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Abstract

In stochastic contextual bandit (SCB) problems, an agent se-
lects an action based on certain observed context to maxi-
mize the cumulative reward over iterations. Recently there
have been a few studies using a deep neural network (DNN)
to predict the expected reward for an action, and the DNN
is trained by a stochastic gradient based method. However,
convergence analysis has been greatly ignored to examine
whether and where these methods converge. In this work,
we formulate the SCB that uses a DNN reward function as
a non-convex stochastic optimization problem, and design a
stage-wise stochastic gradient descent algorithm to optimize
the problem and determine the action policy. We prove that
with high probability, the action sequence chosen by this al-
gorithm converges to a greedy action policy respecting a local
optimal reward function. Extensive experiments have been
performed to demonstrate the effectiveness and efficiency of
the proposed algorithm on multiple real-world datasets.

Introduction
The multi-armed bandit is an interactive machine learning
problem and has received tremendous research interest for
decades, e.g., (Auer, Cesabianchi, and Fischer 2002; Fil-
ippi et al. 2010; Gopalan, Mannor, and Mansour 2014). The
stochastic contextual bandit (SCB) problems contain a se-
quence of rounds t, where the agent observes a context
dt ∈ Rnd (for nd ∈ I) which consists of features about all
actions and can be regarded as a sample from an unknown
distribution that is fixed when shifted in time, e.g., user in-
formation in news recommendation system (Li et al. 2010).
Then the agent selects an action at fromK choices (e.g.,K-
arms) to get the reward rdt,at ∈ [0, 1], which is i.i.d. drawn
from an unknown but fixed distribution with the expectation
modeled by the reward function defined below.

Definition 1 (Reward Function) There exists a real-
valued vector x∗ ∈ Rnx and a reward function f(d;x∗) s.t.
for all actions at ∈ {1, 2, ...,K} and context dt ∼ D,

Erdt,at [rdt,at | dt, at] = fat(dt;x
∗), (1)

where fat(dt;x
∗) ∈ [0, 1] is the atht output of f(dt;x

∗).

Copyright © 2021, Association for the Advancement of Artificial
Intelligence (www.aaai.org). All rights reserved.

Note that the context d can be continuous but there are dis-
crete and a finite number (K) of actions. The agent’s goal is
to minimize the cumulative regret∑T

t=1 Erd,a [rdt,a∗dt
|dt, a∗dt ]− rdt,at , (2)

where T is the total number of rounds, and a∗dt is the optimal
action that maximizes the expected reward Erd,a [rd,a|d, a].

To minimize the cumulative regret, the agent needs to bal-
ance between selecting potentially optimal action to learn
its reward distribution (Exploration) and choosing the action
with the highest estimated expected reward (Exploitation),
a.k.a. theExploration vs. Exploitation. Earlier studies on
SCB problems focus on SCB with a linear reward function,
which has been well understood both theoretically and em-
pirically (Auer 2002; Dani, Hayes, and Kakade 2008; Foster
et al. 2018; Liu et al. 2018). However, the assumption of a
linear reward function may not be satisfied for many real-life
problems. Later, many research efforts have been devoted to
SCB with a more relaxed assumption on the reward function.
In particular, SCB with a deep neural network (DNN) mod-
eled reward function or called deep SCB have attracted great
interest, because of the DNN’s powerful expressiveness for
complicated real-world problems (Allesiardo, Féraud, and
Bouneffouf 2014; Collier and Llorens 2018; Zhou, Li, and
Gu 2020; Kveton et al. 2020).

For deep SCB, one may naturally adopt adaptive action
policies, which have been successfully employed in SCB
with a simple reward function, e.g., a linear or general-
ized linear reward function. In such policies, the exploration
schedule can be dynamically updated based on the observed
contexts, selected actions and received rewards in previous
rounds. Then the computational complexity generally de-
pends on the dimensionality of the learnable parameters and
the contexts, which, however, are often very high for DNNs
(because of its power in modeling high-dimensional data).
Therefore, it is still not clear how to use adaptive action poli-
cies for DNN based on SCB in an efficient way to enable its
scalability to large DNNs. For example, recently (Zhou, Li,
and Gu 2020) designed a powerful adaptive action policy for
deep SCB, but the complicated matrix calculations to update
the action policy still make it applicable to small DNNs.

Moreover, although almost all deep SCB algorithms train
the DNN-realized reward function with stochastic gradient
based methods, rigorous analysis has seldom been given to
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examine whether and where the DNN and the action policy
converge. That is, there is no guarantee that these deep SCB
algorithms can learn a stable reward function or effective
action policy. Recently (Sokolov et al. 2016b) showed that
parameters in the DNN converge to a stationary point, but it
remains open to examine the quality of the converged reward
function and convergence of the action policy.
Contributions. We propose a stage-wise stochastic gradient
descent (SGD) for SCB (SSGD-SCB), which exploits adap-
tive action policies in an efficient manner and enjoys prov-
able convergence on the action policy π and reward function
f . Our main results are summarized as follows.

• We design an efficient adaptive action policy for deep SCB
by dividing contexts into sub-regions, and counting and ex-
ploiting how many times an action has been chosen within
each sub-region. We then devise a stage-wise SGD method
to train the DNN. In this way, the adaptive action policy in
SSGD-SCB can be updated incrementally rather than from
full history records, and thus does not require complicated
matrix calculations, such as those in (Zhou, Li, and Gu 2020;
Kveton et al. 2020), so it can be scalable to large DNNs.

• For ease of theoretical analysis, we relax SCB to a non-
convex stochastic optimization problem, in which the adap-
tive action policy makes the variance of the stochastic gra-
dients grow along the rounds. It thus motivates us to stage-
wisely reduce the learning rate to account for the growing
variance of stochastic gradients. We prove that SSGD-SCB
can find a local minimizer under mild regularity conditions,
corresponding to a local optimal reward function. The ac-
tion policy converges to a greedy policy observing the local
optimal reward function with high probability. If a stronger
condition is assumed for the objective function, we prove
that the action policy converges to one which is within an
ε-neighborhood of the global optimal action policy.

• We have performed extensive experiments to confirm that
SSGD-SCB achieves the best cumulative regret compared
with state-of-the-art algorithms, and its fitted reward func-
tion has the best generalization performance.

Related Work. The agent in SCB can establish and op-
erate on different forms of reward functions, including
linear functions and nonlinear functions represented by
DNNs. The upper confidence bound (UCB) algorithm
(Auer, Cesabianchi, and Fischer 2002) was first applied to
the contextual bandit problem with a linear reward func-
tion in LINREL(Auer 2002). Since then, many efficient or-
dinary linear algorithms have been proposed (Dani, Hayes,
and Kakade 2008; Chu et al. 2011; Agrawal and Goyal 2013;
Agarwal et al. 2014; Foster et al. 2018), and the linear re-
ward functions are also extended to generalized linear mod-
els (GLMs) (Li, Lu, and Zhou 2017; Jun et al. 2017; Abeille,
Lazaric et al. 2017; Kveton et al. 2019). Some of these algo-
rithms, called agnostic algorithms (Agarwal et al. 2014; Fos-
ter et al. 2018), solved the SCB problem by converting it into
an optimization problem that can be effectively solved by
an existing optimization oracle (solver). However, for SCB
problems that correspond to difficult-to-solve optimization
problems, new optimization oracles are needed.

Compared with linear and generalized linear models,
DNN is more powerful to fit the high dimensional context
such as images or board configurations of board games.
DNNs have been used to find a low-dimension representa-
tion of the raw context for SCB algorithms with a linear
reward function (Liu et al. 2018; Riquelme, Tucker, and
Snoek 2018). DNNs have also been used to directly rep-
resent the expected reward function to result in deep SCB
methods (Allesiardo, Féraud, and Bouneffouf 2014; Collier
and Llorens 2018; Zhou, Li, and Gu 2020; Kveton et al.
2020). For deep SCB, there have been static action policies
such as the ε-greedy policy in NeuralBandit1 (Allesiardo,
Féraud, and Bouneffouf 2014) and noise-added greedy pol-
icy in DeepFPL (Kveton et al. 2020). In these policies, the
calculation of action distribution (as a policy) is independent
of the information collected in previous rounds. Recently
(Zhou, Li, and Gu 2020) proposed an adaptive action policy
for deep SCB, but it suffers high computational complexity.
Based on full gradients, a convergence analysis was given
by presenting an upper bound on the expected cumulative
regret. In this paper, we analyze the convergence of the pro-
posed method based on stochastic gradients, which is much
more practical than full gradients in the training of DNNs.
Organization. The remainder of this paper is structured
as follows. In the problem setting section, we formulate
the SCB into an optimization problem and then propose
SSGD-SCB to solve the optimization problem in the next
section. After that, theoretical properties of SSGD-SCB are
discussed in the section of theoretical analysis. Finally, we
present the experimental results in the section of experi-
ments, and conclude the paper with a brief discussion on the
future work in the section of conclusions and future work.

The Problem Formulation
In this section, we formulate an upper bound on the expected
cumulative regret which can be optimized by stochastic gra-
dient based methods. All proofs of lemmas and theorems are
deferred to the Appendix A.
Notation. We use ‖ · ‖ to denote the 2-norm of vectors. The
notation O(·), Ω(·), Θ(·) are used to hide constants which
do not rely on the setup of the problem parameters and the
notation Õ(·), Ω̃(·), Θ̃(·) are used to additionally hide all
logarithmic factors. The operator Ex[·] represents taking the
expectation over the random variable listed in the subscript,
while VARx[·] calculates the corresponding variance, and
∇f(·) is the full gradient.

We start from defining an objective function F (x) when
feedback for all actions can be observed.

Definition 2 (The Objective Function with Full Feedback)
Suppose that after observing the context d, the agent gets
all candidate actions’ rewards (i.e., the full feedback). The
objective function is

F (x) = Ed
∑K
a=1 Erd,a

[
(fa(d;x)− rd,a)2|d, a

]
.

It is calculated as the expected squared error between the es-
timated action reward and the actual reward rd,a. A smaller
objective F (x) corresponds to a better estimation of f(d;x).
Furthermore, the global minimizer of F (x) corresponds to
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the x∗ used in Definition 1, forming the optimal reward func-
tion f(d;x∗). Lemma 1 characterizes this result.

Lemma 1 x∗ in Eq. (1) is a global minimizer of F (x). With
x = x∗, we have F (x∗) = Ed

∑K
a=1 VARrd,a [rd,a|d, a].

We now establish the connection between the expected cu-
mulative regret Eq.(2) and F (x) in Lemma 2.
Lemma 2 Suppose in the tth round, the agent estimates the
reward of actions with f(dt, xt), where xt is inferred from
the historyHt−1 = {dτ , aτ , rdτ ,aτ , ξτ |τ ∈ {1, 2, ..., t−2}},
where ξτ is the set of all other information the agent ob-
serves at round τ , e.g., random variables used in the action
policy. Let a∗t = arg maxa fa(dt, xt). The expected cumula-
tive regret in Eq. (2) can be upper bounded by∑T
t=1 Pr(at 6= a∗t ) + 2

√
K
∑T
t=1 EHt−1

√
F (xt)− F (x∗).

(3)
In Eq. (3), the first term is the regret incurred due to the ex-
ploration of the agent’s action policy and rd,a∗ − rd,at ≤ 1
because r ∈ [0, 1]. For example, when the ε-greedy policy
is used, the probability in this term becomes ε. The second
term represents the error of the agent’s estimation on the
expected action reward measured by F (x) in Definition 2.
Thus, minimizing Eq. (2) can be relaxed to minimizing its
upper bound, or equivalently F (x). Since the agent can only
observe the selected action’s reward at each round, it does
not have the full feedback to compute F (x) during the iter-
ative process and thus can only minimize F (x) withHt−1.

The regret produced by the second term heavily relies on
the agent’s exploration measured by the first term. For exam-
ple, if the agent does not conduct much exploration, F (xt)
can not be efficiently decreased with the unbalanced actions
and rewards in the historyHt−1. To simplify the interaction
between these two terms, we focus on a set of action poli-
cies in which actions will be selected with a probability that
is bounded in terms of t, as shown in Assumption 1.
Assumption 1 At t ∈ {1, 2, ..., T}, for any dt ∼ D and
Ht−1, π(at | dt,Ht−1) ≥ Ω( 1

tC
), where C > 0.

Remark 1 Assumption 1 is a mild assumption because π ≥
0 is a probability, and this decreasing lower bound ap-
proaches 0 as the number of rounds increases, and it can
find a proper constant in Ω that does not limit the agent’s
exploration (the first term in Eq. (3)).

We can then use the Inverse Propensity Scoring (IPS) to
build a corrected stochastic gradient g̃, as shown in Lemma
3. Thus, we can use SGD methods to decrease F (xt) by
moving xt−1 in the opposite direction of g̃.

Lemma 3 (Inverse Propensity Scoring) At round t ∈
{1, 2, ..., T}, for any dt ∼ D, and at ∈ {1, 2, .., ,K},
the loss for selecting at is defined as ldt,at(x; rdt,at) =
(fat(x; dt)− rdt,at)2. Let

g̃(x;Ht) = 1
π(at|dt,Ht−1)

∇ldt,at(x; rdt,at), (4)

where ∇l is the gradient of l with respect to x. Under As-
sumption 1, we have that

(1) The stochastic gradient g̃ is an unbiased estimate of
the full gradient∇F (x), i.e., EHt g̃(x;Ht) = ∇F (x).

(a) (b)

Figure 1: A simple SCB problem showing the effect of
action policy on the variance of IPS corrected stochastic
gradient g̃. Here, D contains two contexts, d1 = 2 and
d2 = 5, both are uniformly sampled. In each round, the
agent can select either a1 or a2. The reward of rd1,a1

, rd1,a2
,

rd2,a1
and rd2,a2

are randomly drawn from unif(0.2, 0.8),
unif(0.55, 0.85), unif(0.3, 0.9) and unif(0, 0.2) respectively.
The reward functions are fa1

(d;x) = 0.2sin2(dx) +

0.8e−(dx)
2

and fa2
(d;x) = 0.8sin2(dx) + 0.2e−(dx)

2

,
where x ∈ R is the learnable parameter. (a) F (x) of this
model, and the star marks the position used in Fig. 1(b). (b)
The variance of g̃ under different π (or Pr(selecting a1)).

(2) The element-wise variance of g̃ is upper bounded by
Edt

∑K
a=1 Erdt,at

C‖∇ldt,a(x; rdt,a)‖2.
For notation convenience, we will use g̃t(x) to represent

g̃(x;Ht) in the sequel.

Lemma 3 shows that the IPS corrects the stochastic gradi-
ent ∇l by dividing it by π(at | dt,Ht−1) to reach an unbi-
ased estimate of ∇F (x), but this correction step causes the
variance of stochastic gradients to approach infinity when
π goes to 0 at certain a. Specifically, when the SCB shifts
from the exploration to exploitation stage, the action policy
π transits from the initial stage of evenly choosing among
actions to later stages of selecting a specific action where the
probabilities π for other actions approach 0, as shown in Fig.
1. However, for SGD to converge, the variance of stochastic
gradient needs to be upper bounded. (Ge et al. 2015; Allen-
Zhu 2018). When employing SGD methods to solve SCB,
although one may use a fast decaying learning rate to re-
solve the increasing variance, this could result in a very slow
convergence rate (Johnson and Zhang 2013). Therefore, it is
unclear how to find a balance between the decaying speed of
the learning rate and the drifting speed of action policy from
exploration to being greedy.

The Proposed Method
In this section, we develop the stage-wise SGD for SCB
(SSGD-SCB). Stage-wise SGD has been studied in non-
convex optimization and widely used in training DNNs
where the step size when moving along a negative stochastic
gradient takes multiple values at different stages of the opti-
mization process. The method uses a relatively large learn-
ing rate in the first stage, and gradually decays it in subse-
quent stages. It has been shown that stage-wise SGD helps
alleviate the learning-rate-dilemma: a fixed large learning
rate is prone to jump out of local minimizer neighborhood
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Algorithm 1: SSGD-SCB
1: Input: The initial point x1, the number of rounds T0 in

the first stage, the noise scale N0, the initial learning
rate η0, and parameters ω and C. According to Remark
4, we set υ = 1, ,β = 11

24 and κ = 0.5.
2: for s = 1 to S do
3: Ts = T0s

2

4: for n = 1 to Ts do
5: //Action Selection
6: The context dI(s,n) is revealed
7: cs,n = argmaxk fk(dI(s,n);xI(s,n))
8: for k = 1 to K do
9: Calculate π(k|dI(s,n),HI(s,n)−1)

10: end for
11: aI(s,n) ∼ π(·|dI(s,n),HI(s,n)−1)
12: //Backpropagation
13: rdI(s,n),aI(s,n)

is revealed
14: NI(s,n)+1,a,cs,n = NI(s,n),a,cs,n + 1
15: Update xI(s,n)+1 using Eq. (8)
16: end for
17: end for

while a small learning rate results in very slow convergence
(Zhu et al. 2018).
Notations. Before describing the SSGD-SCB method, we
define some notations. Let Ts = T0s

2υ be the number of
rounds in the sth stage (s ∈ {1, ...,S}) where T0 is the initial
number of rounds and υ ∈ [1,∞) is a hyper-parameter con-
trolling the rate of increasing round numbers along stages.
Note that we control Ts according to our theoretical analysis
in Theorem 1. Let I(s, n) be the total number of rounds that
have been performed at the nth rounds of the sth stage.

In every round, SSGD-SCB performs two major tasks: ac-
tion selection and backpropagation.
Action Selection. Here by dividing observed contexts into
clusters, we develop an efficient action selection policy
which can adapt the exploitation scheme based on how often
an action is visited in the cluster which the current context
belongs to. As a warm-up, we first present a simple adaptive
action policy below:

Ws,n,a =

{
Us,n,a, a = arg max

k
Us,n,k;

Us,n,a
sω , else,

π0(a | dI(s,n),HI(s,n)−1) = 0.05
Ks0.5κ +

(1− 0.05
s0.5κ

)Ws,n,a∑K
k=1 Ws,n,k

,

(5)
where Us,n,a = fa(dI(s,n);xI(s,n)), and ω ∈ (κ2 ,∞) and
κ ∈ (0, υ) are tuning parameters. The policy π0 is a con-
vex combination of the exploration probability 1

K and the
exploitation probability Ws,n,a/(

∑
kWs,n,k) with a combi-

nation coefficient of 0.05s−0.5κ. By this definition, π0 has a
lower bound 0.05

Ks0.5κ for any action and this lower bound de-
creases along stages as controlled by κ which is a constant.
It is easy to check that π0 satisfies Assumption 1.

When s increases, π0 will drift from a more even chance
of choosing actions to a more greedy policy which selects
the action with the largest estimated reward. To shift to
choose the action with the largest estimated reward, the pa-

rameter ω controls the weight decay of other actions. Thus,
π0 can dynamically balance the exploration and exploita-
tion. However, if Us,n,a = fa(dI(s,n);xI(s,n)), it does not
utilize the history of action selection in previous rounds.

Inspired by the effective multi-armed bandit algorithm -
UCB1 (Auer, Cesa-Bianchi, and Fischer 2002) that balances
exploration and exploitation via the visit number of actions,
we form a new exploitation term incorporating the history
action visits. We first group observed contexts according to
the action that gives the largest reward estimated at the re-
spective round:

c = argmaxk fk(dt;xt), (6)

so dt belongs to cluster c (as one of the K clusters). Thus,
for the current context dI(s,n), which belongs to cluster cs,n,
we count the number of times,NI(s,n),a,cs,n , an action a has
been visited before the round I(s, n). We can revise Us,n,a
to incorporate NI(s,n),a,cs,n according to Eq. (7). Note that
the bookkeeping of cs,n and NI(s,n),a,cs,n is performed iter-
atively.

Us,n,a = fa(dI(s,n);xI(s,n))+C
(
∑K
k=1 NI(s,n),k,cs,n )

β

√
NI(s,n),a,cs,n

, (7)

where β ∈ (0, 0.5) and C ∈ [0,∞) are hyperparam-
eters weighting the action-visit term. Eq. (7) provides a
mechanism to adapt the exploitation before becoming com-
pletely greedy based only on fa(dI(s,n);xI(s,n)). The ac-
tions with a smaller visit number will have a greater chance
to be explored. At last, we calculate the final action policy
π(·|dI(s,n),HI(s,n)−1) with the new Us,n,a in Eq. (5). Al-
gorithm 1 summarizes all the steps. If there exists an action
that has been visited less than a threshold, frequently visited
actions will only be selected with low probability until the
visit numbers of all actions pass the threshold. Formal de-
scriptions are given in Lemma 4 (see Appendix A for the
proof).

Lemma 4 For a cluster cs,n, if there exists an action with

its visit number smaller than
C2(

∑K
k=1 NI(s,n),k,cs,n )

2β

C2K+2C
√
K+1

, the
action with the largest visit number will be selected by
π with probability O(s−0.5κ), while the action with the
largest Us,n,a will be selected with probability greater than
(1−0.05s−0.5κ)sω

sω+K−1 .

Backpropagation. In the nth round of sth stage, after tak-
ing the action aI(s,n), the agent observes the corresponding
reward rdI(s,n),aI(s,n)

. SSGD-SCB then updates its parame-
ters as follows. First, the visit count of aI(s,n) is increased
by one. Then the stochastic gradient g̃I(s,n)(xI(s,n)) is com-
puted based on the context dI(s,n), the reward rdI(s,n),aI(s,n)

,
and π(a|dI(s,n),HI(s,n)−1) in Eq. (4). Finally,the parame-
ters xI(s,n) can be updated in a SGD step:

xI(s,n)+1 = xI(s,n) − ηs(g̃I(s,n)(xI(s,n)) +Ns), (8)

where ηs = η0

sυ is the learning rate decaying from initial

η0, and Ns = s
κ
2 N0w
‖w‖ is a noise term where w is a vector

of noise drawn from standard Gaussian and N0 is a hyper-
parameter controlling the magnitude of noise. Since κ < υ
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(see Eq.(5)), η decays faster than the growth of the variance
of stochastic gradients over rounds. Because our optimiza-
tion problem is non-convex, there can be saddle points (i.e.,
∇F (x) = 0, but x is not a local extremum). Prior work
(Ge et al. 2015) has informed that adding proper noise to the
stochastic gradient can help escape from strict saddles. The
noise needs to be small enough without incurring a sharp in-
crease in the variance of gradients, which we prove that the
variance caused by this noise is smaller than that due to di-
viding by π. The noise Ns = Θ(s

κ
2 ) increases along stages

because if a fixed small noise is used, it will be hard in later
stages to escape strict saddles when ηs is very small.

Theoretical Analysis
When the reward function f is represented by a DNN, the
objective F (x) is non-convex. It is NP-hard to find a global
minimizer of a non-convex problem or even to approximate
a global minimizer (Jain and Kar 2017), especially when
we cannot assume properties such as PL-condition (Yuan
et al. 2019) or σ-Nice condition (Hazan, Levy, and Shalev-
Shwartz 2016) (for which an approximate optimal solution
can be found in polynomial time). Under mild conditions,
the SGD method can be proved to reach just a stationary
point for non-convex optimization.

Given that SCB is not only non-convex but also a stochas-
tic optimization process, it becomes even more challenging
to analyze convergence, so it has hardly seen any prior work
discussing where SCB algorithms converge. Under four as-
sumptions (see below), we prove that SSGD-SCB can find a
local minimizer of F (x), corresponding to a suboptimal re-
ward function f and a sub-linear expected local cumulative
regret. Before introducing the concept of local cumulative
regret, we first give our Assumption 2 on F (x). Then we
define the local optimal convergence used in the subsequent
analysis in Definition 4.

Definition 3 ((α, γ, ε, δ)-Strict Saddle) A twice differen-
tiable function F(x) is (α, γ, ε, δ)-strict saddle, if for any
point x, at least one of the following conditions is true:
1. ‖∇F(x)‖ ≥ ε.
2. The minimum eigenvalue of ∇2F(x) is smaller than a
fixed negative real number γ.
3. There is a local minimizer xl such that ‖x − xl‖ ≤ δ,
and the function F(x′) restricted to 2δ neighborhood of xl
(‖x′ − xl‖ ≤ 2δ) is α-strongly convex (see Appendix for
definition).

Assumption 2 ((Ge et al. 2015)) The objective func-
tion with full feedback, F (x), is an L-smooth, bounded,
(α, γ, ε, δ)-strict saddle function, and has ρ-Lipschitz
Hessian (see Appendix for definition).

Definition 4 Let t′ be a fixed round number. The event of
local optimal convergence can be defined as Et

′
= {With

L > 0, for any round t > t′ and any history Ht′ , there
exists a local minimum of F (x) marked as xHt′ such that
‖xt − xHt′‖ ≤ Õ( 1

tL
) ≤ δ}.

For a deterministic optimization problem, one may argue
that a method converges to any local minimum. For SCB,
Definition 4 is more strict because it does not allow x to

jump among different local minimums over the stochastic
process after a certain number of rounds is reached. Because
of the stochasticity of stochastic gradients, this is difficult
to guarantee (Kleinberg, Li, and Yuan 2018). Conditioned
on Et

′
,
√
F (xt)− F (x∗) in Eq. (3) can be upper bounded

by
√
|F (xt)− F (xHt′ )| +

√
F (xHt′ )− F (x∗). The sec-

ond term of this upper bound measures the regret produced
by the difference between the loss of local and global mini-
mizers. This difference is inaccessible to the agent, and thus
we focus on examining the local cumulative regret:∑T

t=1

[
Pr(at 6= a∗t ) + EHt−1

2
√
K|F (xt)− F (xHt′ )|

]
.

The local cumulative regret measures the transition speed of
the action policy from exploration to exploitation (the first
term) and the convergence rate of the current loss to the lo-
cal optimal loss (the second term). With Assumptions 2-4,
conditioned on the event Et

′
, we can show that if the local

cumulative regret is sub-linear, the action policy selected by
SSGD-SCB approaches (in expectation) to a policy defined
by the local optimal reward function over rounds. This is ob-
tained by discussing the expected mismatching rate defined
in Definition 5. We show that the mismatching rate has a
zero-approaching upper bound, as shown in Lemma 5 (see
Appendix B for the proof). As an extension, if F (x) is con-
vex, SSGD-SCB can reach a sub-linear expected cumulative
regret by achieving a zero-approaching expected mismatch-
ing rate with the optimal policy, as discussed in Remark 3.

Assumption 3 Denote the set of local minimizers of F (x)
as X . For any xl ∈ X , given any sampled context dt,
the largest output in f(dt;x

l) is unique. In other words,
if ax

l

dt
= arg maxk∈{1,2,...,K} fk(dt;x

l), then fa(dt;x
l) 6=

f
ax
l

dt

(dt;x
l) for any a 6= ax

l

dt
.

Remark 2 Assumption 3 is a variant of the Assumption
3 used in a Thompson Sampling based contextual bandit
algorithm (Gopalan, Mannor, and Mansour 2014) which
assumes a convex loss function and the largest output in
f(dt;x

∗) (where x∗ is a global optimizer) is unique. We deal
with a non-convex loss so we assume that the largest reward
output for a local minimizer is unique.

Assumption 4 ((Lu, Pál, and Pál 2010)) The gradient of f
is bounded. In other words, ∃Mf ∈ R+

∗ such that ∀d ∼ D,
∀x ∼ Rnx and ∀a ∈ {1, 2, ...,K}, ‖∇fa(x; d)‖ ≤

√
Mf .

Definition 5 (Expected Mismatching Rate) Let X be the
set of local minimizer of a non-convex F (x), the expected
local optimal mismatching rate is

EHT
[

minxl∈X(
∑T
t=1

1(adt 6=a
xl

dt
)

T )
]
,

where T is the total number of rounds, and ax
l

dt
=

arg maxk(fk(dt;x
l)).

Lemma 5 With Assumptions 2-4, conditioned on the event
Et
′
, if the expected local regret is sub-linear, the ex-

pected mismatching rate defined in Definition 5 has a zero-
approaching upper bound.
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Remark 3 If F (x) is a convex function, the expected mis-
matching rate can be defined for a global minimizer of F (x).
The mismatching rate is the upper bound of expected cumu-
lative regret averaged over T .

SSGD-SCB for Non-Convex Objectives. We analyze the
convergence of SSGD-SCB in two steps. First, based on As-
sumptions 2 and 5, Theorem 1 characterizes that if the stage
number is large enough, x can reach and be captured at a
local minimizer with high probability. We then prove con-
vergence of the action policy by examining the mismatching
rate in Theorem 2. All proofs are provided in Appendix B.

Assumption 5 for any context d, action a and solution x,
∃M ∈ R+

∗ , ‖∇ld,a(x)‖2 ≤M2.

Theorem 1 Under Assumptions 2 and 5, for any ζ ∈ (0, 1),
there exists a large enough stage s′ such that with probabil-
ity at least 1− ζ, for ∀s > s′ and ∀n ∈ {1, 2, ..., T0s2υ}, we
have ‖xI(s,n)− xs

′‖2 ≤ O(sκ−υ log 1
ηsζ

) ≤ δ, where xs
′

is
a local minimizer of F (x).

With Et′ defined in Definition 4, Theorem 1 shows that
Pr(EI(s

′,Ts′ )) ≥ 1− ζ. With Assumptions 2-5, conditioned
on EI(s

′,Ts′ ), we show that the mismatching rate between
the actions taken by SSGD-SCB and the policy defined by a
local minimizer xl will converge to 0 as T →∞.

Theorem 2 Under Assumptions 2-5, if S is large enough,
with probability at least 1 − ζ, the expected mismatching
rate is bounded as follows:

E
[

minxl∈X(
∑S
s=1

∑T0s
2

n=1

1(aI(s,n) 6=ax
l

dI(s,n)
)∑S

s=1 T0s2
)
]
≤ Õ( 1

SΛ ),

where Λ = min(κ2 , (1 − 2β)(1 + 2υ), (2β − 1)(1 + 2υ) +
κ− υ).

Remark 4 By setting υ = 1 and assuming κ
2 = (1 −

2β)(1+2υ) = (2β−1)(1+2υ)+κ−υ, we can set κ = 0.5,
and then β = 11

24 in an implementation of Algorithm 1. Then
we have Λ = 0.25. Note that when the exploration parame-
ter C in Eq. (7) equals 0, the upper bound is O( 1

S0.25 ).

Remark 5 With an additional structural assumption on
F (x), i.e. σ-nice, a variant of SSGD-SCB can achieve a zero
approaching expected mismatching rate, in which X is a set
of ε-optimal solution (F (xl)−F (x∗) ≤ ε). Besides, if F (x)
is a strongly convex function, SSGD-SCB can achieve a sub-
linear expected cumulative regret. These two cases are dis-
cussed in Appendices E and F.

Experiments
We have performed extensive experiments to confirm the
effectiveness and computational efficiency of the proposed
method, SSGD-SCB with a DNN reward function. Another
set of experiments have also been conducted for SSGD-SCB
with a linear reward function.
Datasets. We use the CIFAR-10 dataset (Simonyan and Zis-
serman 2014), which has been widely used for benchmark-
ing non-convex optimization algorithms. It consists of 60K
32 × 32 RGB images from 10 classes. Considering that
it does not include noise in the image label, we construct

a noise-added version of CIFAR-10, called CIFAR-10+N,
by correctly marking the labels of 80% samples while ran-
domly marking the labels of the rest 20% samples. For both
CIFAR-10 and CIFAR-10+N data, 50K samples are se-
lected as the training set Dtrain while the rest 10K samples
form the test set Dtest.
Experimental Methods. At each round t, an image is ran-
domly sampled from the training set followed by an aug-
mentation with random crop (4×4 region) and horizontal
flip to increase its diversity, and then used as the context
dt. Next, the agent selects an index of class as the selected
action at, and then the label corresponding to at is revealed
as the reward rdt,at . We denote the ith sample as (di, li),
where di is the ith image and li = [li,1, li,2, ..., li,K ]T is
its one-hot encoded label. For simplicity, we use the aver-

age cumulative regret (ACR), 1 −
∑T
t=1 rdt,at
T , as an esti-

mation of the expected cumulative regret. With the test set,
we measure the generalization performance of the reward
function on the reward of the optimal action and the rewards
of all candidate actions, respectively by top-1 test accuracy,∑

(di,li)∈Dtest
li,arg maxk fk(di;xt)

|Dtest| and the out-of-sample min-

squared error (MSE),
∑

(di,li)∈Dtest
‖f(di;xt)−li‖2
K|Dtest| .

Baseline Algorithms. We compared SSGD-SCB with a
DNN realized reward function against five baseline algo-
rithms: (1) ε-greedy policy, a basic SCB algorithm where the
agent selects actions, either greedily with probability 1 − ε
or randomly with probability ε; (2 and 3) Bandit structured
prediction with Expected Loss (EL) and Cross-Entropy (CE)
minimizations (Sokolov et al. 2016a), originally used in the
field of interactive Natural Language Processing; (4) Neu-
ral Linear (NL) (Riquelme, Tucker, and Snoek 2018), which
learns the action policy via the linear Thompson sampling
algorithm using the representations of the last hidden layer
of a DNN as input; and (5) DeepFPL (Kveton et al. 2020), a
recent algorithm using multiple DNNs to model the reward
function and determine action policy. In addition, we com-
pare the generalization performance of SSGD-SCB with a
supervised learning method, in which all actions’ rewards
are available to the agent in each round. The reward func-
tions of the above algorithms are modeled by a variant of
VGG-11 with batch normalization, which contains 9 weight
layers and ∼ 9.2 million learnable parameters (see Ap-
pendix C for the detailed structure and the hyper-parameter
settings). We implement all the algorithms in PyTorch and
test on a server equipped with Intel Xeon Gold 6150 2.7GHz
CPU, 192GB RAM, and an NVIDIA Tesla V100 GPU.
Results. In the simulation of 15 million rounds, we record
the average accumulate regret, the out-of-sample MSE and
top-1 test accuracy in every 750K round, and compare the
results averaged over six runs. As shown in Fig. 2(a,d),
SSGD-SCB consistently attains the lowest average cumula-
tive regret amongst all tested algorithms, demonstrating the
empirical effectiveness. Furthermore, the reward function of
SSGD-SCB has the best generalization capability in terms
of the out-of-sample MSE and top-1 test accuracy amongst
all tested SCB algorithms, as shown in Fig. 2(b,c,e,f). Com-
pared to the DNN under supervised learning, SSGD-SCB
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(a) ACR on CIFAR-10 (b) Out-of-sample MSE on CIFAR-10 (c) Top-1 test accuracy on CIFAR-10

(d) ACR on CIFAR-10+N (e) Out-of-sample MSE on CIFAR-10+N (f) Top-1 test accuracy on CIFAR-10+N

Figure 2: Average cumulative regret, out-of-sample MSE and top-1 test accuracy of SSGD-SCB on CIFAR-10 and CIFAR-
10+N. EL and CE have no out-of-sample MSE because rather than fitting rewards of actions, they learn action policy directly.

Dataset SSGD-SCB NL DeepFPL

CIFAR-10 15.25± 0.08 35.92± 0.11 21.52± 0.05
CIFAR-10+N 15.25± 0.08 36.02± 0.04 33.89± 0.11

Table 1: Elapsed time (in seconds for 5 × 104 rounds) for
SSGD-SCB, NL and DeepFPL.
results in similar out-of-sample MSE and top-1 test accu-
racy, but uses only the selected action’s reward instead of
all actions’ rewards. We observe that NL has a good perfor-
mance in predicting the reward of the optimal action (top-
1 test accuracy) but fails to estimate other actions’ rewards
(the out-of-sample MSE) in Fig. 2(b,c). This might be due
to it uses limited exploration in the large-scale DNN tested
in our experiment.

Finally, Table 1 summarizes the running time of the three
top-performed algorithms, SSGD-SCB, DeepFPL and NL,
in Fig. 2. SSGD-SCB consumes the smallest running time,
consistent with our expectation on its computational effi-
ciency. For comparison, both training multiple DNNs at the
same time in DeepFPL and updating Bayesian estimates in
NL are computationally expensive. Note that for DeepFPL,
3 DNNs are used in the CIFAR-10 data while 5 DNNs are
used in the CIFAR-10-N data.
SSGD-SCB with a Linear Reward Function. In this ex-
periment, we use the CIFAR-10, Microsoft MSLR-WEB30k
(MSLR) and Yahoo! Learning to Rank Challenge V2.0 (Ya-
hoo) (Foster et al. 2018) as the datasets to evaluate SSGD-
SCB and five baseline algorithms, including One Against
All (OAA) (supervised learning), ε-greedy, Greedy, Bag-
ging, and Cover in the Vowpal Wabbit system (Langford,

Li, and Strehl 2019). To estimate the cumulative regret, we
use the progressive validation loss (PVL), which has been
widely adopted in the linear contextual bandits literature
(Agarwal et al. 2014; Bietti, Agarwal, and Langford 2018).
As shown in Fig. 2(b) in Appendix C, SSGD-SCB achieves
much lower PVL than the baseline algorithms, and even
comparable to the supervised learning in the Yahoo data. In
the other datasets, we do not observe a clear trend on the
curves of different algorithms. More details can be found in
Appendix C.

Conclusions and Future Work

In this work, we propose a stage-wise SGD algorithm for
deep neural network realized SCB problems and solve the
high computational complexity incurred by using an adap-
tive action policy. Based on stochastic gradients, we provide
the first theoretical analysis of the convergence on the ac-
tion policy and reward function. Extensive experiments have
been performed to demonstrate that the proposed algorithm
achieves both better generalization performance and a lower
cumulative regret compared to the state-of-the-art baseline
algorithms. In the future, we will study how to improve the
optimization oracles, e.g., by replacing SGD with more ad-
vanced optimizers. It will be also interesting to investigate
how to add more action-specific layers in the deep neural
network to improve estimations of the actions’ rewards. Fi-
nally, rather than clustering contexts with the estimated re-
wards, more complicated clustering approaches may be em-
ployed to improve the performance of exploration.
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2010. Parametric bandits: The generalized linear case.
In Advances in Neural Information Processing Systems,
586–594.
Foster, D.; Agarwal, A.; Dudik, M.; Luo, H.; and
Schapire, R. 2018. Practical Contextual Bandits with
Regression Oracles. In Proceedings of the 35th Inter-
national Conference on Machine Learning, volume 80,
1539–1548. PMLR.
Ge, R.; Huang, F.; Jin, C.; and Yuan, Y. 2015. Escaping
from saddle points—online stochastic gradient for ten-
sor decomposition. In Conference on Learning Theory,
797–842.
Gopalan, A.; Mannor, S.; and Mansour, Y. 2014.
Thompson sampling for complex online problems. In
International Conference on Machine Learning, 100–
108.
Hazan, E.; Levy, K. Y.; and Shalev-Shwartz, S. 2016.
On graduated optimization for stochastic non-convex
problems. In International conference on machine
learning, 1833–1841.
Jain, P.; and Kar, P. 2017. Non-convex optimization for
machine learning. arXiv preprint arXiv:1712.07897 .
Johnson, R.; and Zhang, T. 2013. Accelerating stochas-
tic gradient descent using predictive variance reduction.
In Advances in neural information processing systems,
315–323.
Jun, K.-S.; Bhargava, A.; Nowak, R.; and Willett, R.
2017. Scalable generalized linear bandits: Online com-
putation and hashing. In Advances in Neural Informa-
tion Processing Systems, 99–109.
Kleinberg, R.; Li, Y.; and Yuan, Y. 2018. An alternative
view: When does SGD escape local minima? arXiv
preprint arXiv:1802.06175 .
Kveton, B.; Szepesvari, C.; Ghavamzadeh, M.;
and Boutilier, C. 2019. Perturbed-history explo-
ration in stochastic linear bandits. arXiv preprint
arXiv:1903.09132 .
Kveton, B.; Zaheer, M.; Szepesvari, C.; Li, L.;
Ghavamzadeh, M.; and Boutilier, C. 2020. Random-
ized exploration in generalized linear bandits. In In-
ternational Conference on Artificial Intelligence and
Statistics, 2066–2076.

11200



Langford, J.; Li, L.; and Strehl,
A. 2019. Vowpal wabbit. URL
https://github.com/JohnLangford/vowpal wabbit/wiki .
Li, L.; Chu, W.; Langford, J.; and Schapire, R. E. 2010.
A contextual-bandit approach to personalized news ar-
ticle recommendation. In Proceedings of the 19th in-
ternational conference on World wide web, 661–670.
ACM.
Li, L.; Lu, Y.; and Zhou, D. 2017. Provably optimal
algorithms for generalized linear contextual bandits. In
Proceedings of the 34th International Conference on
Machine Learning-Volume 70, 2071–2080. JMLR. org.
Liu, B.; Yu, T.; Lane, I.; and Mengshoel, O. J. 2018.
Customized nonlinear bandits for online response se-
lection in neural conversation models. In Thirty-Second
AAAI Conference on Artificial Intelligence.
Lu, T.; Pál, D.; and Pál, M. 2010. Contextual multi-
armed bandits. In Proceedings of the Thirteenth in-
ternational conference on Artificial Intelligence and
Statistics, 485–492.
Riquelme, C.; Tucker, G.; and Snoek, J. 2018. Deep
bayesian bandits showdown. In International Confer-
ence on Learning Representations.
Simonyan, K.; and Zisserman, A. 2014. Very deep con-
volutional networks for large-scale image recognition.
arXiv preprint arXiv:1409.1556 .
Sokolov, A.; Kreutzer, J.; Lo, C.; and Riezler, S. 2016a.
Learning structured predictors from bandit feedback
for interactive NLP. In Proceedings of the 54th Annual
Meeting of the Association for Computational Linguis-
tics (Volume 1: Long Papers), 1610–1620.
Sokolov, A.; Kreutzer, J.; Riezler, S.; and Lo, C. 2016b.
Stochastic structured prediction under bandit feedback.
In Advances in Neural Information Processing Systems,
1489–1497.
Yuan, Z.; Yan, Y.; Jin, R.; and Yang, T. 2019. Stagewise
training accelerates convergence of testing error over
SGD. In Advances in Neural Information Processing
Systems, 2608–2618.
Zhou, D.; Li, L.; and Gu, Q. 2020. Neural con-
textual bandits with UCB-based exploration. In In-
ternational Conference on Machine Learning, 11492–
11502. PMLR.
Zhu, Z.; Wu, J.; Yu, B.; Wu, L.; and Ma, J. 2018. The
anisotropic noise in stochastic gradient descent: Its be-
havior of escaping from minima and regularization ef-
fects. arXiv preprint arXiv:1803.00195 .

11201


