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Abstract
Impossibility results show that important fairness measures
(independence, separation, sufficiency) cannot be satisfied at
the same time under reasonable assumptions. This paper ex-
plores whether we can satisfy and/or improve these fairness
measures simultaneously to a certain degree. We introduce
information-theoretic formulations of the fairness measures
and define degrees of fairness based on these formulations.
The information-theoretic formulations suggest unexplored
theoretical relations between the three fairness measures. In
the experimental part, we use the information-theoretic ex-
pressions as regularizers to obtain fairness-regularized pre-
dictors for three standard datasets. Our experiments show that
a) fairness regularization directly increases fairness measures,
in line with existing work, and b) some fairness regulariza-
tions indirectly increase other fairness measures, as suggested
by our theoretical findings. This establishes that it is possible
to increase the degree to which some fairness measures are
satisfied at the same time – some fairness measures are grad-
ually compatible.

1 Introduction
Since the publication of Angwin et al. (2016), statistical fair-
ness measures such as independence (also known as statis-
tical parity and demographic parity), separation and suffi-
ciency have been much discussed. There has been interest
in the relation between these fairness measures (see, e.g.,
Kleinberg, Mullainathan, and Raghavan (2016); Choulde-
chova (2017); Mitchell et al. (2021); Heidari et al. (2019);
Leben (2020); Baer, Gilbert, and Wells (2019)), and also in
the relation between fairness measures and accuracy (see,
e.g., Corbett-Davies et al. (2017); Menon and Williamson
(2018); Cooper and Abrams (2021)).

It is well known that strict satisfaction of some combi-
nations of these fairness measures is not possible; impos-
sibility theorems establish that satisfaction of one fairness
measure may prevent satisfaction of another under certain
conditions (Kleinberg, Mullainathan, and Raghavan 2016;
Chouldechova 2017; Barocas, Hardt, and Narayanan 2019).
This is a fundamental limitation if one wishes to satisfy dif-
ferent fairness measures at the same time. However, it re-
mains an open question to what extent fairness criteria are
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(in)compatible if they are partially fulfilled. In this paper, we
take first steps towards answering this question. This is rele-
vant in practice because the application of predictive models
typically involves multiple stakeholders. These stakeholders
might reasonably disagree about the most appropriate fair-
ness metric. It would therefore be helpful to know whether
two fairness metrics can be improved at the same time in
order to trade off the interests of multiple stakeholders.

In the present paper, we will show that it is possible to
simultaneously improve the degree to which some of these
fairness measures are satisfied. To show this, we first de-
fine a notion of partial satisfaction of fairness measures
via information theory. The fairness measures have an ex-
act information-theoretic counterpart, but the information-
theoretic formulation also generalizes the fairness measures
in providing degrees of fairness. An information-theoretic
decomposition of separation and sufficiency reveals quan-
titative relations between the three measures that have not
been explored so far: The expression of separation can be
viewed as interpolating between sufficiency and indepen-
dence. These theoretical relations suggest that enforcing one
of the measures may quantitatively improve others.

We then put these theoretical considerations to work using
so-called fairness regularization. The information-theoretic
formulations of independence, separation and sufficiency
serve as regularization terms during training to create
fairness-regularized predictors for three standard datasets.
We first examine whether fairness regularization directly in-
creases the respective fairness measure after training, show-
ing that this works reasonably well. We then explore whether
enforcing one fairness measure indirectly increases the de-
gree to which other fairness measures hold, in keeping with
our theoretical hypotheses. We show that enforcing indepen-
dence indirectly increases separation, and vice versa. We
also discover that enforcing sufficiency does not increase
separation, and vice versa. We offer a diagnosis of why this
is the case on the basis of our theoretical findings.

It is also known that increasing fairness may depreciate
accuracy (Corbett-Davies et al. 2017), and that sufficiency
and separation may be better aligned with accuracy than
independence — this is true at least for perfect accuracy
(Hardt, Price, and Srebro 2016). For predictors that are not
perfectly accurate, it has been shown that increases of accu-
racy and fairness need not go hand in hand (Räz 2021). It
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would be desirable to better understand how accuracy and
fairness are related when neither one is perfectly satisfied.
The information-theoretic decompositions of separation and
sufficiency suggest that accuracy is a natural ingredient of
these fairness measures.

The paper is structured as follows: In Section 2, we in-
troduce the information-theoretic formulations of statistical
fairness measures and decompose them in order to exam-
ine how the fairness measures are related. We also formu-
late empirical hypotheses about the effect of using these
information-theoretic formulations in fairness regulariza-
tion. Section 3 situates our contribution in the broader recent
discussion of fair-ML while Section 4 discusses the relation
of our contribution to similar works. In Section 5, we exper-
imentally test our previously stated hypotheses. For this, we
provide descriptions of the experimental setup and discuss
our empirical results on direct and indirect fairness regular-
ization. In Section 6, we summarize our findings and high-
light open questions as well as avenues for future research.

2 Theory and Hypothesis Formulation
2.1 Preliminaries
We first provide some standard definitions from informa-
tion theory; see Cover and Thomas (2006) for background.
All random variables are discrete. Two random variables
X,Y are (statistically) independent, written as X ⊥ Y , if
P (X,Y ) = P (X)P (Y ); two random variables X,Y are
conditionally independent given Z, written as X ⊥ Y | Z,
if P (X | Y,Z) = P (X | Z). The entropy of a random
variable X ∼ p(x) is given by

H(X) = −
∑
x

p(x) log p(x);

the joint entropy of a pair of random variables (X,Y ) ∼
p(x, y) is given by

H(X,Y ) = −
∑
x,y

p(x, y) log p(x, y);

the conditional entropy of a pair of random variables
(X,Y ) ∼ p(x, y) is given by

H(Y |X) = −
∑
x,y

p(x, y) log p(y|x).

The mutual information of a pair of random variables
(X,Y ) ∼ p(x, y) is given by

I(X;Y ) = H(X)−H(X|Y );

the conditional mutual information of three random vari-
ables (X,Y, Z) ∼ p(x, y, z) is given by

I(X;Y | Z) = H(X | Z)−H(X|Y,Z).

2.2 Information-Theoretic Fairness
We can now define statistical notions of fairness (following
Barocas, Hardt, and Narayanan (2019)) in probabilistic and
information-theoretic terms. We work with discrete random
variables Y , R, A, where Y is the “ground truth”, R is the
prediction, and A is the sensitive attribute.

Definition 1. The independence gap is given by

I(R;A). (IND)

Independence is satisfied if R ⊥ A, which is the case iff.
I(R;A) = 0. We define the independence gap to be of de-
gree d if I(R;A) ≤ d.
Definition 2. The separation gap is given by

I(R;A | Y ). (SEP)

Separation is satisfied if R ⊥ A | Y , which is the case
iff. I(R;A | Y ) = 0. The separation gap is of degree d
if I(R;A|Y ) ≤ d.
Definition 3. The sufficiency gap is given by

I(Y ;A | R). (SUF)

Sufficiency is satisfied if Y ⊥ A | R, which is the case
iff. I(Y ;A | R) = 0. The sufficiency gap is of degree d if
I(Y ;A|R) ≤ d.
Definition 4. The accuracy of a predictor R is given by

I(Y ;R). (ACC)

Note that while fairness measures are enforced by mini-
mizing the corresponding expression, accuracy is enforced
by maximizing the corresponding expression. In what fol-
lows, we will refer to the information-theoretic expressions
of fairness metric gaps as independence, separation and suf-
ficiency to improve readability.

The following definition is motivated in the next section.
Definition 5. Balance is given by

I(Y ;R | A). (BAL)

2.3 Decomposition of Sufficiency and Separation
In this section, we use the information-theoretic formula-
tions of sufficiency and separation given above to gain a
clearer picture of how these notions are related to each other,
as well as to independence and accuracy.
Proposition 6. Sufficiency has the following decomposi-
tion:

I(Y ;A | R) = − I(Y ;R)︸ ︷︷ ︸
accuracy

+ I(Y ;R | A)︸ ︷︷ ︸
balance

+ I(A;Y )︸ ︷︷ ︸
legacy

. (1)

The proof of the proposition can be found in the Ap-
pendix, which is available in the extended version of this pa-
per.1 The first term on the right of equation (1) corresponds
to accuracy, while we refer to the second term as balance.
If accuracy increases, R contains more information about Y
and the first term becomes smaller due to the negative sign.
If Y and R become decorrelated given A, the second term
becomes smaller. The third term is dubbed legacy term be-
cause it only depends on the distribution of (Y,A), i.e., on
how we find the world to be at a certain point, measured by
the “true label” Y and the characteristic A, but not on the
prediction R (see Kamishima, Akaho, and Sakuma (2011);
Räz (2021) for more on this). Only the first and the second

1https://arxiv.org/abs/2109.04399
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term depend on the prediction R; changing R will not affect
the legacy term.2

Proposition 7. Separation has the following decomposition:

I(R;A | Y ) = − I(Y ;R)︸ ︷︷ ︸
accuracy

+ I(Y ;R | A)︸ ︷︷ ︸
balance

+ I(A;R)︸ ︷︷ ︸
independence

.

(2)

The proof of the proposition is analogous to the proof
of the proposition above, see also Appendix (extended ver-
sion). In the decomposition of separation, three terms de-
pend on R. The first two terms on the right of equation (2)
are the same as in sufficiency; the third term corresponds
to independence. The fact that all three terms depend on R
means that if we want to see how changing R affects sepa-
ration, we need to take all three terms into account. This is a
major difference between separation and sufficiency.

2.4 Empirical Hypotheses
In this section, we collect some observations about the re-
lations between the three fairness measures that can be
gleaned from the decompositions in the previous section.
This will allow us to formulate empirical hypotheses.

A first observation concerns the fact that both sufficiency
and separation contain the accuracy term with a negative
sign. This is related to the fact that sufficiency and separa-
tion are both what Räz (2021) refers to as conservative mea-
sures, i.e., they are both minimal in case of perfect predic-
tion (Y = R). However, as has been shown in Räz (2021),
we do not necessarily improve sufficiency and separation by
increasing accuracy. The decompositions above show why
this is the case: If the accuracy of the predictor R is in-
creased, this will only lower sufficiency and separation re-
spectively if the other summands containing R do not offset
the change.3 Note that while accuracy, as it is defined here,
is not commonly used as a loss function in machine learn-
ing, it can be expected to be closely correlated with common
loss functions such as cross-entropy. This suggests that it is
possible to indirectly increase the degree to which both suf-
ficiency and separation are satisfied by making a predictor
more accurate, given that one controls for the other terms
containing R in the above decompositions. This would be in
line with work by Liu, Simchowitz, and Hardt (2019) who
found that group calibration, a form of sufficiency, increases
with increased accuracy. As models are typically optimized
for some variation of accuracy, they note that sufficiency is
often already achieved by unconstrained learning, i.e., when
no fairness constraints are imposed.

2The first two terms on the right are also known as interaction
information; see, e.g., Williams and Beer (2010). Interaction infor-
mation measures the extent to which the interaction between two
variables (here Y,R) is mediated by a third one (here A). Interac-
tion information can be negative, zero, and positive. If we can only
controlR, but not Y andA, then changes in interaction information
determine changes in sufficiency.

3A predictor R′, which is at least as accurate as predictor R,
maintains the degree of sufficiency of R if I(Y ;R′ | A) ≤
I(Y ;R | A), and the predictor R′ maintains the degree of sepa-
ration ofR if I(Y ;R′ | A)+ I(A;R′) ≤ I(Y ;R | A)+ I(A;R).

A second observation also concerns the relation between
separation and sufficiency. Apart from being related to accu-
racy, we can observe that they both also contain the balance
term. This suggests that one way of improving both mea-
sures would be to control or decrease the balance term.

A third observation concerns the relation between all three
measures. Equation 2 shows that independence is one of
the summands of the decomposition of separation. On the
other hand, independence does not contribute to sufficiency.
In this sense, we can think of separation as being an inter-
mediate between independence and sufficiency, or as being
an interpolation between independence and sufficiency.

These observations lead to the following idea. The various
relations between the three measures just pointed out mean
that the three measures co-vary to a certain extent, in that
if, say, independence is higher, then separation may also be
higher. These possible co-variations may be exploited when
fairness measures are enforced: If we increase the degree
to which a predictor satisfies one of the measures, this may
indirectly increase or decrease one of the other measures.

In Section 5 we will test this general idea in the form of
direct and indirect fairness regularization. Fairness regular-
ization means that the information-theoretic formulations of
the fairness measures can be used as a regularization con-
straint in training an ML model — Kamishima, Akaho, and
Sakuma (2011) call this prejudice remover regularization.
Indirect fairness regularization means that the relations be-
tween the fairness measures may lead to an increase of a
fairness measure even if it is not directly regularized, due to
the relations between the measures identified above.

First, we will test for direct regularization:

• Independence → Independence, Separation → Sepa-
ration, Sufficiency → Sufficiency: If we use the three
information-theoretic expressions of independence, sep-
aration and sufficiency as regularization terms during
training, this should increase the degree to which they
are satisfied.

Second, we will test for indirect regularization:

• Independence → Separation: If we regularize indepen-
dence, then this could indirectly decrease separation, due
to the fact that the independence term features in the de-
composition of separation in equation 2.

• Separation → Independence: Regularizing separation
could indirectly regularize independence because inde-
pendence is in the decomposition of separation.

• Separation → Sufficiency: Balance and accuracy are in
the decomposition of both sufficiency and separation, so
regularizing separation could indirectly regularize suffi-
ciency.

• Sufficiency → Separation: Balance and accuracy are in
the decomposition of both sufficiency and separation, so
similarly, regularizing sufficiency could indirectly regu-
larize separation.

• Balance→ Separation, Sufficiency: Balance is in the de-
composition of both sufficiency and separation, so reg-
ularizing balance could indirectly regularize these two
measures.
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• Accuracy → Separation, Sufficiency: Accuracy is in the
decomposition of both sufficiency and separation, so reg-
ularizing accuracy could indirectly regularize these two
measures.

2.5 Normalizations
It is desirable to compare normalized versions of the fairness
measures to get a better sense of how the fairness measures
perform during evaluation. We therefore normalize indepen-
dence, separation and sufficiency in the evaluation step (but
not during training). The normalizations we use here were
first proposed and justified in (Steinberg et al. 2020). The
normalization for independence is

Î(R;A) =
I(R;A)

H(A)
. (N-IND)

The justification given by Steinberg et al. is that in case
Î(R;A) = 1, which is the maximum, R encodes all infor-
mation about A, which is maximally unfair. The justifica-
tions for the normalizations of separation and sufficiency are
similar. The normalization for separation is

Î(R;A|Y ) =
I(R;A|Y )

H(A|Y )
. (N-SEP)

The normalization for sufficiency is

Î(Y ;A|R) = I(Y ;A|R)
H(A|R)

. (N-SUF)

The normalization factors are (conditional) entropies. The
entropies for independence and separation do not depend on
R and have to be computed only once per dataset. The en-
tropy for sufficiency involves R and has to be computed for
each (trained) model, i.e., for every evaluation.

The normalized values for independence, separation and
sufficiency thus vary between 0 and 1, where 0 means that
the fairness metric is perfectly fulfilled, and 1 indicates max-
imal unfairness. It is an open question what (philosophical)
meaning can be ascribed to values between these two ex-
tremes. What is known is that lower values indicate a better
fulfillment of the respective fairness metric.

3 Background
In 2016, ProPublica published an article entitled ”Machine
Bias,” in which they investigated the tool COMPAS (short
for ”Correctional Offender Management Profiling for Alter-
native Sanctions”) (Angwin et al. 2016). ProPublica accused
the company that developed the software, Northpointe (now
Equivant), of racial bias in their tool. According to their
calculations, black defendants who are not arrested within
two years are deemed more likely to be arrested than white
defendants who are arrested within two years. By compar-
ing risk predictions (R) conditioned on rearrest (Y ) across
groups, they argued that a version of separation is violated.
Northpointe denied the accusation of racial bias by argu-
ing that their risk scores are equally accurate for black and
white defendants (Dieterich, Mendoza, and Brennan 2016).
They thus argued that a version of sufficiency was ful-
filled. For further contributions to this discussion see Flores,

Bechtel, and Lowenkamp (2016); Berk et al. (2018). Sub-
sequently, Kleinberg, Mullainathan, and Raghavan (2016)
and Chouldechova (2017) demonstrated that separation has
to be violated when sufficiency is fulfilled and vice versa
– except under circumstances that cannot be expected to
arise in practice. This incompatibility debate has been ex-
tended in Barocas, Hardt, and Narayanan (2019): Any two
of the three fairness criteria, i.e., independence, separation
and sufficiency, are mutually incompatible under reasonable
assumptions and at least for a binary Y .

Our paper investigates whether mutually exclusive fair-
ness metrics can still be jointly improved to a certain ex-
tent. In doing so, we use an approach that Green (2021)
calls ”formal”: We seek to improve predictive models and
do not consider possible changes in the social context of
their application. Green criticizes that while the ”formalism
response” can sometimes increase social justice, its narrow
focus on mathematical formalizations of egalitarian princi-
ples can also be harmful because the social context of the ap-
plication is not considered. As pointed out by Green and Hu
(2018) and Bao et al. (2021), incremental improvements in
the fulfillment of mathematical definitions can distract from
real reforms that target unjust systems (over predictive mod-
els that are just a small part of these systems).

We agree that the social context in which models are de-
ployed must not be ignored when judging the fairness of
models. However, in the present paper, we merely inves-
tigate the relations between three mathematical definitions
of fairness. Our results are proofs-of-concept for the partial
fulfillment of multiple fairness metrics. The possibility of
improving fairness metrics does not establish that fairness
has been achieved, even incrementally. If direct reforms of
unjust systems are not a viable option, improving the fulfill-
ment of fairness metrics may be necessary. In such cases,
understanding the relationship between the fairness metrics
and possibilities for tradeoffs between them is important for
improving fairness.

In our experiments, we also investigate the effects of
fairness regularization on the accuracy of the predictive
model. The tradeoff between fairness and accuracy has
been analyzed in several works (Hardt, Price, and Srebro
2016; Corbett-Davies et al. 2017; Menon and Williamson
2018; Chen, Johansson, and Sontag 2018). However, Cooper
and Abrams (2021) point out that this framing can poten-
tially cause more unfairness because we usually work with
specific operationalizations of both fairness and accuracy,
which may be problematic. The goal of recidivism predic-
tions, for example is to predict if an incarcerated person
would commit a crime after being released. This is typically
operationalized as the question of who is arrested within a
given time period after release. However, it is at least ques-
tionable if this operationalization of crime as arrest works
as intended due to unjustified arrests and undetected crimes;
see also Lum and Isaac (2016); Mehrotra et al. (2021); Ja-
cobs and Wallach (2021). Moreover, accuracy does not take
long-term effects of, say, imposing fairness constraints into
account. So even though avoiding a loss in accuracy appears
desirable from a mathematical perspective, we have to keep
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in mind that accuracy, as it is typically measured in ML, does
not necessarily represent real-world accuracy.

4 Related Work
Kamishima, Akaho, and Sakuma (2011) proposed mitigat-
ing bias in predictive models by using a version of indepen-
dence for regularization. For this, they formalized indepen-
dence in information-theoretic terms and simplified the ex-
pression further to make it computationally tractable. They
used the resulting simplified expression as a regularizer dur-
ing training, and they found that this improved their defini-
tion of fairness, which is closely related to independence,
but compromised on accuracy. Steinberg et al. (2020) pro-
posed approximations of information-theoretic terms of in-
dependence, separation and sufficiency for mixed variables
that they find to be faster to compute than the exact terms,
but lead to similar results when used as regularizers. They
considered decompositions of fairness measures similar to
our equations (1) and (2) above, but they did not further
investigate the relations between fairness measures. Ghas-
sami, Khodadadian, and Kiyavash (2018) propose a method
for maximizing accuracy while fulfilling separation using
an information-theoretic version of it. The described ap-
proaches focus on fairness-accuracy-tradeoffs; our focus, on
the other hand, is wider because we consider accuracy as
only one component of fairness measures as found in the
fairness decompositions.

Fairness regularization of some fairness measures us-
ing non-information-theoretic regularization terms have also
been investigated, e.g., in Cho, Hwang, and Suh (2020),
Narasimhan (2018), Padala and Gujar (2020) and Chuang
and Mroueh (2021). These works focus on improving fair-
ness measures through regularization, but they do not inves-
tigate how the regularization of one measure affects other
measures through indirect regularization, as far as we can
see.

Partial fulfillment of fairness metrics has previously been
investigated by Pleiss et al. (2017) who showed that suffi-
ciency is compatible with a relaxation of separation, i.e.,
parity in the false negative rates. Loi, Herlitz, and Heidari
(2019) discuss conditions for the enforcement of separation
and sufficiency. They point out that ”when neither set of con-
ditions obtains, fair equality of chances is satisfied by neither
sufficiency nor separation, but, possibly, some other statisti-
cal constraint” (Loi, Herlitz, and Heidari 2019, p. 25). This
other statistical constraint might be found in the form of a
tradeoff between the fairness metrics. Note, however, that
even if it can be shown that some conditions can be partially
fulfilled or improved simultaneously, it is still necessary to
address the philosophical questions as to what partial fulfill-
ment of a fairness metrics means, and whether this is desir-
able.

5 Experiments
The code for the experimental part can be found in
the public repository https://github.com/hcorinna/gradual-
compatibility.

5.1 Description of Datasets
Experiments were performed on three standard benchmark
datasets, which are briefly described in Table 1: “Adult in-
come”, “German credit”, and “ProPublica recidivism” (the
latter is also known as the “COMPAS” dataset). Friedler
et al.’s (2019) preprocessed versions of these datasets were
used. Specifically, we used the preprocessed versions in
which categorical values were one-hot encoded and in which
sensitive attributes were transformed to binary variables.4 In
addition to Friedler et al.’s (2019) preprocessing, we pre-
process the ProPublica recidivism dataset ourselves by re-
moving the column “c charge desc” (more specifically, the
columns resulting from the one-hot encoding of this col-
umn). The column describes the charges raised against the
defendant, but as it can take on many different values, it cre-
ates a lot of additional columns when one-hot encoded. We
opted for the removal of these columns because this reduces
the number of columns from 403 to 14 and thus allows for
far faster training.

Dataset Y=1 A Size
German Creditworthiness Sex 1 000
ProPublica Rearrest within 2 years Race 6 167
Adult Income >50k Race 30 162

Table 1: Datasets used in experiments.

5.2 Description of Experiments
In contexts where fairness is particularly salient, it is essen-
tial that the decision-making process can be fully understood
(Rudin 2019). Therefore, we chose logistic regression as an
easily interpretable model for our proof-of-concept. We use
a logistic regression model that is optimized by scipy’s
(Virtanen et al. 2020) minimize function with L-BFGS-B
(Byrd et al. 1995; Zhu et al. 1997) as the solver. The loss
function takes the following form:

L = lfit + λ · l2 + µ · lfair. (3)

The algorithm optimizes the cross-entropy loss (dubbed
lfit) with l2 regularization and fairness regularization terms
(dubbed lfair). The parameter λ is chosen using 5-fold
cross validation, for each dataset and before fairness regu-
larization. The value of λ was left unchanged during fair-
ness regularization. We used the following values for λ:
0.00001 (“Adult income”), 0.001 (“German credit”), and
0.001 (“ProPublica recidivism”).5 The fairness regulariza-
tion term lfair takes values in the range {IND, SEP, SUF,

4These are the datasets that have the ending “numerical-
binsensitive” in Friedler et al.’s repository: https://github.
com/algofairness/fairness-comparison/tree/master/fairness/data/
preprocessed.

5Note that λ could also be determined by cross-validation for
each fold of the fairness regularization separately in order to keep
parameter tuning and testing strictly separate. We decided to use
one value of λ per dataset for all fairness regularization experi-
ments because our main goal is not to optimize for accuracy, but to
understand relations between fairness measures.
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BAL, -ACC}. We regularize (and thus try to minimize) neg-
ative accuracy, which is the same as maximizing accuracy
because it is desirable to obtain an accurate predictor, and
because negative accuracy features in the fairness decom-
positions. For each fairness regularization term, we choose
values for the fairness parameter µ in the range [0, 100].6
The model is trained and evaluated separately for each µ and
lfair using 5-fold cross validation. In the evaluation step,
we evaluate the three normalized fairness measures indepen-
dence, sufficiency, and separation, as well as the negative
accuracy, and the non-normalized balance term.7 Normal-
ization was only used during evaluation. More details on the
experimental setup can be found in the appendix.

5.3 Direct Regularization

We first evaluate whether the regularization of the three fair-
ness metrics improves the respective (normalized) fairness
metric itself, see Figure 1. In Figure 1a, we use indepen-
dence as the fairness regularizer, that is, we let lfair = IND,
train models for different values of µ, and measure N-IND.
As expected, independence improves: it decreases in the plot
for increasing µ, as more weight is put on the independence
regularizer. This is in line with the findings by Kamishima,
Akaho, and Sakuma (2011). Figure 1b shows that regular-
izing with separation (SEP) improves separation (N-SEP)
globally for two datasets, and in a low parameter range
for “Adult income”. The regularization of sufficiency (SUF)
seems to improve sufficiency (N-SUF) marginally and, for
“Adult income”, only in a low parameter range, see Fig-
ure 1c. Thus, direct regularization seems to work, but not
equally well for all three metrics.

As Figure 6 in the Appendix (extended version) shows,
the independence and separation regularization have com-
parable negative effects on accuracy, while sufficiency reg-
ularization does not have a pronounced effect on accuracy.
We made similar observations for cross-entropy.

We can interpret these results based on the decomposi-
tions of sufficiency and separation in equations (1) and (2).
Regularizing sufficiency does not yield the same improve-
ments as regularizing independence and separation because,
first, regularization using the IND term works well and af-
fects independence as well as separation, which contains in-
dependence in its decomposition, while independence is not
in the decomposition of sufficiency. Second, sufficiency is
more closely associated with increasing accuracy, as noted
by Liu, Simchowitz, and Hardt (2019). However, accuracy
is already enforced by the cross-entropy optimization (lfit).
It is therefore plausible that sufficiency is already naturally
close to optimal in unconstrained learning and does not im-
prove as much through fairness regularization.

6We experimented with µ ∈ [0, 190], but did not observe no-
table changes for µ > 100, so we restrict the plots to the range
[0, 100].

7We also evaluated cross-entropy, but do not show the results
for cross-entropy here because accuracy and cross-entropy are very
similar in our experiments.

5.4 Indirect Regularization

Now we examine whether the regularization of one fairness
metric has effects on other fairness metrics.

Independence and Separation We expect that the regu-
larization of independence and separation have an indirect
effect on each other because they share the IND term. Figure
2a shows the effects of the independence regularizer (IND)
on separation (N-SEP). As we can see, separation indeed im-
proves with increasing independence regularization. Figure
2b shows that the regularization of separation (SEP) has a
positive effects on independence (N-IND).

While the impossibility results by Barocas, Hardt, and
Narayanan (2019) proved that it is impossible to perfectly
fulfill independence and separation when “Y is binary, A is
not independent of Y , and R is not independent of Y ,” our
results show that the two metrics can both be improved si-
multaneously – provided they are not perfectly satisfied.

Separation and Sufficiency We are hoping for some in-
direct regularization effects between separation and suffi-
ciency because they share the BAL and -ACC terms. How-
ever, we get mixed or negative results, depending on the
dataset. In Figure 2c, we show the effect of the separation
regularizer (SEP) on sufficiency (N-SUF), and in Figure 2d,
we plot the effect of sufficiency (SUF) regularization on sep-
aration (N-SEP). The only positive outcome is that regulariz-
ing sufficiency seems to improve separation for the “German
credit” dataset.

Indirect regularization does not achieve the desired effect
of improving both separation and sufficiency at the same
time. From this, we conclude that it is difficult to circum-
vent the impossibility results concerning separation and suf-
ficiency.

Accuracy and Balance We examined the effects of using
negative accuracy and balance as regularizers because they
are part of the decomposition of both sufficiency and sep-
aration. We found that using -ACC and BAL did not yield
stable improvements of either separation (N-SEP) or suffi-
ciency (N-SUF) when used as fairness regularizers; results
are in Figure 3.

We investigated why this indirect regularization does not
work. For this, we examined the effect of -ACC regulariza-
tion on the components of separation and sufficiency (N-
IND, BAL, -ACC) and found that the additional accuracy
regularization does not substantially improve any of the
components (see Figure 4 in the Appendix, extended ver-
sion). As noted above, this may be due to the fact that op-
timizing the model for cross-entropy already indirectly en-
forces accuracy. Examining the effect of BAL regularization
on the components of separation and sufficiency (N-IND,
BAL, -ACC), we found that while balance itself improves,
regularizing with balance also substantially decreases accu-
racy (see Figure 5 in the Appendix, extended version). This
may be the reason why the indirect regularization between
sufficiency and separation does not work: enforcing balance
seems to decrease accuracy too much.
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(a) Independence→ Independence (b) Separation→ Separation (c) Sufficiency→ Sufficiency

Figure 1: Direct regularization. x-axis: Value of µ in lfair. y-axis: Normalized values of regularized metric where lower values
are better. The different curves represent the different datasets. Lines: dotted (·····) = Adult income, dashed (- - - -) = ProPublica
recidivism, solid (—–) = German credit.

(a) Independence→ Separation (b) Separation→ Independence

(c) Separation→ Sufficiency (d) Sufficiency→ Separation

Figure 2: Indirect regularization between independence and
separation and between separation and sufficiency. Lines:
dotted (· · · · ·) = Adult income, dashed (- - - -) = ProPublica
recidivism, solid (—–) = German credit.

6 Conclusion
In this paper, we have used information-theoretic formula-
tions of fairness metrics to perform fairness regularization.
We found, first, that using information-theoretic formula-
tions of independence, sufficiency and separation in regu-
larization works reasonably well. Second, there are indirect
regularization relations between independence and separa-
tion: Enforcing independence improves separation and vice
versa. This shows that it is possible to increase the degree
to which fairness measures are satisfied, even though it is
mathematically impossible to satisfy these measures per-
fectly at the same time. This finding is valuable for cases
where stakeholders find both independence and separation
to be appropriate fairness metrics. Third, we have not been
able to verify indirect regularization between separation and
sufficiency. We have traced this back to the balance term,
which seems to counteract accuracy.

Future work could include the following issues: Formu-
lations of degrees of fairness do not need to be based on

(a) Balance→ Separation (b) Balance→ Sufficiency

(c) Accuracy→ Separation (d) Accuracy→ Sufficiency

Figure 3: Indirect regularization of separation and suffi-
ciency through negative accuracy and balance. Lines: dot-
ted (· · · · ·) = Adult income, dashed (- - - -) = ProPublica
recidivism, solid (—–) = German credit.

information theory; it would be valuable to compare our re-
sults to those of other formulations of “degrees of fairness”
to better understand the advantages and drawbacks of the
information-theoretic formulation. In particular, it is pos-
sible to combine non-information-theoretic regularization
with information-theoretic evaluation. Then, many concep-
tual problems are open: How should we interpret the trade-
offs we found in the present work? What meaning can we
assign to degrees of fairness — outside the extreme values?
Finally, we have not fully explored the parameter space in
that we have only explored linear scalings of terms in the
decompositions of separation and sufficiency. For example,
it is possible that separation and sufficiency can be improved
at the same time by a judicious combination of weights for
accuracy, balance, and independence.
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