJg9sWf2Yj1ar9ab9f4zumKVO0fsD6yPby7XlcA=</latexit><latexit sha1_base64="y6ORZ2L9bTDjMia3lJ/EX4T2wEY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHoMevEYwTwgG0LvpBOHzD6Y6Q2EJeBXeNWTN/Hqr3jwX9xd96CJdSqquunq8iIlDdn2p1VaWV1b3yhvVra2d3b3qvsHbRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJTeZ3pqiNDIN7mkXY92EcyJEUQKnk6kHieqD59MyZD6o1u27n4MvEKUiNFWgOql/uMBSxjwEJBcb0HDuifgKapFA4r7ixwQjEBMbYS2kAPpp+kmee85PYAIU8Qs2l4rmIvzcS8I2Z+V466QM9mEUvE//zejGNrvqJDKKYMBDZIZIK80NGaJmWgXwoNRJBlhy5DLgADUSoJQchUjFO26mkfTiL3y+T9nndsevO3UWtcV00U2ZH7JidModdsga7ZU3WYoJF7Ik9sxfr0Xq13qz3n9GSVewcsj+wPr4BMBeVxA==</latexit><latexit sha1_base64="y6ORZ2L9bTDjMia3lJ/EX4T2wEY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHoMevEYwTwgG0LvpBOHzD6Y6Q2EJeBXeNWTN/Hqr3jwX9xd96CJdSqquunq8iIlDdn2p1VaWV1b3yhvVra2d3b3qvsHbRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJTeZ3pqiNDIN7mkXY92EcyJEUQKnk6kHieqD59MyZD6o1u27n4MvEKUiNFWgOql/uMBSxjwEJBcb0HDuifgKapFA4r7ixwQjEBMbYS2kAPpp+kmee85PYAIU8Qs2l4rmIvzcS8I2Z+V466QM9mEUvE//zejGNrvqJDKKYMBDZIZIK80NGaJmWgXwoNRJBlhy5DLgADUSoJQchUjFO26mkfTiL3y+T9nndsevO3UWtcV00U2ZH7JidModdsga7ZU3WYoJF7Ik9sxfr0Xq13qz3n9GSVewcsj+wPr4BMBeVxA==</latexit><latexit sha1_base64="y6ORZ2L9bTDjMia3lJ/EX4T2wEY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHoMevEYwTwgG0LvpBOHzD6Y6Q2EJeBXeNWTN/Hqr3jwX9xd96CJdSqquunq8iIlDdn2p1VaWV1b3yhvVra2d3b3qvsHbRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJTeZ3pqiNDIN7mkXY92EcyJEUQKnk6kHieqD59MyZD6o1u27n4MvEKUiNFWgOql/uMBSxjwEJBcb0HDuifgKapFA4r7ixwQjEBMbYS2kAPpp+kmee85PYAIU8Qs2l4rmIvzcS8I2Z+V466QM9mEUvE//zejGNrvqJDKKYMBDZIZIK80NGaJmWgXwoNRJBlhy5DLgADUSoJQchUjFO26mkfTiL3y+T9nndsevO3UWtcV00U2ZH7JidModdsga7ZU3WYoJF7Ik9sxfr0Xq13qz3n9GSVewcsj+wPr4BMBeVxA==</latexit><latexit sha1_base64="y6ORZ2L9bTDjMia3lJ/EX4T2wEY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHoMevEYwTwgG0LvpBOHzD6Y6Q2EJeBXeNWTN/Hqr3jwX9xd96CJdSqquunq8iIlDdn2p1VaWV1b3yhvVra2d3b3qvsHbRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJTeZ3pqiNDIN7mkXY92EcyJEUQKnk6kHieqD59MyZD6o1u27n4MvEKUiNFWgOql/uMBSxjwEJBcb0HDuifgKapFA4r7ixwQjEBMbYS2kAPpp+kmee85PYAIU8Qs2l4rmIvzcS8I2Z+V466QM9mEUvE//zejGNrvqJDKKYMBDZIZIK80NGaJmWgXwoNRJBlhy5DLgADUSoJQchUjFO26mkfTiL3y+T9nndsevO3UWtcV00U2ZH7JidModdsga7ZU3WYoJF7Ik9sxfr0Xq13qz3n9GSVewcsj+wPr4BMBeVxA==</latexit><latexit sha1_base64="y6ORZ2L9bTDjMia3lJ/EX4T2wEY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHoMevEYwTwgG0LvpBOHzD6Y6Q2EJeBXeNWTN/Hqr3jwX9xd96CJdSqquunq8iIlDdn2p1VaWV1b3yhvVra2d3b3qvsHbRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJTeZ3pqiNDIN7mkXY92EcyJEUQKnk6kHieqD59MyZD6o1u27n4MvEKUiNFWgOql/uMBSxjwEJBcb0HDuifgKapFA4r7ixwQjEBMbYS2kAPpp+kmee85PYAIU8Qs2l4rmIvzcS8I2Z+V466QM9mEUvE//zejGNrvqJDKKYMBDZIZIK80NGaJmWgXwoNRJBlhy5DLgADUSoJQchUjFO26mkfTiL3y+T9nndsevO3UWtcV00U2ZH7JidModdsga7ZU3WYoJF7Ik9sxfr0Xq13qz3n9GSVewcsj+wPr4BMBeVxA==</latexit><latexit sha1_base64="y6ORZ2L9bTDjMia3lJ/EX4T2wEY=">AAAB/nicbVDLSgNBEJyNrxhfUY9eBoPgQcKuCHoMevEYwTwgG0LvpBOHzD6Y6Q2EJeBXeNWTN/Hqr3jwX9xd96CJdSqquunq8iIlDdn2p1VaWV1b3yhvVra2d3b3qvsHbRPGWmBLhCrUXQ8MKhlgiyQp7EYawfcUdrzJTeZ3pqiNDIN7mkXY92EcyJEUQKnk6kHieqD59MyZD6o1u27n4MvEKUiNFWgOql/uMBSxjwEJBcb0HDuifgKapFA4r7ixwQjEBMbYS2kAPpp+kmee85PYAIU8Qs2l4rmIvzcS8I2Z+V466QM9mEUvE//zejGNrvqJDKKYMBDZIZIK80NGaJmWgXwoNRJBlhy5DLgADUSoJQchUjFO26mkfTiL3y+T9nndsevO3UWtcV00U2ZH7JidModdsga7ZU3WYoJF7Ik9sxfr0Xq13qz3n9GSVewcsj+wPr4BMBeVxA==</latexit>

rv̄
<latexit sha1_base64="702KNheNKpGHSDDalnwEM6xmCG8=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+RWNH6sgmnnM/W3TpSZIWvoIWKDtHyLxT8C05wAQlTjWZ2tbMTxEpact1Pp7Cyura+UdwsbW3v7O6V9w+aNkqMwIaIVGTaAVhUUmODJClsxwYhDBS2gtH1zG+N0VgZ6TuaxOiHMNRyIAVQJt2bXtoNwPDxtFeuuFV3Dr5MvJxUWI56r/zV7UciCVGTUGBtx3Nj8lMwJIXCaambWIxBjGCInYxqCNH66TzxlJ8kFijiMRouFZ+L+HsjhdDaSRhkkyHQg130ZuJ/XiehwaWfSh0nhFrMDpFUOD9khZFZFcj70iARzJIjl5oLMECERnIQIhOTrJtS1oe3+P0yaZ5VPbfq3Z5Xald5M0V2xI7ZKfPYBauxG1ZnDSaYZk/smb04j86r8+a8/4wWnHznkP2B8/ENTaKVUw==</latexit><latexit sha1_base64="702KNheNKpGHSDDalnwEM6xmCG8=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+RWNH6sgmnnM/W3TpSZIWvoIWKDtHyLxT8C05wAQlTjWZ2tbMTxEpact1Pp7Cyura+UdwsbW3v7O6V9w+aNkqMwIaIVGTaAVhUUmODJClsxwYhDBS2gtH1zG+N0VgZ6TuaxOiHMNRyIAVQJt2bXtoNwPDxtFeuuFV3Dr5MvJxUWI56r/zV7UciCVGTUGBtx3Nj8lMwJIXCaambWIxBjGCInYxqCNH66TzxlJ8kFijiMRouFZ+L+HsjhdDaSRhkkyHQg130ZuJ/XiehwaWfSh0nhFrMDpFUOD9khZFZFcj70iARzJIjl5oLMECERnIQIhOTrJtS1oe3+P0yaZ5VPbfq3Z5Xald5M0V2xI7ZKfPYBauxG1ZnDSaYZk/smb04j86r8+a8/4wWnHznkP2B8/ENTaKVUw==</latexit><latexit sha1_base64="702KNheNKpGHSDDalnwEM6xmCG8=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+RWNH6sgmnnM/W3TpSZIWvoIWKDtHyLxT8C05wAQlTjWZ2tbMTxEpact1Pp7Cyura+UdwsbW3v7O6V9w+aNkqMwIaIVGTaAVhUUmODJClsxwYhDBS2gtH1zG+N0VgZ6TuaxOiHMNRyIAVQJt2bXtoNwPDxtFeuuFV3Dr5MvJxUWI56r/zV7UciCVGTUGBtx3Nj8lMwJIXCaambWIxBjGCInYxqCNH66TzxlJ8kFijiMRouFZ+L+HsjhdDaSRhkkyHQg130ZuJ/XiehwaWfSh0nhFrMDpFUOD9khZFZFcj70iARzJIjl5oLMECERnIQIhOTrJtS1oe3+P0yaZ5VPbfq3Z5Xald5M0V2xI7ZKfPYBauxG1ZnDSaYZk/smb04j86r8+a8/4wWnHznkP2B8/ENTaKVUw==</latexit><latexit sha1_base64="702KNheNKpGHSDDalnwEM6xmCG8=">AAAB/HicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBIg+RWNH6sgmnnM/W3TpSZIWvoIWKDtHyLxT8C05wAQlTjWZ2tbMTxEpact1Pp7Cyura+UdwsbW3v7O6V9w+aNkqMwIaIVGTaAVhUUmODJClsxwYhDBS2gtH1zG+N0VgZ6TuaxOiHMNRyIAVQJt2bXtoNwPDxtFeuuFV3Dr5MvJxUWI56r/zV7UciCVGTUGBtx3Nj8lMwJIXCaambWIxBjGCInYxqCNH66TzxlJ8kFijiMRouFZ+L+HsjhdDaSRhkkyHQg130ZuJ/XiehwaWfSh0nhFrMDpFUOD9khZFZFcj70iARzJIjl5oLMECERnIQIhOTrJtS1oe3+P0yaZ5VPbfq3Z5Xald5M0V2xI7ZKfPYBauxG1ZnDSaYZk/smb04j86r8+a8/4wWnHznkP2B8/ENTaKVUw==</latexit>

pv
<latexit sha1_base64="smvv1dS4ocpN72Q5oDo7UftuEdk=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUWNH5sgmnnM+nu3VQZOUTaKGiQ7R8DwX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHbRrHh0OKRjEw3YBakUNBCgRK62gALAwmdYHKd+Z0pGCsidY8zDX7IxkqMBGeYSnd6MB1Ua27dzUGXiVeQGinQHFS/+sOIxyEo5JJZ2/NcjX7CDAouYV7pxxY04xM2hl5KFQvB+kkedU5PYsswohoMFZLmIvzeSFho7SwM0smQ4YNd9DLxP68X4+jST4TSMYLi2SEUEvJDlhuRdgB0KAwgsiw5UKEoZ4YhghGUcZ6KcVpKJe3DW/x+mbTP6p5b927Pa42ropkyOSLH5JR45II0yA1pkhbhZEyeyDN5cR6dV+fNef8ZLTnFziH5A+fjGxFJkmI=</latexit><latexit sha1_base64="smvv1dS4ocpN72Q5oDo7UftuEdk=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUWNH5sgmnnM+nu3VQZOUTaKGiQ7R8DwX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHbRrHh0OKRjEw3YBakUNBCgRK62gALAwmdYHKd+Z0pGCsidY8zDX7IxkqMBGeYSnd6MB1Ua27dzUGXiVeQGinQHFS/+sOIxyEo5JJZ2/NcjX7CDAouYV7pxxY04xM2hl5KFQvB+kkedU5PYsswohoMFZLmIvzeSFho7SwM0smQ4YNd9DLxP68X4+jST4TSMYLi2SEUEvJDlhuRdgB0KAwgsiw5UKEoZ4YhghGUcZ6KcVpKJe3DW/x+mbTP6p5b927Pa42ropkyOSLH5JR45II0yA1pkhbhZEyeyDN5cR6dV+fNef8ZLTnFziH5A+fjGxFJkmI=</latexit><latexit sha1_base64="smvv1dS4ocpN72Q5oDo7UftuEdk=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUWNH5sgmnnM+nu3VQZOUTaKGiQ7R8DwX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHbRrHh0OKRjEw3YBakUNBCgRK62gALAwmdYHKd+Z0pGCsidY8zDX7IxkqMBGeYSnd6MB1Ua27dzUGXiVeQGinQHFS/+sOIxyEo5JJZ2/NcjX7CDAouYV7pxxY04xM2hl5KFQvB+kkedU5PYsswohoMFZLmIvzeSFho7SwM0smQ4YNd9DLxP68X4+jST4TSMYLi2SEUEvJDlhuRdgB0KAwgsiw5UKEoZ4YhghGUcZ6KcVpKJe3DW/x+mbTP6p5b927Pa42ropkyOSLH5JR45II0yA1pkhbhZEyeyDN5cR6dV+fNef8ZLTnFziH5A+fjGxFJkmI=</latexit><latexit sha1_base64="smvv1dS4ocpN72Q5oDo7UftuEdk=">AAAB9XicbVC7TsNAEDyHVwivACXNiQiJKrIREpQRNJRBkIeUWNH5sgmnnM+nu3VQZOUTaKGiQ7R8DwX/gm1cQMJUo5ld7ewEWgqLrvvplFZW19Y3ypuVre2d3b3q/kHbRrHh0OKRjEw3YBakUNBCgRK62gALAwmdYHKd+Z0pGCsidY8zDX7IxkqMBGeYSnd6MB1Ua27dzUGXiVeQGinQHFS/+sOIxyEo5JJZ2/NcjX7CDAouYV7pxxY04xM2hl5KFQvB+kkedU5PYsswohoMFZLmIvzeSFho7SwM0smQ4YNd9DLxP68X4+jST4TSMYLi2SEUEvJDlhuRdgB0KAwgsiw5UKEoZ4YhghGUcZ6KcVpKJe3DW/x+mbTP6p5b927Pa42ropkyOSLH5JR45II0yA1pkhbhZEyeyDN5cR6dV+fNef8ZLTnFziH5A+fjGxFJkmI=</latexit>

p',q
<latexit sha1_base64="R+4FUa7zMBmJ6YZiKVaOKQZlxSQ=">AAACAHicbVA9TwJBEN3zE/ELtbTZSEwsDLkzJloSbSwxkY8EkMwtA2zYu1t350jIhcZfYauVnbH1n1j4X7xDCgVf9fLeTObN87WSllz301laXlldW89t5De3tnd2C3v7NRvFRmBVRCoyDR8sKhlilSQpbGiDEPgK6/7wOvPrIzRWRuEdjTW2A+iHsicFUCrd607SGoHRA3nKHyadQtEtuVPwReLNSJHNUOkUvlrdSMQBhiQUWNv0XE3tBAxJoXCSb8UWNYgh9LGZ0hACtO1kmnrCj2MLFHGNhkvFpyL+3kggsHYc+OlkADSw814m/uc1Y+pdthMZ6pgwFNkhkgqnh6wwMq0DeVcaJIIsOXIZcgEGiNBIDkKkYpz2k0/78Oa/XyS1s5Lnlrzb82L5atZMjh2yI3bCPHbByuyGVViVCWbYE3tmL86j8+q8Oe8/o0vObOeA/YHz8Q1B3pb1</latexit><latexit sha1_base64="R+4FUa7zMBmJ6YZiKVaOKQZlxSQ=">AAACAHicbVA9TwJBEN3zE/ELtbTZSEwsDLkzJloSbSwxkY8EkMwtA2zYu1t350jIhcZfYauVnbH1n1j4X7xDCgVf9fLeTObN87WSllz301laXlldW89t5De3tnd2C3v7NRvFRmBVRCoyDR8sKhlilSQpbGiDEPgK6/7wOvPrIzRWRuEdjTW2A+iHsicFUCrd607SGoHRA3nKHyadQtEtuVPwReLNSJHNUOkUvlrdSMQBhiQUWNv0XE3tBAxJoXCSb8UWNYgh9LGZ0hACtO1kmnrCj2MLFHGNhkvFpyL+3kggsHYc+OlkADSw814m/uc1Y+pdthMZ6pgwFNkhkgqnh6wwMq0DeVcaJIIsOXIZcgEGiNBIDkKkYpz2k0/78Oa/XyS1s5Lnlrzb82L5atZMjh2yI3bCPHbByuyGVViVCWbYE3tmL86j8+q8Oe8/o0vObOeA/YHz8Q1B3pb1</latexit><latexit sha1_base64="R+4FUa7zMBmJ6YZiKVaOKQZlxSQ=">AAACAHicbVA9TwJBEN3zE/ELtbTZSEwsDLkzJloSbSwxkY8EkMwtA2zYu1t350jIhcZfYauVnbH1n1j4X7xDCgVf9fLeTObN87WSllz301laXlldW89t5De3tnd2C3v7NRvFRmBVRCoyDR8sKhlilSQpbGiDEPgK6/7wOvPrIzRWRuEdjTW2A+iHsicFUCrd607SGoHRA3nKHyadQtEtuVPwReLNSJHNUOkUvlrdSMQBhiQUWNv0XE3tBAxJoXCSb8UWNYgh9LGZ0hACtO1kmnrCj2MLFHGNhkvFpyL+3kggsHYc+OlkADSw814m/uc1Y+pdthMZ6pgwFNkhkgqnh6wwMq0DeVcaJIIsOXIZcgEGiNBIDkKkYpz2k0/78Oa/XyS1s5Lnlrzb82L5atZMjh2yI3bCPHbByuyGVViVCWbYE3tmL86j8+q8Oe8/o0vObOeA/YHz8Q1B3pb1</latexit><latexit sha1_base64="R+4FUa7zMBmJ6YZiKVaOKQZlxSQ=">AAACAHicbVA9TwJBEN3zE/ELtbTZSEwsDLkzJloSbSwxkY8EkMwtA2zYu1t350jIhcZfYauVnbH1n1j4X7xDCgVf9fLeTObN87WSllz301laXlldW89t5De3tnd2C3v7NRvFRmBVRCoyDR8sKhlilSQpbGiDEPgK6/7wOvPrIzRWRuEdjTW2A+iHsicFUCrd607SGoHRA3nKHyadQtEtuVPwReLNSJHNUOkUvlrdSMQBhiQUWNv0XE3tBAxJoXCSb8UWNYgh9LGZ0hACtO1kmnrCj2MLFHGNhkvFpyL+3kggsHYc+OlkADSw814m/uc1Y+pdthMZ6pgwFNkhkgqnh6wwMq0DeVcaJIIsOXIZcgEGiNBIDkKkYpz2k0/78Oa/XyS1s5Lnlrzb82L5atZMjh2yI3bCPHbByuyGVViVCWbYE3tmL86j8+q8Oe8/o0vObOeA/YHz8Q1B3pb1</latexit>

. . .<latexit sha1_base64="+0qRffubnqPXH7ituNqH1sxnCOo=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjJI5CElVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZyeIlbTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZKDECmyJSkekE3KKSGpskSWEnNsjDQGE7GF/lfvsBjZWRvqVJjH7IR1oOpeCUSa2eGkRk+5WqW3MLsEXizUgVZmj0K1+9QSSSEDUJxa3tem5MfsoNSaFwWu4lFmMuxnyE3YxqHqL10yLtlB0nllPEYjRMKlaI+Hsj5aG1kzDIJkNOd3bey8X/vG5Cwws/lTpOCLXID5FUWByywsisBmQDaZCI58mRSc0EN5wIjWRciExMsl7KWR/e/PeLpHVa89yad3NWrV/OminBIRzBCXhwDnW4hgY0QcA9PMEzvDiPzqvz5rz/jC45s50D+APn4xtzFJO9</latexit><latexit sha1_base64="+0qRffubnqPXH7ituNqH1sxnCOo=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjJI5CElVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZyeIlbTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZKDECmyJSkekE3KKSGpskSWEnNsjDQGE7GF/lfvsBjZWRvqVJjH7IR1oOpeCUSa2eGkRk+5WqW3MLsEXizUgVZmj0K1+9QSSSEDUJxa3tem5MfsoNSaFwWu4lFmMuxnyE3YxqHqL10yLtlB0nllPEYjRMKlaI+Hsj5aG1kzDIJkNOd3bey8X/vG5Cwws/lTpOCLXID5FUWByywsisBmQDaZCI58mRSc0EN5wIjWRciExMsl7KWR/e/PeLpHVa89yad3NWrV/OminBIRzBCXhwDnW4hgY0QcA9PMEzvDiPzqvz5rz/jC45s50D+APn4xtzFJO9</latexit><latexit sha1_base64="+0qRffubnqPXH7ituNqH1sxnCOo=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjJI5CElVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZyeIlbTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZKDECmyJSkekE3KKSGpskSWEnNsjDQGE7GF/lfvsBjZWRvqVJjH7IR1oOpeCUSa2eGkRk+5WqW3MLsEXizUgVZmj0K1+9QSSSEDUJxa3tem5MfsoNSaFwWu4lFmMuxnyE3YxqHqL10yLtlB0nllPEYjRMKlaI+Hsj5aG1kzDIJkNOd3bey8X/vG5Cwws/lTpOCLXID5FUWByywsisBmQDaZCI58mRSc0EN5wIjWRciExMsl7KWR/e/PeLpHVa89yad3NWrV/OminBIRzBCXhwDnW4hgY0QcA9PMEzvDiPzqvz5rz/jC45s50D+APn4xtzFJO9</latexit><latexit sha1_base64="+0qRffubnqPXH7ituNqH1sxnCOo=">AAAB+HicbVC7TsNAEFzzDOEVoKQ5ESFRRTZCgjKChjJI5CElVnS+bMKR89m6WyMFK/9ACxUdouVvKPgXbJMCEqYazexqZyeIlbTkup/O0vLK6tp6aaO8ubW9s1vZ22/ZKDECmyJSkekE3KKSGpskSWEnNsjDQGE7GF/lfvsBjZWRvqVJjH7IR1oOpeCUSa2eGkRk+5WqW3MLsEXizUgVZmj0K1+9QSSSEDUJxa3tem5MfsoNSaFwWu4lFmMuxnyE3YxqHqL10yLtlB0nllPEYjRMKlaI+Hsj5aG1kzDIJkNOd3bey8X/vG5Cwws/lTpOCLXID5FUWByywsisBmQDaZCI58mRSc0EN5wIjWRciExMsl7KWR/e/PeLpHVa89yad3NWrV/OminBIRzBCXhwDnW4hgY0QcA9PMEzvDiPzqvz5rz/jC45s50D+APn4xtzFJO9</latexit>

pv,j
<latexit sha1_base64="/FAiaPeEfkEdLKM1mhw50UjFUtI=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRoMhGSFBG0FAGiTykxIrOl004cj6f7taRIpOfoIWKDtHyMxT8C7ZxAQlTjWZ2tbMTaCksuu6ns7S8srq2Xtoob25t7+xW9vZbNooNhyaPZGQ6AbMghYImCpTQ0QZYGEhoB+PrzG9PwFgRqTucavBDNlJiKDjDVOrofjI5pQ+zfqXq1twcdJF4BamSAo1+5as3iHgcgkIumbVdz9XoJ8yg4BJm5V5sQTM+ZiPoplSxEKyf5Hln9Di2DCOqwVAhaS7C742EhdZOwyCdDBne23kvE//zujEOL/1EKB0jKJ4dQiEhP2S5EWkRQAfCACLLkgMVinJmGCIYQRnnqRinzZTTPrz57xdJ66zmuTXv9rxavyqaKZFDckROiEcuSJ3ckAZpEk4keSLP5MV5dF6dN+f9Z3TJKXYOyB84H99x85RC</latexit><latexit sha1_base64="/FAiaPeEfkEdLKM1mhw50UjFUtI=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRoMhGSFBG0FAGiTykxIrOl004cj6f7taRIpOfoIWKDtHyMxT8C7ZxAQlTjWZ2tbMTaCksuu6ns7S8srq2Xtoob25t7+xW9vZbNooNhyaPZGQ6AbMghYImCpTQ0QZYGEhoB+PrzG9PwFgRqTucavBDNlJiKDjDVOrofjI5pQ+zfqXq1twcdJF4BamSAo1+5as3iHgcgkIumbVdz9XoJ8yg4BJm5V5sQTM+ZiPoplSxEKyf5Hln9Di2DCOqwVAhaS7C742EhdZOwyCdDBne23kvE//zujEOL/1EKB0jKJ4dQiEhP2S5EWkRQAfCACLLkgMVinJmGCIYQRnnqRinzZTTPrz57xdJ66zmuTXv9rxavyqaKZFDckROiEcuSJ3ckAZpEk4keSLP5MV5dF6dN+f9Z3TJKXYOyB84H99x85RC</latexit><latexit sha1_base64="/FAiaPeEfkEdLKM1mhw50UjFUtI=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRoMhGSFBG0FAGiTykxIrOl004cj6f7taRIpOfoIWKDtHyMxT8C7ZxAQlTjWZ2tbMTaCksuu6ns7S8srq2Xtoob25t7+xW9vZbNooNhyaPZGQ6AbMghYImCpTQ0QZYGEhoB+PrzG9PwFgRqTucavBDNlJiKDjDVOrofjI5pQ+zfqXq1twcdJF4BamSAo1+5as3iHgcgkIumbVdz9XoJ8yg4BJm5V5sQTM+ZiPoplSxEKyf5Hln9Di2DCOqwVAhaS7C742EhdZOwyCdDBne23kvE//zujEOL/1EKB0jKJ4dQiEhP2S5EWkRQAfCACLLkgMVinJmGCIYQRnnqRinzZTTPrz57xdJ66zmuTXv9rxavyqaKZFDckROiEcuSJ3ckAZpEk4keSLP5MV5dF6dN+f9Z3TJKXYOyB84H99x85RC</latexit><latexit sha1_base64="/FAiaPeEfkEdLKM1mhw50UjFUtI=">AAAB+nicbVC7TsNAEDzzDOEVoKQ5ESFRoMhGSFBG0FAGiTykxIrOl004cj6f7taRIpOfoIWKDtHyMxT8C7ZxAQlTjWZ2tbMTaCksuu6ns7S8srq2Xtoob25t7+xW9vZbNooNhyaPZGQ6AbMghYImCpTQ0QZYGEhoB+PrzG9PwFgRqTucavBDNlJiKDjDVOrofjI5pQ+zfqXq1twcdJF4BamSAo1+5as3iHgcgkIumbVdz9XoJ8yg4BJm5V5sQTM+ZiPoplSxEKyf5Hln9Di2DCOqwVAhaS7C742EhdZOwyCdDBne23kvE//zujEOL/1EKB0jKJ4dQiEhP2S5EWkRQAfCACLLkgMVinJmGCIYQRnnqRinzZTTPrz57xdJ66zmuTXv9rxavyqaKZFDckROiEcuSJ3ckAZpEk4keSLP5MV5dF6dN+f9Z3TJKXYOyB84H99x85RC</latexit>

pv̄,j
<latexit sha1_base64="FsH8BBkWkQijYVLWd/RT9hM5eZA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJAkU2QoIygoYySOQhJVa0vmzCkfODu3WkyErBV9BCRYdo+RQK/gXbpICEqUYzu9rZ8SIlDdn2p1VYWl5ZXSuulzY2t7Z3yrt7TRPGWmBDhCrUbQ8MKhlggyQpbEcawfcUtrzRVea3xqiNDINbmkTo+jAM5EAKoFRyo17S9UDz8Qm/n/bKFbtq5+CLxJmRCpuh3it/dfuhiH0MSCgwpuPYEbkJaJJC4bTUjQ1GIEYwxE5KA/DRuEkeesqPYgMU8gg1l4rnIv7eSMA3ZuJ76aQPdGfmvUz8z+vENLhwExlEMWEgskMkFeaHjNAybQN5X2okgiw5chlwARqIUEsOQqRinNZTSvtw5r9fJM3TqmNXnZuzSu1y1kyRHbBDdswcds5q7JrVWYMJ9sCe2DN7sR6tV+vNev8ZLViznX32B9bHN+C1liU=</latexit><latexit sha1_base64="FsH8BBkWkQijYVLWd/RT9hM5eZA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJAkU2QoIygoYySOQhJVa0vmzCkfODu3WkyErBV9BCRYdo+RQK/gXbpICEqUYzu9rZ8SIlDdn2p1VYWl5ZXSuulzY2t7Z3yrt7TRPGWmBDhCrUbQ8MKhlggyQpbEcawfcUtrzRVea3xqiNDINbmkTo+jAM5EAKoFRyo17S9UDz8Qm/n/bKFbtq5+CLxJmRCpuh3it/dfuhiH0MSCgwpuPYEbkJaJJC4bTUjQ1GIEYwxE5KA/DRuEkeesqPYgMU8gg1l4rnIv7eSMA3ZuJ76aQPdGfmvUz8z+vENLhwExlEMWEgskMkFeaHjNAybQN5X2okgiw5chlwARqIUEsOQqRinNZTSvtw5r9fJM3TqmNXnZuzSu1y1kyRHbBDdswcds5q7JrVWYMJ9sCe2DN7sR6tV+vNev8ZLViznX32B9bHN+C1liU=</latexit><latexit sha1_base64="FsH8BBkWkQijYVLWd/RT9hM5eZA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJAkU2QoIygoYySOQhJVa0vmzCkfODu3WkyErBV9BCRYdo+RQK/gXbpICEqUYzu9rZ8SIlDdn2p1VYWl5ZXSuulzY2t7Z3yrt7TRPGWmBDhCrUbQ8MKhlggyQpbEcawfcUtrzRVea3xqiNDINbmkTo+jAM5EAKoFRyo17S9UDz8Qm/n/bKFbtq5+CLxJmRCpuh3it/dfuhiH0MSCgwpuPYEbkJaJJC4bTUjQ1GIEYwxE5KA/DRuEkeesqPYgMU8gg1l4rnIv7eSMA3ZuJ76aQPdGfmvUz8z+vENLhwExlEMWEgskMkFeaHjNAybQN5X2okgiw5chlwARqIUEsOQqRinNZTSvtw5r9fJM3TqmNXnZuzSu1y1kyRHbBDdswcds5q7JrVWYMJ9sCe2DN7sR6tV+vNev8ZLViznX32B9bHN+C1liU=</latexit><latexit sha1_base64="FsH8BBkWkQijYVLWd/RT9hM5eZA=">AAAB/3icbVC7TsNAEDyHVwivACXNiQiJAkU2QoIygoYySOQhJVa0vmzCkfODu3WkyErBV9BCRYdo+RQK/gXbpICEqUYzu9rZ8SIlDdn2p1VYWl5ZXSuulzY2t7Z3yrt7TRPGWmBDhCrUbQ8MKhlggyQpbEcawfcUtrzRVea3xqiNDINbmkTo+jAM5EAKoFRyo17S9UDz8Qm/n/bKFbtq5+CLxJmRCpuh3it/dfuhiH0MSCgwpuPYEbkJaJJC4bTUjQ1GIEYwxE5KA/DRuEkeesqPYgMU8gg1l4rnIv7eSMA3ZuJ76aQPdGfmvUz8z+vENLhwExlEMWEgskMkFeaHjNAybQN5X2okgiw5chlwARqIUEsOQqRinNZTSvtw5r9fJM3TqmNXnZuzSu1y1kyRHbBDdswcds5q7JrVWYMJ9sCe2DN7sR6tV+vNev8ZLViznX32B9bHN+C1liU=</latexit>

pi
<latexit sha1_base64="MZ2k0uekG3TPqXCEhMCnXGpQ+6w=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGUs326W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8fXSlpy3U9naXlldW29tFHe3Nre2a3s7bdsFBuBTRGpyHR8sKhkiE2SpLCjDULgK2z7k6vMbz+gsTIK72iqsR/AOJQjKYBS6VYP5KBSdWtuDr5IvIJUWYHGoPLVG0YiDjAkocDarudq6idgSAqFs3IvtqhBTGCM3ZSGEKDtJ3nUGT+OLVDENRouFc9F/L2RQGDtNPDTyQDo3s57mfif141pdNFPZKhjwlBkh0gqzA9ZYWTaAfKhNEgEWXLkMuQCDBChkRyESMU4LaWc9uHNf79IWqc1z615N2fV+mXRTIkdsiN2wjx2zursmjVYkwk2Zk/smb04j86r8+a8/4wuOcXOAfsD5+Mb/PeSVQ==</latexit><latexit sha1_base64="MZ2k0uekG3TPqXCEhMCnXGpQ+6w=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGUs326W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8fXSlpy3U9naXlldW29tFHe3Nre2a3s7bdsFBuBTRGpyHR8sKhkiE2SpLCjDULgK2z7k6vMbz+gsTIK72iqsR/AOJQjKYBS6VYP5KBSdWtuDr5IvIJUWYHGoPLVG0YiDjAkocDarudq6idgSAqFs3IvtqhBTGCM3ZSGEKDtJ3nUGT+OLVDENRouFc9F/L2RQGDtNPDTyQDo3s57mfif141pdNFPZKhjwlBkh0gqzA9ZYWTaAfKhNEgEWXLkMuQCDBChkRyESMU4LaWc9uHNf79IWqc1z615N2fV+mXRTIkdsiN2wjx2zursmjVYkwk2Zk/smb04j86r8+a8/4wuOcXOAfsD5+Mb/PeSVQ==</latexit><latexit sha1_base64="MZ2k0uekG3TPqXCEhMCnXGpQ+6w=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGUs326W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8fXSlpy3U9naXlldW29tFHe3Nre2a3s7bdsFBuBTRGpyHR8sKhkiE2SpLCjDULgK2z7k6vMbz+gsTIK72iqsR/AOJQjKYBS6VYP5KBSdWtuDr5IvIJUWYHGoPLVG0YiDjAkocDarudq6idgSAqFs3IvtqhBTGCM3ZSGEKDtJ3nUGT+OLVDENRouFc9F/L2RQGDtNPDTyQDo3s57mfif141pdNFPZKhjwlBkh0gqzA9ZYWTaAfKhNEgEWXLkMuQCDBChkRyESMU4LaWc9uHNf79IWqc1z615N2fV+mXRTIkdsiN2wjx2zursmjVYkwk2Zk/smb04j86r8+a8/4wuOcXOAfsD5+Mb/PeSVQ==</latexit><latexit sha1_base64="MZ2k0uekG3TPqXCEhMCnXGpQ+6w=">AAAB9XicbVC7TsNAEDzzDOEVoKQ5ESFRRTZCgjKChjII8pCSKFpfNuGUs326W4MiK59ACxUdouV7KPgXbOMCEqYazexqZ8fXSlpy3U9naXlldW29tFHe3Nre2a3s7bdsFBuBTRGpyHR8sKhkiE2SpLCjDULgK2z7k6vMbz+gsTIK72iqsR/AOJQjKYBS6VYP5KBSdWtuDr5IvIJUWYHGoPLVG0YiDjAkocDarudq6idgSAqFs3IvtqhBTGCM3ZSGEKDtJ3nUGT+OLVDENRouFc9F/L2RQGDtNPDTyQDo3s57mfif141pdNFPZKhjwlBkh0gqzA9ZYWTaAfKhNEgEWXLkMuQCDBChkRyESMU4LaWc9uHNf79IWqc1z615N2fV+mXRTIkdsiN2wjx2zursmjVYkwk2Zk/smb04j86r8+a8/4wuOcXOAfsD5+Mb/PeSVQ==</latexit>

Figure 2: Example of players’ action sets in a game instance
Γ(C, V ) used for the reduction in the proof of Lemma 7.

time, players pv do not deviate to resource rt only if they
are the only players selecting their resources. This implies
that all the players pϕ,q (for ϕ ∈ C and q ∈ [3]) must play
a resource not selected by any player pv . Hence, each player
pϕ,q plays a resource rl whose corresponding literal l is true,
which results in ϕ being satisfied. The action profile defined
thus far does not constitute an equilibrium, as players pϕ,q
have an incentive to deviate to resources rl with l evaluating
to false. Players pv,j and pv̄,j are used to avoid such devi-
ations. They are told to play resources rl with very small
probability, so that other players do not deviate to them.

If. Suppose (C, V ) is satisfiable, and let τ : V → {T,F}
be a truth assignment satisfying all the clauses in C. For the
ease of presentation, we let τ(l) ∈ {T,F} be the truth value
of literal l ∈ {v, v̄ | v ∈ V } under τ . Using τ , we recover
a CCE φ ∈ ∆A with social cost smaller than or equal to
γ. This selects the action profiles {a1, a2, a3} ⊆ ×p∈NAp
defined in the following with probabilities φa1 = φa2 =
1
2 −

1
2m10 and φa3 = 1

m10 . First, we determine actions for
players pϕ,q (the same in a1, a2, and a3). Each player pϕ,q
(for ϕ ∈ C and q ∈ [3]) plays a resource rl with l ∈ ϕ such
that τ(l) = T, so that none of these players has an incentive
to deviate to another resource rl with τ(l) = T. Moreover,
players’ actions are such that each rl with τ(l) = T has at
least one player using it, which is useful to avoid that other
players deviate on the resource. To formally define players
pϕ,q’ actions, we consider a congestion game ΓR restricted
to the players {pϕ,q | ϕ ∈ C, q ∈ [3]} with action spaces
limited to resources rl ∈ Apϕ,q with τ(l) = T (since τ satis-
fies all clauses, each player has at least one action). Clearly,
ΓR admits a pure NE [Rosenthal 1973]. We show that, in any
pure NE, each resource is selected by at least one player. By
contradiction, suppose that there exists a resource rl such
that no player chooses it. Then, there must be at least two
players pϕ,q (with l ∈ ϕ) selecting some resource different
from rl. As a result, there must be one player with an incen-
tive to deviate to the empty resource (as she would pay z+1
rather than something ≥ z + 1 + ε), contradicting the NE
assumption. In conclusion, for every ϕ ∈ C and q ∈ [3], we
let a1

pϕ,q , a2
pϕ,q , and a3

pϕ,q all be equal to the resource played
by the corresponding player in some pure NE of ΓR. Now,
we define actions for players pv,j and pv̄,j . Each player pl,j
plays rl in a3 (drawn with a small probability of 1

m10 ) only
if τ(l) = F, while this never happens in a1 and a2. Intu-
itively, this avoids that other players deviate to a resource
rl with τ(l) = F. Moreover, players pl,j are split into two
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groups alternating between resources rl,1 and rl,2 in action
profiles a1 and a2. This prevents deviations to either rl,1 or
rl,2 (as there are at least u players using the resource with
high probability). Formally, for every l ∈ {v, v̄ | v ∈ V }:

• for j ∈ [u], we let a1
pl,j

= rl,1, a2
pl,j

= rl,2, and a3
pl,j

= rl
if τ(l) = F, while a3

pl,j
= rl,1 if τ(l) = T;

• for j ∈ [2u] : j > u, we let a1
pl,j

= rl,2, a2
pl,j

= rl,1, and
a3
pl,j

= rl if τ(l) = F, while a3
pl,j

= rl,2 if τ(l) = T.

Finally, we introduce players pv’ actions. In a1 and a2 (se-
lected with high probability 1 − 1

m10 ), each player pv uses
rv if τ(v) = F, while rv̄ otherwise. Instead, in a3 (drawn
with a small probability of 1

m10 ), player pv selects rt so as
to keep the cost of players pl,j small. Thus, for every v ∈ V ,
we let a3

pv = rt and a1
pv = a2

pv = rv if τ(v) = F, while
a1
pv = a2

pv = rv̄ if not. Next, we show that players have no
incentive to defect from φ, i.e., φ is a CCE. Given that player
pϕ,q’s action (for ϕ ∈ C and q ∈ [3]) is determined by a pure
NE of ΓR, she does not have any incentive to deviate to an-
other resource rl ∈ Aϕ,q with τ(l) = T (as these resources
are not selected by players not participating to ΓR and the
players in ΓR are at an NE). Moreover, in φ, player pϕ,q’s
expected cost is at most z+1+3εm, while she would pay at
least (z+1+ε)(1− 1

m10 )+(z+1+2uε) 1
m10 ≥ z+1+2εm2

by selecting a resource rl ∈ Aϕ,q with τ(l) = F. Each player
pv (for v ∈ V ) does not defect from φ, since her expected
cost is (z+1)(1− 1

m10 )+(z+s) 1
m10 , while she would pay:

• the same amount by switching to resource rt;
• at least z+1+ε by playing rl with l ∈ {v, v̄} and τ(l) = T

(as there is at least one player pϕ,q on rl);
• at least (z+1)(1− 1

m10 )+(z+1+2uε) 1
m10 = z+1+2 1

m2

by selecting rl with l ∈ {v, v̄} and τ(l) = F.

Each player pl,j (for l ∈ {v, v̄ | v ∈ V } and j ∈ [2u]) with
τ(l) = F does not deviate, since her cost is (z + 1)(1 −

1
m10 ) + (z + 1− ε+ 2uε) 1

m10 , while she would pay:

• at least (z+1)( 1
2−

1
2m10 )+(z+2)( 1

2−
1

2m10 ) by switching
to either rl,1 or rl,2;
• at least (z + 1 + ε)(1− 1

m10 ) + (z + 1− ε+ 2uε) 1
m10 by

selecting resource rl ∈ Apl,j .

Moreover, each player pl,j with τ(l) = T does not deviate
either, as her cost is (z + 1), while she would pay:

• at least z + 1 + ε by playing resource rl;
• at least (z+1)( 1

2 + 1
2m10 )+(z+2)( 1

2−
1

2m10 ) by switching
to either rl,1 or rl,2.

Finally, players pi must select resource rt; thus, they ex-
perience a cost of z(1 − 1

m10 ) + (z + s) 1
m10 . Moreover,

since the maximum cost of a resource different from rt is
z + 1 + u, players pv incur a cost at most of (z + 1 +
u)(1− 1

m10 ) + (z+ s) 1
m10 , while all the other players pay at

most z + 1 + u. Then, the CCE φ provides a social cost
smaller than or equal to z

[
z(1− 1

m10 ) + (z + s) 1
m10

]
+

s
[
(z + 1 + u)(1− 1

m10 ) + (z + s) 1
m10

]
+(4us+3m)(z+

1+u) ≤ z2+ zs
m10 +(z+1+u)(s+4us+3m)+s(z+s) 1

m10 =

z2 + (s + 4us + 3m)(z − u) + (2u + 1)(s + 4us +
3m) + s(2z + s) 1

m10 ≤ γ, where the last inequality fol-
lows from (2u + 1)(s + 4us + 3m) + s(2z + s) 1

m10 ≤
(2m12 + 1)(m+ 4m13 + 3m) +m(2z +m) 1

m10 ≤ 3z
m9 for

m large enough.
Only if. Suppose there exists a CCE φ ∈ ∆A with social

cost smaller than or equal to γ. First, we prove that, with
probability at most 1

m8 , at least one player pv plays rt. By
contradiction, assume that this is not the case. Then, the so-
cial cost would be at least (z2 +(4us+s+3m)(z−u))(1−

1
m8 ) + ((z + 1)2 + (4us + s + 3m − 1)(z − u)) 1

m8 ≥
z2 + (4us+ s+ 3m)(z − u) + (2z − z) 1

m8 > γ. This im-
plies that each player pv is playing either rv or rv̄ with prob-
ability at least 1 − 1

m8 . Then, we prove that pv is the only
player on that resource with probability at least 1− 1

m8− 1
m2 .

Otherwise, by contradiction, her cost would be at least
z+1+ ε

m2 = z+1+ 1
m6 , while by playing rt she would pay

at most (z+1)(1− 1
m8 )+(z+s) 1

m8 ≤ z+1+ 1
m7 . By a union

bound, there exists an action profile a ∈ ×p∈NAp played
with probability at least 1−s( 1

m8 + 1
m2 ) > 0 in which all the

players pv are alone on their resources (either rv or rv̄). Let
τ : V → {T,F} be a truth assignment such that τ(v) = T
if apv = rv̄ and τ(v) = F if apv = rv . Then, τ satisfies all
the clauses, since all the players pϕ,q play rl with τ(l) = T
and, thus, each clause has at least a true literal.

The following lemma concludes the proof of Theorem 2.
Lemma 8. Any SCG can be represented as an NCG of size
polynomial in the size of the original SCG.

Proof. Given an SCG (N,R, {Ap}p∈N , {cr}r∈R) we build
an NCG (N,G, {ce}e∈E , {(sp, tp)}p∈N ) as follows. The
graph G = (V,E) has two nodes vr,1, vr,2 ∈ V for each
resource r ∈ R, and, additionally, for every player p ∈ N ,
there is a source node sp ∈ V and a destination one tp ∈ V .
Moreover, there is an edge (vr,1, vr,2) ∈ E for every r ∈ R
and, for every p ∈ N and r ∈ Ap, there two edges
(sp, vr,1) ∈ E and (vr,2, tp) ∈ E. Finally, for the edges
e = (vr,1, vr,2), we let ce = cr, while ce = 0 for all the
other edges. Clearly, the size of the NCG is polynomially
bounded by that of the original SCG, proving the result.

Discussion and Future Works
The paper studies information-structure design problems
in atomic BNCGs, where an informed sender can observe
the actual state of the network and commit to a signaling
scheme. We focus on the problem of computing optimal ex
ante persuasive signaling schemes in such setting. We show
that, with affine costs, symmetry is the property marking the
transition from polynomial-time tractability to NP-hardness.

In the future, we are interested in studying the prob-
lem of approximating optimal ex ante persuasive signaling
schemes, and in the design of practical algorithms for real-
world network signaling problems. Moreover, to make the
framework even more applicable, it would be interesting
to explore how the sender can handle uncertainty about re-
ceivers’ payoffs [Castiglioni et al. 2020].
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